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FOREWORD 


Dear Learner, 


We are very happy that you have joined NIOS and decided to become an Open and 
Distant Learner. 


NIOS has brought out its revised Senior Secondary Course material. This course 
has been designed in a modular format in the sense that the content is divided 
into different modules. These modules are made up of a number of lessons. The 
modules are self contained and you can pick up any of the modules first that interests 
you. However, we would like you to proceed as the modules have been arranged 
because there are references and cross references to other lessons. 


One of the main features of this course is the division of the modules into core and 
optional modules. The core modules are compulsory for all learners, but you can 
choose any one of the two optional modules. For example, in Geography, you can 
pick up either Local Area Planning or Tourism Geography; in Business Studies, you 
can study either Wage Employment in Business or Self Employment in Business. 
Each subject offers two optional modules. The idea is to allow you to study what 
interests you more even in one particular subject. This is something unique to the 
NIOS courses of study. You will not find such choice elsewhere. 


This course is revised on the lines of the guidelines contained in the National 
Curriculum Framework. 2005. We have tried to make the material as activity based 
as possible. We believe that you learn more when you do something with your own 
hands rather than just passive reading. We have made efforts to keep the language 
of the study material simple to facilitate you to understand the content easily. 


The examples that we have chosen and used in the course material are from daily 
life to enable you to relate easily what is new to what you already know. Through 
the Self Learning Materials, we are trying to help you to construct your own knowledge 
so that you learn by understanding and not just by memorising everything, 


Another important feature of this learning material is integration of Adolescence 
Education issues with the learning content. Realising that development of life 
skills like self awareness, critical thinking, negotiation and communication skills 


is important, we have used different opportunities to build desirable skills in the 
lessons. 


The study materials developed by NIOS are self-learning materials. You are supposed 
to read and work on your own. Unlike a textbook, you do not need a teacher to tell 
you what to do. 


With our good wishes, start studying, do what you are told to do, attempt all activities, 
answer the intext questions, check your answers from the answers given, learn 
each topic well and be a successful self learner. : 


Chairman, NIOS 


ШОЛГҮЙГҮТЛЛҮҮЧ ЭВЭР DON TUN 
А NOTE FROM THE DIRECTOR 


Dear Learner, 


The Academic Department at the National Institute of Open Schooling tries to bring yow 
new programmes in accordance with your needs and requirements. After making a 
comprehensive study, we found that our curriculum is more functional, related to life 
situations and simple. The task now was to make it more effective and useful for you. We 
invited leading educationists of the country and under their guidance, we have been able 
to revise and update the Senior Secondary curriculum in the subject of Mathematics tn 
the light of National Curriculum Framework, (NCE)-2005. 


` At the same time, we have also removed old, outdated information and added new, relevant 
things and tried to make the learning material attractive and appealing for you. 


1 hope you will find the new material interesting and exciting . Any suggestions for 
further improvement are welcome. 


Let me wish you all a happy and successful future. 


- 
How to Study in the National Institute of Open Schooling 


You should note that by taking admission in the National Institute of Open Schooling (NIOS), you have 
entered ina system where studying is different than a normal school. 


You Are a Self Learner Now 

Ina school, a teacher is always available to take class, clarify doubts, guide and encourage. There you also 
must be discussing with your peer-group, going to the library, doing practical, participate in co-curricular 
activities, watching educational TV, Radio programmes etc. All this was also contributing to your learning. 
However, in the NIOS, there is no teacher available and you have to learn on your own. It means that you 


have become a self-learner, Responsibilities of a self-learner are much more than a normal learner who is 
dependent ona teacher; but at the same time it is also challenging. 


Here itis solely you, who is responsible foryour learning. It means that you have to organize your study, 
learn regularly, keep up your motivation and achieve your goal. 


Understanding Your Learning Material 
The NIOS will help you by providing learning material, part of which is in your hands at this moment. 
We call them learning materials because these are different from the textbooks you have read in your 


schools. You will find that the contents, concepts and topics have been explained here in a way the teacher 
does ina classroom. You will also find examples and illustrations to help you understand the things properly. 


This is the reason you will find them bulky, but let this shall not frighten you. | 
You will find а few sections in your lessons. Let us know the purpose of these: 
First paragraph of each lesson will introduce you to the topic. 


©) . Objectives: Here you will find the list of objectives, which you shall achieve after learning 
С) 
һе 


the lesson. You can actually check whether you have achieved these or not because these 
are presented in measurable terms. 


Check Your Progress : These will appear after every section of the lesson: They will contain 
very short answer, short answer and long answer type questions based on each lesson. This 
will help you whether you have learnt the section or not. Your will find the key to these 
questions at the end of the lesson. If you are able to answer the questions, then you can 
proceed further otherwise you should learn the section again. 


Let us Sum up: Here you will find the summarv of the main points of the lesson.for 
recapitulation and revision. 


Supportive Web Sites: You may explore in these web sites for exterided learning 


Terminal Exercise: Here short answer and long answer type questions are given to help 
you foster your leaming and give you an opportunity to practice for examination. 


о 


Е acl 
A Answers: Answers ofall “Check Your Progress” and "Terminal Exercise" are given at the 
| яаж | end of each lesson. Some hints are also given in case of a difficult question. 


Apart from the learning material, you will also get, sample question papers, previous year question papers, 
etc., for help inyour studies and for practice for examination. 


Personal Contact Programmes 


A few sessions/ classes would be provided to you at the center, You should, however, note that those are 
not meant for teaching you as it happens in anormal school, Here you will have an opportunity to clarify 
your doubts, solve your problems and get guidance and advice on your study. So go to the classes well 
prepared to get maximum benefit. . 


Use of audio and video programmes 


NIOS has also developed a few audio and video programmes, which will be very interesting for you and will 
help you in your studies. You can take copies of these on loan from your Center. ы : 


Planning and Organizing Your Study 
Let me also give you some tips for planning and organizing your study. 


First of all, you néed to understand that there is no substitute for hard work. Harder you work better you 
|| achieve. Also, there аге no short cuts 10 success. Inorder to succeed in life and get benefit of your learning 
, you need to learn. 


As you must have understood by how, the NIOS provides a lot of freedom and flexibilities in your study. 
For example, there is no need to take examination in all the subjects simultaneously. So, first of all, think 
about the time available with you and decide whether you wish to study all the subjects together or you 
wish to learn them one after the other. Just gambling in all the subjects will bring you to a situation where 
you will not be able concentrate on any subject. : T 


Now fix upa time for study, evening, morning or daytime which ever is convenient. Drawa timetable giving 
justified time to the subjects you have taken up for study and follow this as far as possible. While you study, 
underline the concepts you feel are important. You should study from NIOS learning material. In addition 
you may read other books, if you have time. However, for your purpose, this material will be sufficient. 
Keep a copy each for the subjects you are preparing. Note down the points you did not understand. 
Discuss these with your parents, friends or teachers at your study centre. 


Solve all the exercises, and practice exercise of each module appearing in the material. This will not only 

help you in learning, but also provide practice for your examination. You may also like to solve sample 

papers and previous years’ question papers. Show your answers to your parents and friends and discuss 
, With them. 


These were a few hints to help you. You may find some other techniques which may work better with you. 
Follow those, if you like. I am sure you will be successful in your endeavor. у 


| Dear Learner, 


Welcome to the Senior Secondary course. It gives me great pleasure to know that you have opted for 
Mathematics as one of your subjects of study. Have you ever thought as to why we study Mathematics? | 
Can you think one day when you have not counted something or used Mathematics? | 
| Probably not. : 


| Mathematics is the base of human civilization. From cutting vegetables to arranging books on the shelves, | 
| from tailoring cloth to motion of planets -Mathematics applies everywhere. In fact, everything we do in our | 
daily life is governed by Mathematics. Mathematics сап be broadly defined ав the scientific study of quantities, | 
including their relationships, operations and their measurements expressed by numbers and symbols. The | 
mathematicians claim that the learning of Mathenratics can be real fun. It only requires complete concentration 
and love for Mathematics. Á 


i 
| The present curriculum has six core modules namely, Algebra, Coordinate Geometry, Sequences and Series, 
| Functions, Calculus and Statistics. Besides these, you have to choose any one of the optional modules || 
namely, Vectors and Three Dimensional Geometry, and Mathematics for Commerce, Economics апа | 
| Business, There will be two books to cover the core modules and one book for the optional modules. || 


| Book 1 contains the first three core modules. | 


In the module on Algebra, you will be introduced to complex numbers and quadratic equations and various 
operations with them. This module will show you how to solve a system of linear equations with the help of 
matrices and determinants. 


T he second module on Coordinate Geometry will introduce you to various forms of straight lines, circles, and 
conic sections. 


In our day to day life, we often come across different patterns of figures, pictures, numbers etc. If you 
observe these patterns carefully, you will find that they follow certain rules, You will be encouraged. to 


recognize different patterns of numbers and then introduced to the concept of Sequences and Series in the 
third module. i 


We would suggest that you go through all the solved examples given in the learning material and then try to 
| solve independently all questions included in “Check Your Progress” and “Terminal Exercise” ! 


given at 
| the end of each lesson. 3 


This book contains three “Questions For Practice” pages Гог self-check. Try to solve a 
it checked by the subject teacher at your study centre so that you get positive 
performance, Your success is reward to us. 


ill of them and get 
feedback about your 


Yours 


a 


( Suvendu Sekhar Das) 
Academic Officer (Mathematics) 


Ап Overview of the Learning Material 


ALGEBRA COORDINATE GEOMETRY 
Complex Numbers Cartesian System of Coordinates 
Quadratic Equations Straight Lines 

Matrices Circles 

Determinants and their Applications Conic Sections 


Inverse of a Matrix and its Application 
Linear Inequations and their Applications 
Permutations and Combinations 8 


Binomial Theorem 

SEQUENCES AND SERIES FUNCTIONS 

Arithmetic and Geometric Progressions Sets, Relations and Functions 
Special Types of Series Trigonometric Functions-I 


Trigonometric Functions-ll 
Inverse Trigonometric Functions 
Relations between Sides and Angles of a Triangle 


CALCULUS STATISTICS 
Limit and Continuity Measures. of Dispersion 
Differentiation Random Experiments and Events 
Differentiation of Trigonometric Functions Probability 

Differentiation of Exponential and Logarithmic Functions 

Tangents and Normals 
Maxima and Minima 
Integration 

Definite Integrals 
Differential Equations 


(You have to choose any one of the following modules) 


VECTORS AND THREE DIMENSIONAL GEOMETRY 
Vectors 

introduction to Three Dimensional Geometry 

Тће Plane 

The Straight Line 

Тће Sphere 


MATHEMATICS FOR COMMERCE, ECONOMICS AND BUSINESS 
Shares and Debentures 

Index Numbers 

Insurance 

Indirect Taxes 


Application of Calculus in Commerce and Economics 


CONTENTS 


Lesson No. 


Title 


MODULE-I 


MODULE -II 


MODULE -Ш 


T.M.A. I, TI, ІП 


об —)108 чл > t мю — 


П 
12 


13 
14 


ALGEBRA 


. Complex Numbers 


Quadratic Equations 

Matrices à 

Determinants and their Applications 
Inverse of a Matrix and its Application 
Linear Inequations and their Applications 
Permutations and Combinations 
Binomial Theorem 


Questions For Practice-Algebra 


COORDINATE GEOMETRY 


Cartesian System of Coordinates 
Straight Lines 

Circles 

Conic Sections 


Questions For Practice-Coordinate Geometry 


SEQUENCES AND SERIES 


Arithmetic and Geometric Progressions 
Special Types of Series 


Questions For Practice -Sequences and Series 


Curriculum 
Fe eedback Form 


265 
305 


307-404 


403 
405-454 


405 
441 


453 


455-466 


1. 
2 
3. 
4. 

28 
6. 
jn 
8. 


MODULE-I 


ALGEBRA 


Complex Numbers 

Quadratic Equations 

Matrices 

Determinants and Their Applications 
Inverse of a Matrix and its Application 


Linear Inequations and Their Applications 


Permutations and Combinations 
Binomial Theorem 


MODULE 
Algebr 


COMPLEX NUMBERS 


We started our study of number systems with the set of natural numbers, then the 
number zero was included to form the system of whole numbers;and in the next 
phase negative numbers were defined. Thus, we extended our number system to 
whole numbers and integers. 


To solve the problems of the type p = 9, we included rational numbers in the system 
of integers. The system of rational numbers have been extended further to irrational 
numbers as all lengths cannot be measured in terms of lengths expressed in rational 
numbers. Rational and irrational numbers taken together are termed as real numbers. 
But the system of real numbers is not sufficient to solve all algebraic equations. There 
are no real numbers which satisfy the equation x? + 1 =0 or x? = — 1. In order to 
solve such equations, i.e., to find square roots of negative numbers, we extend the 
system of real numbers to a new system of numbers known as complex numbers. In 
this lesson, the learner will be acquainted with complex numbers, their representation 
and algebraic operations on complex numbers. 


OBJECTIVES 


After studying this lesson, you will be able to: 


e describe the need for extending the set of real numbers to the set of complex 
numbers; 


e define a complex number and cite examples; 
e identify the real and imaginary parts of a complex number; 
e state the condition for equality of two complex numbers; 


e recognise that there is a unique complex number x + iy associated with the 
point P(x, y) in the Argand Plane and vice-versa; 


e define and find the conjugate of a complex number; 


e define and find the modulus and argument of a complex number; 


MATHEMATICS 2 


MODULE - | 
Algebra 


e represent a complex number in the polar form; 


e perform algebraic operations (addition, subtraction, multiplication and division) on 
complex numbers; 


e state and use the properties of algebraic operations ( closure, commutativity, 
associativity, identity, inverse and distributivity) of complex numbers; and 


-е state and use the following properties of complex numbers in solving problems: 


(i) 11=0 = z=0andz, =z, >|z,|=|z,| 

Ф == б) (14925528 
2 а] 

à)... [|=] (v) "Ч 5 | (2, + 0) 


EXPECTED BACKGROUND KNOWLEDGE 


e Properties of real numbers. 


e. Solution of linear and quadratic equations 


ма Representation of a real number on the number line 


. Representation of points in a plane. 


1.1 COMPLEX NUMBERS 


Consider the equation x? + 1 = 0. 50 
This can be written as x? =—] a 
or х= MEET 


But there is no real number which satisfies x? = —1.In other words, we can say that 
there is no real number whose square is — 1.In order to solve such equations, let us 
imagine that there exists a number ‘i’ which equal о/р. 


In 1748, a great mathematician, L. Euler named the number "' as Jota whose square 
is — 1. This Jota or 'i' is defined as imaginary unit. With the introduction of the new 


symbol ‘i’, we can interpret the square root of a negative number as a product of a 


real number with i 


Therefore, we can denote the solution of (A) as x = + | 


"Thus, -4 = 4(-1) 


4-4 = JODA) 54122221 


Conventionally written ав 21. 


So, we һауе [4 =}, Ушу 


SS — 


MATHEMATICS 


2 ‘Complex Numbers 50 а аи | 
MODULE 
Algebr: 


4-4,. 4-7 are examples of complex numbers. ` 
Consider another quadratic equation: 


x? –6х + 13 = 0 


This can be solved as under: 
(х 32 + 4= 0 

ог, (x 3y 5-4 

Or, х-3=+2 

ог, X 3-5 21 


We get numbers of the form x + yi where x and y are real numbers and i= ,/-1: 


A complex number is, generally, denoted by the letter z. 


ie. z= a+ bi, 'a' is called the real part of z and is written as Re (atbi) and 'b' is 
called the imaginary part of z and is written as Imag (a + bi). 
If a = 0 and b. 0, then the complex number becomes bi which is a purely imaginary 


у 


complex number. : 


1 E 
-ТІ, 25 Bi and ті are all examples of purely imaginary numbers. 
If a0 and b = 0 then the complex number becomes 'a' which is a real number. 
5, 2.5 and ‘ais are all examples of real numbers. 


If a = 0 and b = 0, then the complex number becomes 0 (zero). Hence the real 
numbers are particular cases of complex numbers. 


Simplify each of the following using Т. 
Q 36 G) 225,14 
Solution: (i) 4-36 = 436(-1) = 6i 
(ii) /25,/-4 = 5x 2i = 10 
1.2 POSITIVE INTEGRAL POWERS OF i 
We know that 
p=- 
Peji--li--d 


i-py-cy-1 


MATHEMATICS 


MODULE - | б = (Ррі = 11=1 


Algebra іё = (ÈP = G1)? =-1 
= (2) == 
В = (ĝt =1 


Thus, we find that any higher powers of 'i' can be expressed in terms of one of four 
values i, -1, 3, 1 


If n is a positive integer such that n4, then to find i", we first divide n by 4. 
Let m be the quotient and r be the remainder. 
Then n = 4m + г. where 0 < r < 4. 
‘Thus, 
Pe Ses 


- ay EU 


=i (> =) 


= ахі = i? Jab 
= gb Where a and b are positive real numbers. 
Find the value of 1 + 110 + |29-- 120 
Solution: 1 + 19 + 120+ j” 
= 1 + (2) + (B+ (gys 
-1*CD Cy cbr 
= ружа (cl) 
aot жегіш 
5-40) 


Thus, 1 + i! + 120 + 10 =), 


MATHEMATICS 


Example 1.3 


Express 81° + 611 — 12i"! in the form of a + bi 


Solution: gi? + 6116 — 12i" can be written as 8(i2).i + 602)“ — 12(7)*.i 


= 8(-1).i + 61) -12(-1)4 
= 81 + 6 – 12(-1).i 
228i 64 12i 


=6+4 


which is of the form of a + bi where 'a' is 6 and 5' is 4. 


& 


CHECK YOUR PROGRESS 1.1 
Simplify each of the following using 70 


(а) (27 (9-49 (9 VB 

Express each of the following in the form of a + bi 
(a) 5 (b) 3i (c) 0 
Simplify 101° + 613 —12i'? - 


Show that i^ ілін i"? + i^? = 0 for all meN- 


= 


1.3 CONJUGATE OF A COMPLEX NUMBER 


or, 


or, 


ог, | 


ог, 


Consider the equation: 


x? —6x + 25 =0 VEU (ЛД, 
“(х-3):%16-0 

(х-3)--!16 

(x — 3) = £4—16 = £416.(—1) 
х-3:4. ) 


The roots of the above equation (i) аге 3 + 4j and 3 — 4i. 


Consider another equation: 


or, 


or, 


"ог, 


ог. 


ха 00 527710 ЫН (i) 
(«+ 1)? +1 =0 | 
(%1)--1 

(х+ 1) =+ V-1=+i 


х= - 1+1 


“MODULE : I 
Algebra 


MATHEMATICS : j 262] ; 


A А == 


12 Complex Numbers 


MODULE - | _ The roots of the equation (ii) are -1-i and -1-4. 
Algebra Do you find any іш in the roots of à and (11)? 

Ч The equations (i) and 0) have roots of the type а + bi and а – bi. Such roots are 

known as conjugate roots and read as а + bi is conjugate to a — bi and vice-versa.’ 


7 


Notes The complex conjugate (or simply conjugate) of a complex number z = a + bi is 
defined as the complex number a — bi and is denoted by z 


Thus, if z= a + bi then z =a — bi. 


Following are some examples of complex conjugates: 
OLEI SINT S auc A зит then Z = 2 - 3i 
(0) 20100204 0 50 then 2 =1+1 


|(Ш) Ifz=-2+10i, Шеп 2 --2-10i 


1.3.1 PROPERTIES ОЕ COMPLEX CONJUGATES 


(1) If z is a real number, then z= Z i.e., the conjugate of а real number 15 the 
number itself. * 


For example, let z = 5 


This can be written as 


2=5+0 
2-5-01- 
Z=5=7 


(ii) Ifzisapurelyimaginary number then >= — z 
For example, if z=3i 
This can be written as 


2-0 + 3i 


me MATHEMATICS 


КЕ ComplexiNurbers 242% 


MODULE - | 
Algebra 


For example, ifz=a + bi then 


z -a- bi Notes 


Again (z)-(a-bi) =at bi 


=> 
@=z 
19011153 8 Find theconjugate ofeach ofthe following complex numbers: 
© 3-41 7 (ii) 2 
ёо : ў i+] 
0) (2-1) бу) 7%) 


Solution : (i) Let z - 3 —4i 
thn z-(3-4) =3+4 


Hence, 3 +4i is the conjugate of 3 — 4i. 


(ii) Let z=2i or 0+ 2i 
then 2=(0+21) -10:321 
Hence, 2i isthe conjugate 0121. 
(i) ^ Let 2=(2+1) 
ie — z-Qy-Gy*20)() 
-4-1-4 
=3+4 
Then 2-(3:4)-3-4і 
Hence, 3 — 41 is the conjugate of (2 + i} 
i+] 


i Let Z = — = 
(iv) е 2 


MATHEMATICS И БЕЙ 


i eee 


MODULE - | 
Algebra · 


onthex-axis. 


5 Complex Numbers 


li -i+1, | id 
is the conjugate of WEN 


Let 2 = а + bi be a complex number. Let two mutually 
perpendicular linesxox'and уоу be taken as x-axis and y-axis 
respectively, O being the origin. 


LetP be any point whose coordinates are (a,b). We say that the 
complex number 2=а + bi is represented by the point 


P (a, b) as shown in Fig. 1.1 


If b = 0, then zis real and the point representing complex 
number z=a + 0i is denoted by (а, 0). This point (a, 0) lies 


So, хох' is called the real axis. In the Fig. 1.2 the point . 
Q (a, 0) represents the complex number z = a +, 


(Хал) 
ТЁа=0,{һеп 215 purely imaginary and the pointrepresenting 
complex number z =) + bi is denoted by (0, b). The point MF NUES ps 


. (0, 6) lies on the y-axis, 


So, уоу is called the imaginary axis. In Fig.1.3, the point ^ pe 
R (0, b) represents the complex numberz=0+bi. . ! 


Тћерјалеоћ twoaxes representing complex numbersaspointsis x 
called the complex plane or Argand Plane. 


‘The diagram which represents complex numberin the 
Argand Planeis called Argand Diagram. 


Example 1.5 


Represent complex numbers 2 + 3i and 3 +21 in the 
same Argand Diagram. 


Solution : 


1. 243i is represented by the point A (2,3) 


2. 3+2iis represented by the point B (3, 2) Clearly, 
the points A and B are different 


ia MATHEMATICS 


MODULE - 1 


Ехатріе1.6 у 


i - Algebra 
Represent complex numbers 2 + 3i and at 24 
2 —2 -3i inthe same Argand Diagram. Я ел 423) 
3 2 
Solution: : 
là 2 3118 represented by the point. "$—1—— 0| 222227 ee 
Р:02::3) | | ig 
. i = 
2; —2 —31 is represented by the point ан 
0(-2,-3) ; Q¢-2,-3) 1 Нета 
ў Y 


Points Р and О аге different and lieintheI 
quadrant and III quadrant respectively. 


4 

Examplel.7 ЭЛ) 
21 
1 


Represent complex numbers 2 + 3iand2—3iin 


the same Argand Diagram ХҮ i 
2-3 


Solution: 
1. 2+ 3iis represented by the point R(2, 3) 458 02,3) 


2. 2311$ represtned by the point S(2, 0) 


Examplel.8 


Represent complex numbers 2 + 3i, 23i, 
and2-3i in the same Argand Diagram 


Y ' Fig 1.6 


Solution: 


(a) 2+3iis represented by the point 


Р(2,3) 
(D ' —2—3iisrepresented by the point 
Q (2-3) ; 
(c) 2--3i is represented by the point 22 pr есіте R(2.73) 
“р (Озу С) y Fig. 1.7 


1.5 MODULUS OF 4 COMPLEX NUMBER 


Wehavelearntthat any complex number z —a- bi canbe represented by a point in the Argand 
Plane. Howcan we find the distance ofthe point from the origin? Let P(a, b) bea pointin the 
planerepresenting a+ bi. Draw perpendiculars PM and PLonx-axisand y-axis respectively. 
Let OM = aand MP =b. We have to find the distance of P from the origin. 


MATHEMATICS 3 BUS 


нээ. 0 


С MODULE -1 
Algebra 


L 


~ ОР = VOM? + MP? 
Нара , P(a,b) 
5/22 n» Ї Зэр а 


OP is called the modulus or absolute value of the 
complex number a + bi. 


Modulus ofany complex numberzsuch 
that z=a+ bi, аєК, beR is denoted by 


|z |and is given by 4/42 + p? 
І2|-Цажіһ|-,/2 +b? 


1.5.1 Properties of Modulus 


(a) |2|-0 <> 2=0. 


Proof: Letz=a+bi, acR,bceR A 
беп |2|- Ja? +b? 


|z]=0< a? +b? =0 


«€» а=0апіЬ = 0 (since a? and b? are both positive) 


e 2250 
() |4-|4 


Proof: Let z=a+ bi 


Шеп |2|- Va? +b? 


Now, 2-а-Ыі 

= Ja? +(-b?) = Ja? +b? 
Thus, |z|= Va? +b? = 
(C |2|-|-2| 


Proof : Те! 2 =а + bi then | 2. | = Fan 


а) 


ШЕ MATHEMATICS | 


аллы 


2 plex Numbers 27 
z-—-—a- bi then | z|= (Са): + (-)* 
= Ja? +b? 
Thus, | |- Ма * b^ 21-2] M 


By (i) and (ii) itcan be proved that 


MODULE - 1 
Algebra 


РАБЛЕ УА ЕЕ а) : Gii) 


Now, we consider the following examples: 


Find the modulus of z and Z iza Ан 3i 
Solution: z=—4 + 3i, then|z|  J(-4y +)? 

= J16+9 = 25 «5 
and 25---3 
then, ||- 4c +з)? = A649 = 25 -5 
Thus, |2|-5-|2| | 


ПЕТТО И И Find the modulus ofz and -z ifz - 5 +21 


Solution: z-5-2i,then-z 7 —5 - 2i 
|| = V5? +2? = J29 and |-z| = (75) +(-2)? = 529 


Thus | 12154/29-4-2 


19011113 8098 Find the modulus of z,—zand 2 where 2 = 1 2i 


‚ Solution: z= 1 +2i ie we, and 7 = 1—21 
\д= +27 = Js 
на- JC + C2y = V5 
and (4-4) +(-2)? = 45 
Thus, |z|=|-z|= V5 =|2| 


MATHEMATICS — Ети 


ыч | EE ЕТ | 
(i) 141 (ii)2n (100 (iv) 79) 
Solution: (i) Letz=1 +i | | | | 
den |z|- Ji 4 7? = 2 
Thus, |1+i|=/2 


i). Letz=2n or2x- 0i 


- Then. |; |= (сл): + (0): = 27 


Thus, | 27| = 2л. 


(8) 2-0ог0-0і 
then |z|= 00)? + (0): = 0 


Thus, | z | 


1 1 
ty Toby or Oy 
(iv) 2 r zd 


12210385 ла the absolute value of the conjugate of the complex number 


®=—2 +31 
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Solution : Let z=—2 + 3ithen у --2-3і 


Absolute value of z =| z|=|-2-3i|= 
\(-2)? + (-3)? = V4 +9 =-Л3 
Ехатрїе 1.14 Find the modulus of the 


complex numbers shown inan Argand Plane 
(Fig. 1.9) 


Solution: (1) P(4, 3) represents the complex 


number z=4+3i is д. Шон 
R(-1,-3) 
|2|= 42 +32 = 4/25 y Бело 
от 2-5 ў 


(ii) Q(-4, 2) represents the complex number 2 ——4 +21 


= AC +2? = 41644 = 20 
or А = 23/8 | 
(ш) ВС-1,-3) represents the complex number z -—1 —3i 
ncc јаје ср + C3 219 
Or | |= 410 


(iv) (3, —3) represents Фе complex number z= 3 3i 


2 12543) + (-3)? = /9+9 
ог |2|= /18 2342 


CHECK YOUR PROGRESS 1.2 


1, Find the conjugate ofeach of the following: 
(а)-2і (b)-5 3i (c) ie (d) 2 +i} 
2 Represent the following complex numbers on Argand Plane: . 


(a) (i)2+0i (ii) -3 +01 (iii) 0—0i (iv) 3=0i 
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(b) iy 01 “00:08 (18. yycst 


MODULE - | 
Algebra Ы Be Sands о Gi). 3 =4i and—4 + 
Gi) -7+21 and2 7i (iv) -2—9i and —9 —2i 
(00:10 о 5 11 “(0) 6+ Siand—6 —5i 
(ü) -344ізп43-4і (iv) 4-iand—4+i 
© @ етапа: (i) |—3- 4i and - 3 4i 
(i) <6-Тіап46--7і (iv) -S-iand-5*i 
3: (8) Find the modulus of ће following complex numbers: 


р о-о d) 2-5 бо а 


(b) For the following complex numbers, verify that|z|=| z | 


(i) —6 +81 (ii) -3-7i 

(c) Forthe following complex numbers, verify that | 2 |=|-7 | 
Gan (0) 003120 

(d) ^ Forthefollowing complex numbers, verify that|z|=|-z|=| z | 
0) 2-31 (1) -6-і (iii) 7-21 


1,6 EQUALITY OF TWO COMPLEX NUMBERS 
Let us consider two complex numbers Z,=a+bi and z,=¢+disuch that imis 
"же have a * bi ^ c ^ di 

or (ао) *(b- di - 07 00i 

Comparing real and imaginary parts on both sides, we have 

a-c =, ог a=c 

=> real part of z, real part ofz, 

and 5-4-0 or b=d 

=> imaginary part ofz, =imaginary part ofz, 


Therefore, we can conclude thattwo complex numbersare e. 
and imaginary parts are equal. 


In general a + bi = c + di if and only ifa = c and b — d. 


qual ifandonly if their real parts 


ШТЭЭ 
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Properties; 2, =2, =>| 2, | =| 2, | 


Let 2, =а+ bi and z, — c * di 


212 20 givesa=candb=d 


Now |zi)=Va7+b° and || = ve^ +d° 


= Ja? + b? [since a = c and b= d] 


= | 7, | = | 2, 
Example 1.15 Forwhat values of x and у, 5x + бу! and 10 + 18i are equal? 
Solution : Itis given that 


5х +6у1=10+18 


Comparing real and imaginary parts, we have 
Sx 710 orx 2 
and бу= 18 огу=3 


Forx=2and y=3, the given complex numbers are equal. 


17 ADDITION OF COMPLEX NUMBERS | 


Ifz,=at biandz,=c¢+ diaretwo complex numbers then their sum z, +z, is defined by | 
2,%2,-(а%с)% (b* d)i 
For example, if z, = 2 + 3iandz,--4-* 5р 
then = z,+2,=[2+ (-4)] + [3 + 5] 
--2*8i. 
| Example 1.16 Ы 
| O  @а+2у+(4-3%) 
(ii) (2 + 51) + (3 -7i) + (1 -i) 
Solution : (i) (3 + 2i)+ 4-3) - G +4)+(2-3)i=7-1 
(ii) (2+ 5i)+(3-7i) + 0 –ђ)=(2–3+ 1) 5(5-7-1)1 
-0-3 
ог (2+ 5i) + C3 -71) + (1 - i) ? -3i 
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1.7.1 Geometrical Represention of Addition of Two Complex Numbers 
Lettwo complex numbers z, and z, be represented by the points Pla, b) and Q(c, d). 
Their sum, 2, 7-2, is represented by the point R (a +c, b +d) in the same Argand Plane. 
Join OP, OQ, OR, PR and QR. 


Draw perpendiculars PM, QN, 
RL from P,Q, R respectively on 


. X-axis. 
Draw perpendicular PK to RL 
In AQON 
ON = с 
yi 
and QN - d. 
In AROL In APOM R(a*c, b+d) 
RL=b+d PM=b 
and ОГ =а + с ОМ =а 
Alo РК= МІ, 
-OL- OM 
х X 
-atc-a 
MAS E БЫ эр Fig. 1.10 
RK=RL-KL ) 
! -RL-PM 
=b+d-b 
к=} 


Іп AQON and АВРК, 

ON = РК, ОМ = RK and ZQNO = ZRKP = 90° 
AQON = ARPK 
OQ = PR and OQ || PR 

=> OPRQisaparallelogram and OR its diagonal. 


Therefore, we can say that the sum of two complex numbers is represented by the 
diagonal ofaparallelogram. i 
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Ехатр!е 1.17 Prove (па! 7, +z, |<|z | 125| MODULE - 


Solution: We have proved that the sum of two complex numbers z, and z, is 
represented by the diagonal ofa parallelogram OPRQ (see fig. 1.11). 


In AOPR 
OR<OP+PR 
or OR < OP + ОО (since OQ=PR) 


R(a*c, b+d) 


or la +z,|s|z,|+ 2, 
Ene ow z= 2+3iandz,=1 +i, 
verify that 2, +2, | <|2,|%|2,| Y' Fig. 111° 


Solution: 2, = 2 + 3i and z, = 1 + i are represented by the points (2, 3) and (1, 1) 
respectively. Their sum (2,  z;) will be represented by the point (2+1, 3+1) i.e. (3,4) 


Verification 

27 - 42-33 г И =3.6 ром 
2,| 42-01 = 42 =1.41 approx. 
2, +2,| = 43 +4? = J25 =5 


z,|+|z,|=3.6+1.41=5.01 


jatz 12,1 +12,| 
1.7.2 Subtraction of the Complex Numbers 
Let two complex numbers z, = а + bi and 2, = с + di be represented by the points (а, b) 
and (c, d) respectively. 
(2) )-(2,) = (a * bi) - (c +4) 
= (a—c) + (b - d)i 
which represents a point (а-с, 5-4) 
The difference i.e. 2—7, is represented by the point (a—c, b — d). 


Thus, to subtract acomplex number from another, we subtract corresponding - 
real and imaginary parts separately. 


MATHEMATICS у t Gn > 


MODULE -1 Ехатріе1.19 Find z, —z, in each of following if: 


Algebra (a) Із эсүүл ЭЭР т 
(D 2,--4%71 2,--4-5і 
Solution: (а)2,-2,-(3- 4i) - (C3 + 71) 
=(3—4i) + (3-71) 
= (3763) (C4 — 7 
=6+(-lli) =6-11 
(b z-z-C4*7)-(4-51) 
-(-4- 7) + (4+ 51) 
=(4+4)+(7+5)i 
:=0+121 = 121 
|Examle 1.20 should be added to i to obtain 5+472 
Solution: Let z=a + bi bé added to i to obtain 5 + 47 
i+(a+bi)=5+4i — 
ог, а+(+ Di -5- 4i 
Equating real and imaginary parts, we have 
a=5andb+1 -4 or b=3 


zZ=5 +31 is to be added to i to obtain 5 + 41 


1.8 PROPERTIES: WITH RESPECT TO ADDITION OF 


COMPLEX NUMBERS. 


1. Closure: The sumoftwo complex numbers will always be acomplex number. 
Let zima brand z =а, + bji, а, b,, à, b, ER. 

Now, z,+Z,=(a,+a,)+(b, +b,)i which is again a complex number. 

This proves the closure property of complex numbers. 

Thus, (1 +i)+(2+3i)=(1 +2)+(1 +3)i=3 +41, which is again a complex number. 


Similarly, thealifference oftwo complex numbers will always bea complex number. For 
example, (2 т 4i) - (1 —4i) = (2-1) + (4-(-4))i 1 8i, which is again a complex 
number. 


Ет 18 | MATHEMATICS 
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2. Commutativity : 122, and 2, are two complex numbers then MODULE - 
Algebra 
Zitz 52,42, 
Let 2. =a, + biand z, =a, * bji 
Now Z,+Z,=(a, + bi) + (a, +) 
Not 

= (a, * aj) +(b, + bj icu 
=(a,+a)+(b,+b,)i [commutative property of real numbers] 
= (а, + bj) + (a, + bii) 
= 

ie} 21225 22-2, 

Hence, addition of complex numbers is commutative. 


For example, ifz,=8 + 7i and z, =9— 3i then 


z *z-(8*7)*(9-3i) апі. z,*z -(9-3)* (87i) 


=(8+9)+(7-3)i and =(9+8)+(3+7)i 
or жут hat and 2, +2, —17 +41 
We get, 2052-20 


Now, z,-z,- (a, +b, i) - (a; * b, i) 
7 (a,- à) + (b, - by) 
and ®= л (а К бы) amb 
AE Во) Бу Ур 
= (а-а) — (6-6) 
=—(а tbi) (a, tbi) 
Zi 24 ZA 
Hence, subtraction ofcomplex numbers is not commutative. 
Forekanplé, if z,7 87i and 2, =9-3/ then 
z,-2,7(8*7)—(9—31) | and  z,—z,-(9—31)- (8 7i) 
=(8-9)+(7+3)i ала -(9—8)* (3-7) 
o ^ z-2,--1- 10i ай z,-z,7]-10i 


2,-2,%2,-?, 


MATHEMATICS ШІН 
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MODULE - | 3. Associativity 
Algebra Ifz,=a;+b,i, z=a,+b,i and z, =a, + bii are three complex numbers, then 
EN z *(nmttz)—(r2)b 
Now z,+(z,+2z,) 
мэн = (a, + bj) + {(а, + bi) + (a, + bj) 
7 (a, + bj) + (а +4) (5 + bpi) 
= {a,+(a, + a,)} + {b,+(b, + b,)}i 
= (а * a) + (b, + bi} + (a, + bj) 
= (а, * bii) + (a, + b,i)} + (a, + b,i) 
= (2, +2)52, 
Hence, the associativity holds good in the case ofaddition оГсотрїех numbers. 
Forexample, if 2,7 2*3i, z, 73i and z, = 1 —2i, then 
z,*(z*z) =(2+3)+ (Gi) (1 2) 
=(2+3)+(1+ђ) | 
=(3 +4) 
and (2,+2)+2, = {(2+3i) +(3i)} + (1 2i) 
=(2+6i) + (1 —2i) 
=(3 + 4i) 
Tis iz ка) САВА 


The equality oftwo sumsisthe consequence of theassociative property of addition of complex 
numbers. 


Like commutativity, сап be shown that associativity also doesnot hold goodinthe caseof 
subtraction. 


4. Existence of Additive Identitiy * 
Ifx yi be acomplex number, then there exists a Bac number (0 + 01) | 
such that (x + yi) + (0 +01) 7 x уі. 
Let z,=x+yibethe additive identity ofz,=2+3i then 
ZA 


ie (2-3) *(x*yi) -2*3i 


EN i MATHEMATICS 
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ог (2+х)+(3+у)і=2-+31 
or (2 +х)= 2 апа3 + у=3 
ог x=Oandy=0 
ie. z,7x t yi-0* 0i is the additive identity. 
ie. ifz—a- biisany complex number, then 

(a * bi) + (0+ 01) 2 a * bi 
ie. (04-01) is the additive identity. 

z, -z,7 (2. 3i) - (0 - 0i) 

2 2Q-0)* G-0)i 
=0 13072, 

2,=0+0115 ће identity w.r.t. subtraction also. 
as (a bi) - (0-- 0i) 2 a * bi 
5. Existence of Additive Inverse 


For every complex number a + bi there exists a unique complex number —a — bi such that 
(a+ bi) - (-a — bi) 7 0 0i 


e.g. Letz =4 + Si and z, =x + yi be the additive inverse of z, 

Then 2,%2,-0 2 

ог (4+ 51) + (x + yi) = 0 - 0i 

or (4+x)+(5+y)i=0+0i 

or 4+х=0апі5 +у=0 

ог x —-4 and y =-5 

Thus, z,=—4—Siis the additive invese of z, =4 +51 

Ingeneral, additive inverse ofa complex numberis obtained by changing the signs ofreal and 
imaginary parts. 


Consider 7, — z, = 0 


or (4+ 5i) - (x yi) 2 0 * 0i OA My ма, EM AME: 
Mees 
or (4-х) + (5 –у)і=0+01 "ERU EE 


or 4-х-0а145-у-0 
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or x24 апду=5 
ie. 7, 2,70 givesz,  4-b3I 
Thus, in subtraction, the number itself isthe inverse. 


ie. (a+ bi) – (a-- bi) = 0 +01 or 0 

(f. 2 
| e. CHECK YOUR PROGRESS 1.3 
1. Simplify: 


ә (еј (ел) | 21.21 


()  (l*i)-(—6) (дф (v2-430)-(-2-7)) 
ra Ifz, = (5 +1) and 2, = (6 + 21), then: 
(a) find 2, +z, (b) find 2, +2, (c) Isz t2; 2,421 
(d) find 2,-2, ТЕМЕН ZSZ (452, —72.—-7.=7, 5 
3. Ifz,=(1 +i), z, = (1—1) and 7, = (2 + 31), then: 
(а) find 2, + (z, +2,) (b) find (2, + z,) +z, 
(с) Is z, + (z,+2,)=(z,+z,)+z,? (d) find z, —(z,—z,) 
(е) find (2, –2,)–2, (f) Is 2- (2,—2.) zz) — 4 
4. Find the additive inverse ofthe following: 
(a) 12 - 7i (b) 4—3i 


5% What shoud be added to (-15 + 41) to obtain (3 2i)? 


6. Showthat {3+ 7i) - (5+ 20) = G47) - 621) 


Let P(a, b) represent the complex numberz=a + bi,a є R, b € R, and OP makes an angli 
O with the positive direction of x-axis. 


Draw PML OX 


Let ОР-т Y 


Р(а,5) 


21 


In right АОМР 


OM=a | 
МР = A 
MP-b Ve А E эх 
гсовб-а | 
У 
с Fig. 1.12 
rsinO=b ү 
Then 2 = а + bi can be written as z ^r(cosO + i 50) ийүү 


ee b 
where r= Ja? +b? and їап0 = — 


a 
b 

or 0 = tan ls 
a 


This is knownas the polar form ofthe complex numberz, and r and 0 are respectively 
called the modulus and argument ofthe complex number. 


7110 MULTIPEICATION.-OF-TWO COMPLEX NUMBERS 


Two complex numberscanbe multiplied by the usual laws of additionand multiplicationasis 
doneinthe case ofreal numbers. 


Let 2 = (a + bi) and z, = (c + di) then, 


Z,.Z, = (a + bi).(c * di) 


= a (c di) * bi (c ^ di) 
Or = ac ^ adi + bci + bdi? 
ог = (ac — bd) + (ad + be)i. [since ? 2— 1] 


If(a--bi)and (c+ di)aretwo complex numbers, their product is defined ав ће complex 


number (ac — bd) + (ad + be)i 
Evaluate: 
© 04200-3) G) (V3 +13 - 1) iii) (3 — 2i 


Solution: 
(1) (1 + 2i) (1-231) = {1- (6) + 3 * 2). 
-7-і 
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сен em 217% Complex Numbers | 
& (V3 +i)( V3 -i)= 8-6 + (V3 +3): 
= 4+0i 
@ (3-2) -(3-20(3-21): 
= (9 —4) - (-6-6)i 
-5-12 
1.10.1 Properties of Multiplication 


|2,2,|-|2,|.|2,| 


Let z, -т.(соө0, +isinO,) and 7, = г,(соѕ0,+ 11п0,) 


z,|=r, Jcos? Ө, +sin?@, =r 
1 1 B 1 ! 1 


Similarly, Гат 
Now, 7,7, =r (со50, * i 5110) ). г,(со50, + i sin®,) 
=r r, (сов0,сов0,-Ш0, sin@,)+ (сов0 вш, + 5110, сове, )i] 


=r,r,[cos(0, +0,) +i sin (0, +0,)] 
[Since cos(0, "-0,) —cos0,cos0, —sin0, sinO, and 


sin(0, + 0,) = sin0,cos, + cos, вш, ] 


|2,.2,І- гл, cos? (0, +6,) + sin? (0, 40,) = гг, 


|2,.2:|- nr, =|2,|.|2, | 
and argument ofz z, = 0, “0, = агр (z,)+ arg (z;) 


Ev) БУЛ Find the modulus of the complex number (1 +i) (4 —3i) 
Solution: Let z=(1 +i) (4 31) 


then |z|=|(1 +i) (4 – 31) 
=|(1+)1.|(4–3) | (since | 2174) 


Bu (1445-1241 = 2 and 
|4-34|- M4? +(-3)? =5 
|2|- 4252 542 


1.11 DIVISION OF TWO COMPLEX NUMBERS 


Division of complex numbers involves multiplying both numerator and denominator withthe 
conjugate ofthe denominator. We will explainit through an example. 


Let z =a+biand z,-c*di then 


2) dbi 
z etdi 


(с+ #0) 
atbi_ (a+bi)(c -а) 
сыға (сжа)(с-4) 
(multiplying numeratorand denominator with ће conjugate of the denominator) 


(ac + bd) + (bc — ad) 


ced 


a+bi ас+ђа bc — ad 
ска cd? +d 


Ехатрје 1.23 Divide 3+i by 4—21 


Solution: 


Thus, 


i 


4-21 
Multiplying numerator and denominator bythe conjugate of (4—2i) we get 


(3+i)(4+2i) 
(4-2i)(4+2i) 


_10+10? 
1 
=—+ 
2 


= _ 
шы (202 


1.11.1 Properties of Division 
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MODULE - | | Proof: z, =1,(с050, +isin®,) 
Algebra 


r, =r (cos0, +15 0.) 


|\z,|= r,4/cos^ Ө, +sin?6, =r, 


Similarly, |2,|-т, 


and arg(z,)= 0, and arg(z,)= 6, 


2, _ г(со50, * isin0,) 


кч 
дені 2; т,(соѕ0, +іѕіпӨ,) 


__п (сова, +іѕіп0,)(соѕ0, -1500,) 
-n (сове, +isind, )(сов0, -isinð,) 


тү (cos0, сов0, — icosO, 5100, + 15110, сов0, + sind, sin0,) 
pe г, (cos? Ө, + sin? 0.) 


= AL (cosa, cos, +sin 0, sin 8,)+ i (sin 8, cos, -сов0, sin 0, )] 
Б : . 


3 [cos(6, -0,)+isin(®, -0,)] 
2 


Thus, |2|-2./с08(0-6,)єзш 20) = 5 
adi | 5 n 
2, қ 
Argument of 4.4.4 “0, -arg(z,) —arg(z,) 


Ехатрје 1:24. ind the modulus of the complex number 


2-1 
3-1 


2-1 
Solution : Letz= 3-i 


T MODULE -1 
| Algebra 
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3-1) "Мо ~ 


1. Closure 


Ifz,=a+t biandz,=c+di be two complex numbers then their product z,z, is also 
acomplex number. 


2. Cummutativity 


Ifz, =a+biand z, =с+ di be two complex numbers then z,z,=2z,z 
For example, let z, =3 + 4i and z, 1-1 
then 2,7, = (3 +4i) (1 —1) 


=3(1—1)+4(1—1) 


=3-3i+4i-47 
.  =3-3i+ 41-41) 
=3+1+4 741 


Again zy, -(l- i) (3 +41) 


=(3 +4) —1(3 +41) 


| -3-44i—-3i-4i 
=3+1+4=7+1 
2125-26) 
3. Associativity 
Ifz,=(atbi),z,=c+di and z, = (e + fi) then 
Z,(Z,.Z,) = (Z,-Z,)-25 
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MODULE - | Letus verify it with an example: 
Algebra If 2, =(1 +i),z,=(2 +i) and z, - (3 +i) then 
2,(z,.2,)= (1 +1){(2 +i) 3 +i)} 
-( +i) ((6–1) +(3 +2)i} 
Notes - =(1+i)(5+5i) 
=(5—5)+(5 +5) 
=0+10i=10i 
and (z.z)z,— {(1 +i)(2+i)} (3 +i) 
= {(2-1)+(1 +2)i} G +i) 
=(1+3i) (3 +i) 
=(3-3)+(1+9)i 


=0+10i=10i 


2(2,2,)-(2 22525 


4. Existence of Multiplicative Identity: For every non-zero complex number z =аја 


there existsa unique complex number (1 +0i) such that 
(a+ bi).(1 +01) =(1 + 0i) (a+ bi)=a+bi 
Letz,=x+yibethe multipicative identity ofz=a+bi 
Then zzz. 
ie. (a+ bi) (x+yi)=a+ bi 
or (ax – by) + (ay +bx)i =a + bi 
or ax — by = a and ay + bx = b 
or х=1 andy=0 
ie. z, -x tyi-1-Üiisthemultiplicative identity. 
Thecomplex number 1 + Qi isthe identity for multiplication. 
Letus verify it withan example: 
Ifz= 2 + Зићеп 
z.(1 + 0i) = (2 + 3i) (1 0i) 
=(2-0)+(3+0)i 
=2+3 


Ни 


TN Complex Number 


: Complex Numbers 


5. Existenceof Multiplicativeinverse: Multiplicativeinverse isacomplex numberthat MODULE 
when multiplied toa given non-zero complex munber yields one. Inother words, for every Algebra 
non-zerocomplex numberz a- bi, thereexistsaunique complex number (x--yi) such that 
their product is (1 + 01). 


ie: (а bi) (x + yi) 7 1 +01 


ог (ax — by) + (bx + ay)i = 1 +01 


Equatingreal arid imaging parts, we have 


ax — by = 1 and bx + ay - 0 


Bycross multiplication 


X CU 

a. -b (ja? +b" 

Aa _ Re(z) -5 __Im(z) 
= A Ер апа У ape Ер 


Thus, themultiplicative inverseof anon-zero compelx numberz=(a+bi)is 


сиве tn) i 


2 2 74. 
Н oH Jd 
Ехатре1.25 BFindthemultiplicativeinverse of2 —4i. 
Solution: Let z 2 2—4i 


We have, z2244i and|z = Р + (-9| =20 


Required multiplicativeinverseis 


DE CO PE FU VUA Е. 
k? 20 10 


Verification: 


ТҢГ 
If T + s bethe muliplicative inverse of 2 – 4i, there product must be equal to 1407 


[D qA злу ОУ d 
2-4i) --4-1151--8-18 т-тд |; 
We have, ( Xx н) (2 £) G s) 


= 1+ 0i which is true. 
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Algebra 


6. Distributive Property of Multiplication over Addition 
Let Z,=a,+bii, 47a tbi andz =a, +b i 
Then z (z +z)= 2,7, “2,7, 
Letus verify it withan example: 
Ifz, 2 3- 2i, ZT 1564 and z, ——3 —i then 
Z,(Z, +7,)=(3—21((-1 + 4i) + (-3 -i)} 
-0-20(144-3-1) 
-03-20(-4-3) 
=(–12+6) + (9 + 8): 
=-6+17i 
and 2,2,-(3-21)-1 +41) 
=(-3 8) * (124 2) 
=5+14 


Арат 2,2, “(3-21)(-3- 1) 


- (9-2)-(-346) 
22-13 547 

Now 2,2, +z 245 (5 +14) +(– 11 3i) 
--6-17| 


2,(2, + 2)= 2,2, %2,2, 


ғұ 
е. CHECK YOUR PROGRESS 1.4 
1: Simplifyeach ofthe following: 


@ (0-206/-1) €). (V2 +i)? 
© (8900-01-14) @ (2530-11-20 
(9  (1+2i)+(1 +i) (f (1 +0i) + (3+7ђ 
2. Compute niultiplicative inverse of each ofthe following complex numbers; 
(а)3-4і (b) 43-71 (c) 355! 
2-3 
МАТНЕМАТЇС5 


E—— Ес. 


3. Ifz,=4+3i, z,=3—2iandz,=i+5, verify that z,(Z, + Z,) 7 z;Z, t ZZ; 


4. Ifz, =2+i,z,=—2 +i and z, =2—i then verify that (z,.z,)z,=z,(Z,-2,) 


ә z=a+biisacomplex number in the standard form where a,b e Кап4і-,/-|. 


ВЕР 06 SUM ОР 


e Anyhigher powers of'i' can be expressed in terms of one of the four valuesi,—1, i, 1. 


e Conjugate ofa complex number z=a + bi is a—bi and is denoted by 7. 


e Modulus ofacomplex numberz=a+tbiis Ja? + b? іе, | ја + = va? +b? 


(а)|2|=0 <>2-0 09121-121 (с) |2, +2,| < la] ИЯ 


e z-r(cosO + i 5110) represents the polar form of a complex number 2 = а + bi where 


ari el (ке 
r= Ja? + p? ismodulusand Ө = tan (2) isits argument. 


2 
e Multiplicative inverse ofacomplex numberz-—a- bi is РЯ 
е | *SUPPORTIVE WEB SITES 
hitp://www. wikipedia.org 
http://mathworld.wolfram.com 
2 — 
ын “TERMINAL EXERCISE" 
l. Findrealandimaginary parts ofeach of the following: 
у 1 
(a) 2 * 7i (b) 3 +01 (с) y 
d)5i - 
ын Өз 


Algebra 


MATHEMATICS E ^| 


Complex Numbers 


Ж NOSE 1 5 
МОРИЕ-| 2. Simplifyeach ofthe following: 
(а) 23/227 (b) 4234/44/72 (c) 315 — 518+ 1 
3. Formcomplex number whosereal and imaginary parts are giveninthe form of ordered 
pairs. 
(a) 2(3,-5) (b) z(0 , 4) (c) 2(8, т) 


4. Findtheconjugateofeach ofthe following: 


(a)1—2i (b) -1-2i (с) 6— 42i 
(4) 41 (е)-4і 
5. Find themodulus ofeach of the following: 


(a) 1-i (b) 3 + ni (c) -j (d) - 2 + J3i 


6. Express 7i" — 6i*-- 38 — 2i? + 1 in the form of a + bi. 
7. Findthevaluesofxandy if: 

(а) (x -yi) + 7-2i=9-i 

(b) 2x + 3yi 2 4— 9i 

(c) x -3yi ^ 7 +91 
8. Simplifyeach ofthe following: 


CONTR v (iJe) 3-2) 
(а) (3 *3-(1-i)* C1- i) 6) [7 7 7 
9. Write additive inverse and multiplicative inverse of each of the following: 


@3-% I-21) 5421 O (912 


10. Find the modulus ofeach of the followingcomplex numbers: 


1-1 (b) 5-21 
0) 3-1 425i 
(е) (3 + 2i) (1-1) (d) (1 3i) (2i? +2 +3) 


~ v —————— aa 
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11. Forthe following pairs of complex numbers verify that 2,2, |=|Z,||Z, | MODULE - | 
Algebra 


(a) z, = 3-2i, z,- 1—51 


(0z73-J7i.z,- 4/3 –і 


а/ы 


|2) 


12. Forthe following pairs of complex numbers verify that 25 
. 2 

(а) 2-1 *3i, 222201 

(Буз,-г- 21735 2,-3-4; 


ак 
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A 
Algebra УЙ ANSWERS 


CHECK YOUR PROGRESS 1.1 


І (a) 3/3 (b)-3i (c) J13i 
2. (а) 5-01 (5)0-31 (00-01 
3. 12-4i 


CHECK YOUR PROGRESS 1.2 


1 (a)2i (b)-5+3i (с) —/2 (d) 3 * 4i 


2, 0) (3, 0 
Sas 5 (2, 0) (3, 0) 


(b) 


MODULE 
Algebra 


(9) 


MATHEMATICS 


эт 


Complex Numbers 


MODULE - | 
Algebra 


y 
3. @ $3. (09-10 Gii) 413 (іу) 4721 


CHECK YOUR PROGRESS 1.3 


NECS (V2 + 5) + (V5 - Уз 0 266+) 


(с) 71 (4) У2(У241) (7-4) 
2. (4)11-3 (b) 1-3 (с) Yes 
(4)-1-1 (0141 (f) No 
3. буаз; (b) 4 + 3 (с) Yes 
(d) 2+ 5i () -2-i (f) No. 
4 — (a)-12 7i (b) -4 + 3i 
Ec t6 


ЕЕ ————— ___. 
NES 


MATHEMATICS 


Ы Complex Numbers, 


CHECK YOUR PROGRESS 1.4 MODULE : 
Algebra 
to (a) (2«2)«N2-1i 0) 142,23: (с) -2+6 | 
Е 22 
1 1 ЯС 222 
(d) =(—4+ 70) (е) —(3+1) (б —G - 7i) : с 
2 5 as ; Notes 
1 : 1 5 1 per 
2.. ај 2:4) (b) 3202-70 (с) ое 191) 


TERMINAL EXERCISE 
i (a) 2,7 

(b) 3, 0 

(с) -l.o 

(d) 0, 5 


23 
(9 1/713 


2: А, 


(b) -12-/61 
со) 24:59 
з. (ву ан 

(b) 0-4 
(c) 8 + ni 

24 (2)1*2i 
(b) -1 * 2i 
(с). 6+ 42i . 


(d) -4i 
(e) 4i 


MATHEMATICS 5 | 37 | 


ee 
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a 
2 
—— 


Notes 


Complex Numbers 


(а) ,2 
(b) /9--л? 


3 
(с) 3 (d) /7 


9-4 


() х-2, у--1 


()х-2,у--3 
(х= 7, Sis = 3 
(a) 1 + 3i 
0) Ž+ oi 


(a) -3 + 7i, 0 +71) 

"iS 3 
(9 -11+ 2i, 12:(-11-:29 
(с) -48-2i, 18-2) 
(d) –1+ 42i, HINT 


(e) 2-3i, 03) 


1 1 
10. (а) “5 (5) 57145 (с) /26 (4) 445 | 


МЕ 


QUADRATIC EQUATIONS 


Recall that an algebraic equation of the second degree is written in general form as 
ax’ +bx+c=0,a#0 

Itis called a quadratic equation іпх The coefficient ‘a’ is the first or leading coefficient, ‘b’ 
is the second or middle coefficient and “с” is the constant term (or third coefficient). 


5 1 
For example, 7х2+ 2х+5 -0, 257 5х+1=0, 


1 
3x? х= 0, х?+ re: 0, J2 x?7+7x=0, are all quadratic equations. 


In this lesson we will discuss how to solve quadratic equations with real and complex 
coefficients and establish relation between roots and coefficients. We will also find cube 
roots of unity and use these in solving problems. 


© 
OBJECTIVES 
After studying this lesson, you will be able to: 


• solve a quadratic equation with real coefficients by factorization and by using quadratic 
formula; . 


е find relationship between roots and coefficients; 
e forma quadratic equation when roots are given; and 


e findcuberoots of unity. 


EXPECTED BACKGROUND KNOWLEDGE’ 
• . Real numbers 


е Quadratic Equations with real coefficients. 


MODULE - | 
Algebra 


Notes 


ва ШШ 


MATHEMATICS 


| Quadratic Equations 
MODULE - | | 
_ Algebra 


2.1 ROOTS OF A QUADRATIC EQUATION 


The value which when substituted for the variable in an equation, риш: it is called aroot 
(or solution) of the equation. 


If а: be one of the roots ofthe quadratic equation БОЛТ 
then, ax’ +bx+c=0,a¥0 Я (i) 


аа? +ba+c=0 ! 
In other words, x — а: isa factor of the quadratic equation (i) 


In particular, consider a quadratic equation x? +х—6 = 0 (ii) 
Ifwe substitute x = 2 in (ii), we get 
LHS-242-6-0 
L.H.S - R.H.S. 
Again putx = —3 in (ii), we get - 
L.H.S. = (-3 -3 -6 =0 
L.H.S - R.H.S. 
Again put x = —1 in (ii) ме get 
Г.Н.5 =(-1? +(-1)-6=-6 +0 - R.H.S. 
х= 2 апіх= —3 are the only values of x which satisfy the quadratic equation (ii) 
There are no other values which satisfy (ii) 


5 х=2,х = – 3 are the only two roots of the quadratic equation (ii) 


Recall that you have learnt how to factorize quadratic polynomial of the form 


р(х)= ах? +bx+c, a#0, by splitting the middle term and taking the common factors. 
Sarhe es can be 2553 while solving quadratic equation by factorization. 


IÉx- E andx — с аге two factors ofthe quadratic equation 


vbx+c= а ESE эй I)- 0 
s | ^ either x = Бо, х= { 


MATHEMATICS | 


Quadratic Equations 


The roots of the quadratic equation ax? + bx + с = 0 are E 5 Ї 


| Using factorization method, solve the following quadratic equation : 
6x?7+5x -6 =0 
Solution: The given quadratic equation is 

б6х2%5х-6-0- w= (i) 
Splitting the middle term,-we have 
6х2%9х-4х-6-0 

or, Зх (2х + 3) —2 (2х+3)=0 

ог, (2x + 3)(83x-2) = 0 


3 
2, Either2x +3=0 => х= = 2 


о; 3х-2=0= х= 


22312 


о | 


3 
2. Two roots of ће given quadratic equation are — 27 


ЦУСТ) УУД Using factorization method, solve the following quadratic equation: 


3/2 x * 7x — 342 =0 
Solution: Splitting the middle term, we have 


342 x2 + 9x -2x – 342 =0 
or,  3x(42x*3)- /2(/2х%3)-0 
ог, (/2х%3)3х-/2)-0 


3 
Either /2x+3=0 => х= – 2 


У2 
OL З= „фи 


3 


2. Two roots of the given quadratic equation аге — 4 


| 


| MODULE -1 
Algebra 
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цэг 


MODU 


1Е-1 


Algebra 


&7 


Notes 


E UN Quadratic Equations 
| Example2.3 И factorization method, solve the following quadratic equation: 
(a+b)? x? + 6 (а? —b)x-9(a-by-0 
Solution: The given quadratic equation is 
(a+ b? x? +6 (a — b) x +9 (а—Ь)?=0 
Splitting the middle term, we have 
(a+b) x? + 3(2 — b?) x + 3(а2 – Б) x + 9 (а–ђ)у = 0 
or, (a-- b)x {(a+b)x +3 (a – b) } +3 (a-b) ((a*b) x +3 (a-b) }=0 
or, {(a+ b)x+3 (a — b) } {(a+b)x+3(a—b) }=0 


А -3(a-b) 3(b-a) 
either (а + b)x +3 (a—b)=0 > x= = 


a+b a+b 
8, р = (а рута (b—a8) 
ог, (a+ b)x+3 (a—b)=0 > x= пар ib ; 


The equal roots ofthe given quadratic equation are о 5 шал 
а+ђ а+ђ 
Alternative Method 
The given quadratic equation is 
(a+b) x? + 6(a@ — b) x + 9(a—b)?=0 
This can be rewritten as 
{(a+b) x}? +2.(a+b)x . 3 (a- b) + (3(a- b)? 20 
or, { (a+ b)x + 3(a—b) }?=0 


боша Б) = 3(b-a) 
E ЛЕ а+ђ 
3(b-a) 3(b- 
The quadratic equation have equal roots 2380 5 ss 
а+ђ а+ђ 


ұғы 
ФГ сикскуовк PROGRESS AIT 


1. Solve each of the following quadratic equations by factorization method: 


(i) J3 x** 10x48 /3 =0 (ii) x -2ax -àà3 b - 0 
ab c 
(iii) x? + cB х-1=0 (iv) х2-4,/2х%6-0 


MATHEMATICS 


“Оцадгайс Equations 


MODULE - | 


: У 4 / , 
23 SOLVING. QUADRATIC EQUATION BY QUADRATIC Algebra 


FORMULA 


Recall the solution of a standard quadratic equation 


ax? + bx +c=0,a +0 by ће “Method of Completing Squares” 


Roots of the above quadratic equation are given by 


Е -14-407-4ас 2) —b-X b! -4ac 
2a 


х, 2 and х, 
F 2 
_ +0, _ ~b-vD 
гаи 2а 


where D = b? — 4ac is called the discriminant of the quadratic equation. 


Fora quadratic equa оп ax’ - 
(i) D>0, the equation will have two real and unequal roots 


(ii) _ D-0,theequation will have two real and equal roots and both roots are 


10-2- 
equal to -z 


(iii) ^ D<0, the equation will have two conjugate complex (imaginary) roots. 


Ехашрїс2.4. Examine the nature of roots in each of the following quadratic equations and 
also verify them by formula. 


() х2+9х+10=0 G) 9у:-642у%2-0 


(iti) J58 – 3t+3/2 =0 
Solution: 
© The given quadratic equation is х? +9 x + 10=0 
Here, a=1,b=9 and c= 10 
D=b?—4ac = 81 – 4.1.10 
= 4170. 


The equation will have two real and unequal roots 


TE ЕШ 


MATHEMATICS 


Quadratic Equations 


JODULE - | 


Verification: В uadratic formula, we have 
Algebra | 79 


-9-/41 
x= 2 


-9-/41 -9-/41 
руе) 


Notes The two roots are 


which are real and unequal. 


(ii) Тће given quadratic equation is 9 y?—6 Јо y+2=0 
Here, D-b'-4ac - 
-(-6,2)-492 
-72-72-0 
The equation will have two real and equal roots. 
Verification: By quadratic formula, we have 


a 6x40 -7 


2.9 "aE 


; 4 У2 42 
E The two equal roots are — , —, 
32505 
(iii) The given quadratic equation is ./5 t? — 3t+3 42 70 
~ Here, D-(-39-4.45 3.5 
{ = –15<0 
The equation will have two conjugate complex roots. 


Verification: By quadratic formula, we have 


hc 34-15 
War 


3+ Vi5i 
722 7 Where j=-/-1 


34151 3-Vi5i 
2/9550 2 5 


Two conjugate complex roots are 


MATHEMATICS 


Quadratic Equations 


| Example2.5 | Prove that the quadratic equation x^ py - 1 0 has real and distinct roots MODULE - | 
for all real values of p. Algebra 


Solution: Here, D = p? +4 which is always positive for all real values of p. 
The quadratic equation will have real and distinct roots for all real values of p. 


| Example 2.6 182 what value ofk the quadratice equation 
(4k+ 1) xi +(К+ D) х+1=0 will have equal roots ? 


Solution: The given quadratic equation is 
(4k + 1)х2 +(К + 1) х+1=0 
Here, р = (к + 1) —4.(4k + 1).1 
For equal roots, D = 0 
К (к + 1» -4(4k*1)70 | 
= k?-14k-3=0 | 


pA 14+4196+12 


2 


414208 
2 
-7%2,13 or7 * 2413.7 - 2413 


which are the required values of k. 


(501111 (24 Prove that the roots of the equation 


x? (а?+ b?) + 2x (act bd) + (c^* d?) = 0 аге imaginary. But if ad = be, 
roots are real and equal. 


or k 


Solution: The given equation is x? (a? +b?) + 2x (ас + bd) + (C +d?) =0 
Discriminant = 4 (ac + bd)? — 4 (a + b?) (c? + Ф) 
= 8 abcd —4(a? d? + b? c?) 
= — 4 (-2 abcd + a? Ф + b? с?) 
- - 4 (ad -bc)? 
<0 for all a, b, c, d 
_ The roots ofthe given equation are imaginary. 
For real and equal roots, discriminant is equal to zero. 
> – 4(ad— bey = 0 
or, ad = bc 
Hence, if ad=be, the roots аге real and equal. 
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Algebra Су 
AS 4 CHECK YOUR PROGRESS 2.2 
o 1. Solve each ofthe following quadratic equation by quadratic formula: 
Notes () 2х-—=3Х+-3=0 (ii) x +/2x-1<0 


(iii) -4x! +. /5x-3=0 (iv) 3x! +V2x+5=0 
2. For what values of k will the equation 
y!-2 (1+ 2k) y+3 + 2k = 0 have equal roots 2 
3. Show that the roots of the equation 
(x-a) (x—b) + (x—b) (х—с) + (x—c) (x-a) = 0 are always real and they can not be 


equal unless a=b=c. 


2.4RELATION BETWEEN ROOTS AND COEFFICIENTS OF 
A QUADRATIC EQUATION 


You have learnt that, the roots ofa quadratic equation ax? + bx +c=0,a +0 


-5-4/52-4ас ss —b- xb? —4 ас 


d 
| 2a 2а 
ЖУ —b-- Nb! —4 ac 3 —b- xb? —4 ас 


Let 25 40) and f= 2 ... (ii) 
Adding (i) and (ii), we have 
Цор at aD 
Чих расу а 


coefficient of х 04 
coefficientof х a ... (iii) 


Sum of the roots =— 
+b? —(b? — А ac) 


а p= a 


| 46 | MATHEMATICS 


Quadratic Equations 


constantterm с : 
Product of the roots = | waite ento? а ..(iv) 


(iii) and (iv) are the required relationships between roots and coefficients ofa given quadratic 
equation. These relationships helps to find out a quadratic equation when two roots are 
given. 


ТТР If, œ, 2 are the roots of the equation 3x?— 5x + 9 — 0 find the value of: 


1 
даљ өзер 


Solution: (a) It is given that a, f are the roots ofthe quadratic equation 3x^ —5x +9 — 0. 


af -3 --(1) 
ad а= Й 25; „Ë 
Now, .а2+ 8? =(а+ B) -2af 


n 
- G) -2.3 [By (1) and (ii)] 


мине 20. 
The required value is — 9 


[le «Йй 
(b) Now, E ғ = ap 
-29 
= 9 [By (i) and 01 
9 
55325. 
81 
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Algebra 


ОСИ If с, 8 are the roots of the equation 3y? + 4y + 1=0, form a quadratic 
equation whose roots аге 2, 3? 


Solution: It is given that c, 2 are two roots of the quadratic equation 3y?+4y+1=0. 
Sum of the roots 


coefficient of y 


МЕН ийн coefficient of y? 
et Ж i 
xu ы) 
constant term 
Product of the roots i.e., а 8 = coefficient of y? 
t A 
at .. (ii) 
Now, а'+ f? = (а + ву—2 а p 
ЕР 2 
80:7 [By (i) and (ii)] 
dem z 
TOW 8 
210 
9 
2 2 2 1 
and a? B?=(a В) E [By (ii) | 
The required quadratic equation is у? -(a?* 8?)у+ a? B2=0 
E m m 
T, бас 9 у 973 


Or, 9у2– 10у +1=0 


Example 2.10 If one root of the equation ax? 4. px +c = 0, a + Обе the square of 
the other, prove that b? + ac? + а?с = 3abc 


Solution: Let сг, æ? be two roots of the equation ax? + bx + c — 0. 


quai aa 
: à) 


MATHEMATICS 
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and ' а.а3- 2 Algebra | 
с A 
4 эшш os 2222 
ie, ат. «+ (ii) 22 
1 "Notes 
From (i) we have 
+1)= p 
а (а *l)-- т 


by Up? 
or, fa(a-Dy = (-2) pss 
or, аЗ(а3%3а2%3а Hien 


3 
c > БЕЗІ зэл А _.. [By @ and (i)] 


a |a a 
3 
Ч c) 3bc 9 р 
ог, c ЭБЕ 
? а а? а a 


or, ac?-3abe +ас = — b 
or, Б? + ac? + ae = 3abc 
which is the required result. 
| Ехатрїе2.11 the condition that the roots of the equation ax? + bx +c = Oare in the 
ratiom :n 
Solution: Letma and na be the roots of the equation ax? bx + c = 0 


р ? 

Now, ma +na@ =- “> .» (i) 

с ба 
and тпа? = — ~ (ii) 

a 
From (i)wehave, а (m*n)-- A 

2 

or, а" (m+n? = 2 
MATHEMATICS 
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2 
on – (m+n)'=mn 55 [By Gi] 


or, ас (m+n)? = тп b? 


which is the required condition 


е. CHECK YOUR PROGRESS 2,3: 


1. If о, В are the roots of the equation ay? + by + c= 0 then find the value of : 


Ml "TIT 
Qty Go BF 
2. Ка, В are the roots of the equation 5х2-6х + 3 =0, form a quadratic equation 
whose roots are: 
0) a, В? (i) а"В,а 8° 
3. If the roots of the equation ay? + by + c = 0 be in the ratio 3:4, prove that 
12b? = 49 ас 


4. Find the condition that one root of the quadratic equation px? – qx + р= 0 
may be 1 more than the other. 


2,5 SOLUTION OF А QUADRATIC EQUATION WHEN D < 0 


Let us consider the following quadratic equation: 
(a) Solve fort: 


8-3:44-0 
_ -3t49-16 _ -3+V-7 
2 2 
Here, D=-7<0 
The roots are ze and 59-47 
2 2 
2344/71 3-71 
or, V TROC Emu Ес СС 
2 2 


Thus, the roots are complex and conjugate. 


| s | MATHEMATICS 


Quadratic Equations ae : 
| MODULE -1 
Solve fory: 
P е Algebra 
- Зу + бу-2=0 
– 5 + /5—4(—3).(—2) 
К 23) 
–4/5+4/=19 
ог у= E € 


Here, р= – 19<0 


The roots аге 


-45--4191--45-4191 
56 А 


Here, also roots are complex and conjugate. From ће above examples , we can make the 
following conclusions: 


0) D <0 in both the cases 
(ii) Roots are complex and conjugate to each other. 
Is it always true that complex roots occur in conjugate pairs ? 
Let us form a quadratic equation whose roots are 
2-4 3i and 4 — 5i | 
The equation will be {x—(2 + 3i)} (х- (4-51))-0 
ог, 2— (2 + 3i)x - (4 - Si)x + (2 +31) (4 - 51) -0 
or, x? + (–-6 + 2i)x +23 +21=0 


which is an equation with complex coefficients. 


Note: If the quadratic ЖКО hast two complex roots; whi h І 
of each other, the quadratic eq equat jon ts rae vith com, 


2.6: CUBE ROOTS OF UNITY 


Let us consider an equation of degree 3 or more. Any equation of degree 3 can be expressed 
as a product of a linear equaion and a quadratic equation. 


The simplest situation that comes for our consideration is 
»-120 44) 
8 1= (х – 1)(22+х + 1) =0 

either x —1=0 or, x?+x+1=0 


er Еш 
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Quadratic Equations 


143i 
or, x=1 or, x= 7 
2 
1 45i С 581 
R 1, -=+ d - 
oots are 2 2 ап 2 2 


These are called cube roots of unity. 
Do you see any relationship between two non-real roots of unity obtained above ? 
Let us try to find the relationship between them 


1 45i 
Let = _—+—— 
» 2772 


Squaring both sides, we һауе 


= qUP-MBD 
1 : 
= —(1-3-243 i) 
4 
--2-2431 
4 
-Xe5i -(843) 
4 2 
s 1 1 
we» LAB = other complex root. 


We denote cube roots of unity as 1, w, w? 


|2 | MATHEMATICS | 


1+w+w?=0 


Sum of cube roots of unity is zero. 
Product of cube roots of 1 
ie, 1.w.w? = w° = 1 (since ,w is a root the equation x! —1 = 0) 


Let us now consider another equation 
Ser | 46) 

ог (x*1)(x?—-x-*1)70 

Either, x+1=0 or, x?-x+1=0 


Quadratic Equations 


MODULE -1 jd эшн. 
Algebra 7. Roots are —1, — and теш 


which can also be written as — 1, —w and —w? 


Therefore, cube roots of — 1 are -1, —w and —w? 


ПУМИ If 1, wand уг? are cube roots of unity, prove that 
(a) 1+w+w’=0 
(b) (1 – ww?) (1+ w-w)=4 
(с) (1 фу – (1 фул) = 0 
(d) (1 – w w= –8 апі (1 + – мг) = – 8 
Solution: 


(а)  1+w+w'=0 


LHS =1+w+(wWy.w 


=l+wt+w [since уу? 71] 
-0 [since 1+ w+ уу? = 0] 
=RHS 

L.H.S=R.H.S 


0) | (1-w*-w)(1*w-w)-4 
L.H.S = (1-м%м2(14у-м2) 
- (+w? – №) (1+ w-w?) 
(since 1 + w?= —w and 1+w=-—w’) 

= — (-w-w)(-wi-w) 
5 (-2w)(-2w?) 
- 4w? 
Е 4.1 - 4-R.H.S 


L.H.S- R.H.S 


MODULE - | 


1+ и) – (1 +“ =0 
EL 57755 Algebra 


LHS = (1+ wy -(1+w) 


(-wy - (-wy (. 1l+w=-w 


| 


-м + у? апа 1%у1--м) 


- (wy 
HAPE 
0 -R.H.S 
L.H.S - R.H.S 
(d (1-мғу2) --8and(l + – У) = -8 
Case 1: L.H.S - (1 – у + w?y 


= (+w -wY 


= (— м — wy 
= (-2м) 
= “ву? 
= -8=R.H.S 
Ты ӘҢ R.H.S 
Case II : L.H.S - (1 * w -w?e 
= (-w-wy 
= (-2w?f 
- —8w$ 
- -8(м2) 
= -8=RHS 
LHS = RHS 


1.  Solveeach of the followingcubic equations: 


(i) x3 =27 (ii) <--27 


(iii) x? = 64 (iv) xi» – 64 


THEMATICS 
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~ Quadratic Equations 


If 1, w, w? are cube roots of unity, show that 

0) (1+ w) (1+ w?) (1 + у) (1+ w)=1 
(i) О У У sy) -w)-9 
(ii) (1 у) + (1+ у) = —1 

Ф) (+wy=8 

40 = (l-wt+w)'=(1+w-w?)= 64 

б) (1+) += (1+2) 6+2 = —1 


22 


> 
(%% 
ЖЕТ US SUM UP 


е Roots of the quadratic equation ax? + bx + с = 0 are complex and conjugate of each 
other, when D < 0. 


e. If а, B betheroots ofthe quadratic equation 


b 
ах? +бх + с = 0 ћеп а + 8 = —— and а B= 
а 


plo 


• Cube roots of unity аге 1, w, уу? 


• Sum of cube roots of unity is zero i.e., 1+ w+ w?=0 
• Product of cube roots of unity is 1 i.e., у? = 1 

• Complex roots w and w? are conjugate to each other. 
е” _ Ingeneral roots of any cubic equation of the form 


х?= + a would be +a, + aw and + aw? 


МАТ! 'ATICS 
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е SUPPORTIVE WEB SITES 


http://www.wikipedia.org 


http://mathworld.wolfram.com 


e. 
6% TERMINAL EXERCISE 


Me Show that the roots of the equation 


2(а?+ b? уха + 2(a+b)x + 1=0 are imaginary,when a + b 
2, Show that the roots of the equation 
bx?+ (b—c)x = с + a-b are always real if those of 


ax?+ b( 2x + 1) = 0 are imaginary. 


3. If a, В be the roots of the equation 2x? — 6x +5 =0, find the equation whose 
roots are: 
NON AT IO 1 ў, А 
0) is atp Êta (ii) а? 2,2% 
4. If 1, wand w? are cube roots of unity , prove that 


(а) Q-w)Q-w)Q -w9Q -w)-49 
(b (x-y)&w -y)) Gow? -у-х-у 
5. Ifx=a+b,y=aw+ bw andz=aw + bw , then prove that 


@x +y tz=6ab ()ху2=а+6 


MATHEMATICS 1 [ин 
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ANSWERS 


CHECK YOUR PROGRESS 2.1 


-4 
1 2243 TA 
1, 0) B 
10 ађ с 
(i) c ab 
CHECK YOUR PROGRESS 2.2 
+у151 
L 9 35-51 
4 
a X5 EVAS i 
цэ Ган 
2 1 3 
. TT > 2 
CHECK YOUR PROGRESS 2.3 
5 b? – 2ас 
i Oo: === 
с 
2: 0) 25x? -6x+9=0 
4. а: – 5р: = 0 
CHECK YOUR PROGRESS 2,4 
1, (i) 3,3w, 3w? 
(i) 4, 4%, 4w? 
TERMINAL EXERCISE 


Gv) 


(i) 


(у) 


Gi) 


(i) 


(i) 
(iv) 


а- b, a Vb 


342, J2 


(b? – гас): —2a? 


с“ 


625x? — 90x + 81 


-= 3, -3w, -3w? 


– 4, 24w , -4w? 


3.(4)5х2-8х%5-0 (i) 10x - 42x - 49-0 (iii) 25х2-1 


Quadratic Equations 


с? 


=0 


16x “64-0 


ЕЕ ааа eee 
о === 


MATRICES 


Inthe middle of the 19th Century, Arthur Cayley (1821-1895), an English mathematician created 
anew discipline of mathematics, called matrices. He used matrices to represent simultaneous 
system of equations. As of now, theory of matrices has come to stay as an important area of 
mathematics. The matrices are used in game theory, allocation of expenses, budgeting for 
by-products etc. Economists use them in social accounting, input-output tables and in the study 
of inter-industry economics. Matrices are extensively used іп solving the simultaneous system of 
equations, Linear programming has its base in matrix algebra. Matrices have found applications 
not only in mathematics, but in other subjects like Physics, Chemistry, Engineering, Linear 
Programming etc. ) 


In this lesson we will discuss different types of matrices and algebraic operations оп matrices in 
details, 


A 
©) OBJECTIVES 


After studying this lesson, you will be able to: 


, define a matrix, order ofa matrix and cite examples thereof; 


• define and cite examples of various types of matrices-square, rectangular, unit, zero, 
diagonal, row, column matrix; 
• state the conditions for equality of two matrices; 


82 define transpose of a matrix; 
• define symmetric and skew symmetric matrices and cite examples; 
• find the sum and the difference of two matrices of the same order; 


• multiply а matrix by а scalar; 
• state the condition for multiplication of two matrices; and 


• multiply two matrices whenever possible. 


MODULE - 
Algebra 


am 7b 
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Matrices 


EXPECTED BACKGROUND KNOWLEDGE 


• Knowledge ofnumber system | 
К Solution of system of linear equations 


3.1 MATRICES AND THEIR REPRESENTATIONS 


Suppose we wish to express that Anil has 6 pencils. We may express it as [6] or (6) with the 
understanding that the number inside [ ] denotes the number of pencils that Anil has. Next 
suppose that we want to express that Anil has 2 books and 5 pencils. We may express it as 
[2 5] with the understanding that the first entry inside | | denotes the number of books; while 
the second entry, the number of pencils, possessed by Anil. 


Let us now consider, the case of two friends Shyam and Irfan. Shyam has 2 books, 4 notebooks 
and 2 pens; and Irfan has 3 books, 5 notebooks and 3 pens. 


A convenient way of representing this information is in the tabular form as follows: 


Гэ (өө [ке 


We canalso briefly write this as follows: 


First Column Second Column Third Column 
4 Y Y 
First Row 2 4 2 
Second Row 3 5 3 


This representation gives the following information: 


(1) The entries in the first and second rows represent the number of objects (Books, 
Notebooks, Pens) possessed by Shyam and Irfan, respectively 


(2) Theentries in the first, second and third columns represent the number of books, the 
number of notebooks and the number of pens, respectively. 


Thus, the entry in the first row and third column represents the number of pens possessed 
by Shyam. Each entry in the above display can be interpreted similarly. : 


N MATHEMATICS 


Matrices 


MODULE 


The above information can also be represented as 
Algebr: 


Books 


which can be expressed in three rows and two columns as given below: 


2-8 
4 5 


2 3|The arrangement is called a matrix. Usually, we denote a matrix by a capital letter of 


English alphabets, i.e. А, B, X, etc. Thus, to represent the above information іп the form of a 
matrix, we write 


3.1.1 Order ofa Matrix Observe the following matrices 


(arrangement of numbers): 
i 1 0 -1 -2 
2 -1 | : 
1-і ОЗ үа 
e| | b ! (с) 
з 4j Ширгїй 4051 Мөнх 


In matrix (а), there are two rows and two columns, this is called a2 by 2 matrix or a matrix of 
order2 х 2. This is written аз 2 x 2 matrix. In matrix (b), there are three rows and two 
columns. Itis a3 by 2 matrix ora matrix of order3 x 2. Itis writtenas3 x 2 matrix. The 
matrix (c) is a matrix oforder3 x 4. 


Use of two suffixes i and j helps in locating any particular element of a matrix. In the above m 
x n matrix, the element a, belongs to the ith row and jth column. 


22 Matrices. | 
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0405 05:70, 


аа) 6) “:0;, а 


А-|а,4,4;у:::4; 
ааа а, а 


а, 


ml 


amí, 


mi^ mj mn 


а-а 


т2 


А matrix of order т х п сап also ђе written as 


А= [a], i= 1, 2, ..., т; and 


| 
| 
| 
1 
деды | 


ТОТО ЖЭЙ Write the order of each of the following matrices: 


253 4 Hionta 
9 |, 5| @ : Ф [237 «у AR qe 


Solution: Тһе order of the matrix 
(i)is2 x 2 (ii)is3 x 1 
(iii)is 1 x 3 (iv) 152 x 3 


Ехатрје 3.2 Гог the following matrix 


wn — 
noun A 


(i) find the order of A 
(ii) write the total number of elements іп 4 
(iii) write the elements a,,, a,,,a,,anda,, of A 


(iv) express each element 3 in A in the form а, 


Solution: 
(i) Since A has 3 rows and 4 columns, A is of order 3 х 4. 
i) number ofelements in4 73 х 4-12 
Gii) а, = 2; а =2; а, =4 anda, =6 


(iv) а,,,а, and a,, 


1 


b: MATHEMATICS | 
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j MODULE 
If the element in the ith row and jth column ofa 2 x 3 matrix A is given by Algebr 
LOS у 
2” write the matrix А. 
С Maris TEM 
Solution: Неге, а, = 2 (Given) Notes 
1-2х1 3 1+2х2 5 1+2х3 7 
Gas hae Ч Бата 
2 2 2 2 2 2 
42-21 28225171 2-2х3 
ay = 2 ==) ду = 2 =3; а, = 2 -4 
рэгтэй ай гай БҮ 
Thus, Эн 12 йг 2 2 2 
21 а; ay 2 3 4 


ГЕТТО Thereare two stores A and B. Instore A, there аге 120 shirts, 100 trousers 
and 50 cardigans; and in store В, there аге 200 shirts, 150 trousers and 100 
cardigans. Express this information in tabular form in two different ways and 


also in the matrix form. 
Solution: 
Tabular Form 1 Matrix Form 
Shirts Trousers Cardigans 
Store A 120 100 50 pa 100 " 
Store B 200 150 100 200 150 100 
Tabular Form 2 Matrix Form 
Store A Store В 120 200 
Shirts 120 200 
"Trousers 100 150 => |100 20190 
Cardigans 50 100 50 100 


1; Marks scored by two students A and B in. . 
three tests are given in the adjacent table. 
Represent this information in the matrix form, 
in two ways 


MATHEMATICS 
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Three firms X, У and Z supply 40, 35 and 25 truck loads of stones and 10, 5 and 8 
truck loads of sand respectively, to a contractor. Express this information in the matrix 
form intwo ways. 


In family P, there are 4 men, 6 women and 3 children; and in family Q, there are 4 men, 
3 women and 5 children. Express this information in the form of a matrix of order 
2x3. 


How many elements are there in a 
(a) 2 x 3 matrix? (b 3 х 4matrix? (c) 4x 2 matrix? 
(d) 6 x 2 matrix? (e) a x bmatrix? (f) m x n matrix? 


What are the possible orders of a matrix if it has 


(а) 8elements (b)5elements (с) 12 elements (d) 16 elements 
In the matrix A, 
Spe Ва Ол 
7 6 7 4 6 
A= 
310916939319) 
ys SONA: ОТ 
find: 
(a) number of rows; 
(b) number of columns; 


(с) the order of the matrix 4; | 
(d) the total number of elements in the matrix A; 


(е) elements 0|,,4:,0,:4,, and a,, 
Construct a3 х 3 matrix whose elements in the ith row and jth column i$ given by 
2 : » 
(0+2) 


і 
(ее (5) d (c) TT (d) 3j - 2i 


Construct a 3x 2 matrix whose elements in the ith row and jthcolumn is given by 
(a) i 3j (b) 5.1. j. (c) у (4)1-7-2 


TYPES OF MATRICES 


Row Matrix : A matrix is said to be a row matrix if it has only one row.It may have any 


number of columns, e.g. the matrix [1 677021 2] isarow matrix. | 
The order ofa row matrix is 1 x n. 


Column Matrix : 


Square Matrix 


Note: Inany give утпай 


“шор 


Rectangular Matrix 


Zero or Null Matrix 


ЛЛАТТТГАЯА ТІСС 


MODULE - I 


A matrix is said to be a column matrix if it has only one column, but may Algebra 


2 
have any number of rows, e.g. the matrix | 5 | isa column matrix. 


0 
7 


The order ofa column matrix is m х 1 


A matrix is said to be а square matrix if number of rows is equal to the 


number of columns, e.g. the matrix 12 3 having 3 rows and 3 
0 6. 1 
АЦО 


The order ofa square matrix is n x n or simply n. 


columns is a square matrix. 


The diagonal ofa square matrix from the top extreme left elementto the 
bottom extreme right element is said to be the principal diagonal. The 


DE УО 
principal diagonal ofthe matrix! 4 | 7 
34448579) 


contains elements 2, | and 9. 
7 р 3477,75 уч Ч cn 


ће elements of the princi] 


- — Amatrix is said to be a rectangular matrix ifthe number of 


rows is not equal to the number of columns, e.g. the matrix 


ЭА ДЕР ы 
ныг having 3 44 
21025173 aving 3 rows an 


columns is a rectangular matrix.It may be noted that a row 
matrix of order 1x n (n + 1) anda column matrix of order 
m x1 (m 1) are rectangular matrices. 


: — Amatrix each of whose element is zero iscalledazero or null 


matrix, e.g. each ofthe matrices 


Matrices | 
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o omo age AP.. 
(0 8 [; а 000 
0 0} [0 0 0 


is a zero matrix. Zero matrix is denoted by О. 


Note: ‘A zeto matrix may be ofan T 1 Lm 3 

Diagonal Matrix : A square matrix is said to be а diagonal matrix, ifall elements 
other than those occuring in the principal diagonal are zero, 
ie. if A = [а,] isasquare matrix ofordern x n, then itis 


said to be a diagonal matrix if a,=Oforall i j. 


For example, 
90:0 TM. NE are diagonal matrices. 
БОЛО 03 59900 
Он Омиша. 
OUO S 
0) 0540008 


‘Note: A diagonal ша Jh 

Scalar Matrix : A diagonal matrix is said to ђе а scalar matrix if all the 
elements in its principal diagonal are equal to some non-zero 

constant, say k e.g., the matrix | » : ; | isascalar 


0 0-3 


Unit or Identity Matrix :А scalar matrix is said to be a unit or identity matrix, if all of its 


elements in the principal diagonal are unity. It is denoted by 


I, if itis of order п e.g., the matrix 


1700 
01-30 ў 
001 is aunit 


matrix of order 3. 


WE СИ MATHEMATICS 


Matrices ; 4! 
MODULE - 
Algebra 


Equal Matrices : Two matrices are said to be equal if they are of the same Notes 


order and if their corresponding elements are equal. 


IfA is a matrix of order m х nand B isa matrix of order p х ғ, then 
A-Bif 

(1) m= p; n—r; and } 

(2) a, =b, forall i= 1,2,3::5520 andj =1;23,.. n 


Two matrices X and Ү given below are not caual since they are of different orders, namely 
2 х 3and3 x 2 respectively. 


7.308 72 
-l 1 jn) | 
3/5 


Also, the two matrices P and Q are not equal, since some elements of P are not equal to the | 
corresponding elements of Q. 


p З -1 3 6 
о а 
Find whether the following matrices are equal ог not: 


2715 
4 A= 2 БЇЛ 
© 5 6 1 6 


ИЙИ Т ДЫ ДИ 
000 


E Mrd 25168 
а) Х-|-і 0 6,Ү-|-І 0 6 
J adiit ый 


Matrices 


Solution: () Matrices A and В are of the same order 2 x 2. But some of their 
Algebra corresponding elements are different. Hence, А + В. 
E (ii) ^ Matrices P and Q are of different orders, So, P + О. 
== 
TS (ій) Matrices X and Y are of the same order 3 х 3, and their correspond 
TUUM. WINE elements are also equal. 


So Х-Ү 


Ехатрїе 3.6 Determine the values ofx and y, if 


ра EAE EN КЕИ 
of orb s 


Solution: Since the two matrices are equal, their corresponding elements should be equal. 


For what values of a, b, c and d, are the following matrices equal? 


a 428 7 25 А 
е а ае есе 


а b-2d E 
GOD es =: 2b |0-1-3 6 
a+c 7 4747 
Solution: () Тһе given matrices A and В will be equal only if their corresponding 


elements are equal, i.e. if 
а=1, 2b=4, 3=5c, and 4-2 


5 аз БЕ; e and 4-2 


3 
Thus, for a = 1, 9-2, o and d — 2 matrices А and B аге 


equal. 
(i) The given matrices P and Q will be equal if their corresponding elements 
are equal, i.e. if 


5 ши MATHEMATICS 
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а =5, b-2d =], 2b=6 and a+c =4 Algebra 


=> a=5, b=3,c=-landd=1 
Thus, for a = 5, b = 3, c = — 1 and а =1, matrices P and Q are 


2% ` equal. 
CHECK YOUR PROGRESS 3.2 


i Which ofthe following matrices are 


(а) row matrices (b) column matrices (c) square matrices (d) diagonal matrices 
(e) scalar matrices (f) identity matrices and (g) zero matrices 


0 
ПУ 100 
Е-13 9 81Е-10 10 
102 00 1 
2. -1 
29 
G-[3 4 10 8], H= 11251372 
149 p^ 


2 Find the values of a, b, c and dif 
b 2c 10 12 а+2 4 i 47220 
(а) p ОРИ | 52 (6) 1543 25) |6 54 
2a b|. 3.22 
© -4:6| |4 3с 


2 ђе equal to а matrix of order 2 x 1? 


3. Can a matrix of order 1 х 


4. Сапа matrix of order 2 x 3 be equal toa matrix of order 3 x 3? 


MATHEMATICS 
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TRANSPOSE OF А MATRIX 


Associated with each given matrix there exists another matrix called its ranspose. The 
transpose ofa given matrix A is formed by interchanging its rows and columns and is denoted 
by А” or A‘, e.g. if 


ШІЛ 58 15808 
4-14 0 3,|then4'-|2 0 6 
СШ AN S MA 


In general, If A = [a] isan m x n matrix, then the transpose А' of Ais then x т 
matrix; and, (a,)th element of A= (a,)th element of A’ 


3.3.1 Symmetric Matrix 


A square matrix А is said to be a symmetric matrix А! = A. 


For example, 
2 НИ ЖТС 
ата шегу NS UE M ж 
m Т 


Since 4” = А, Aisasymmetric matrix. 


үз 


РЫ 


3.3.2 Skew-Symmetric Matrix 


A square matrix А is said to be a skew symmetricif А! = — A, i.e. ау--а, for all i 
and j. 


For example, 


0 eo d, 0 -с -d 
ГА-|-с 0 fj|,thn4'-|c 0 =f 
-d -f 0 duy 


- - 


Matrices 


0 -c -d 
But-A=|c 0 =f | whichisthesameas A’ 
ан 


А'= -А 


Hence, А is а skew symmetric matrix 


- ie. all elements in the: 


Let us consider the following situation: 


The marks obtained by three students in English, Hindi, and Mathematics are as follows: 


English Hindi Mathematics 
Elizabeth 20 10 15 
Usha 22 25 27 
_ Shabnam 17 25 21 
Itisalso given that these marks are out of 30 in each case. In matrix form;the above information 
can be written as 
20 10 15 (Itis understood that rows correspond to the 
22 25 27 names and columns correspond to the subjects) 
17.- 125220 
Ifthe maximum marks are doubled in each case, then the marks obtained by these girls will also 
be doubled. In matrix form, ће new marks can be given as: 
2x20 2x10 2х15 40 20 30 
2x22 2x25 2х27| whichisequalto 44 50 54 
34 50 42 


2x17 2x25 2x21 


So, we write that 


20 10 15 2x20 2x10 2x15 40 20 30 
2x|22 25 27| -|12х22 2x25 2х27|-144 50 54 
17 25:21 2х17 2х25 2х21 34 50 42 


MATHEMATICS 
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Now consider another matrix 
Algebra 
9 3 :2 
А=|-2 0 
; 10516 


Let us see what happens, when we multiply the matrix А by5 


3:42 5x3 5x2 15 10 
ie. 5хА-5А-5х|-2 0|-|5х(-2) 5х01-1-10 0 
1446: | | р 01153566 577730 


element is multiplied 


For example, 
$a kx2 kx(-)] [2k -k 

if A= then kA = « 
| | pe p | b Ч 


: 2221 
When k = —1, КА =(-1)A= е ің 


So, (-1)4 --4 


Th НАС ОЛЖ ЗГ 
ЖИГИ КИ ia ШЙ КДУ 


0 24 à 24 G) - (м 34 


Solution: 


22 Ж m 
(0) Here, 24-25) t4 = СЭ) 2x3. 24 “Ош: з 
ШТ 2х(-1) 2х0 2х1 XU 2 


| инв 


T 


| (45 


О MODULE -1 
шар Ж 3 4 zx(-2) 253 2х4 -1 i 2 Algebra 
ii — = — х LT = | 
E. 2^ М |. Хур лн 1 
| conl; TU 


3 H4-|4 | 21 агууд 
0 1 


4. IfX=| 4-2 0 |.find: 


lx 
@ sx (ы -4Х © 3% Ф 7 


5. Find A’ (transpose of A): 


Matrices 


MODULE - | 


Algebra s 
1 -2 18:07:10 
Ч і © A=|4 -1 (d) WO 0 
-6 9 07:0, 1 | 
Notes | 


6. For any matrix A, prove that (4”) = А 


7. Show that each of the following matrices isa symmetric matrix: | 
еј (2 | 
2 -4 
2d A m3 
(a) | | (b) 
а 21374 | 
а хр PUO 
(c) bd e (d) 05:17:50 
сена OTOLO 


| 
| 
35 ADDITION OF MATRICES | 


Two students А and В compare their performances in two test 


s in Mathematics, Physics and | 
English. The maximum marks in each test in each subject are 


50. The marks scored by them | 


are as follows: 
First Test Second Test 
M P E M cuu Е 
B 47 40 36 B 2 30 39 


NE 7 — ы“ 


MATHEMATICS 


MODULE - I 
Algebra 


How can we find their total marks in each subject in the two tests taken together ? 


Observe that the new matrix giving the combined information of two matrices 


M Р Е м аг Е 
А | 50:45 38:32 33430 А 95 7068 
B | 47-442 40:30 36339 В 89 yi TS 


This new matrix is called the sum of the given matrices. 


If A and B аге any two given matrices of the same order, then their sum is 
defined to be а matrix C whose respective elements are the sum of the corresponding 
elements of the matrices A and B and we write this as C — A + B. 


Notes: 1. —Theordérofthe matrix C will also be the same as 
that of A and B. 
2. Ttisnot possible to add two matrices of different 
orders. : } 


1549 591:2 
Ехатрје 3.9. Burt and B = , then find A + B. 
40. 1. 0 


Solution: Since the given matrices 4 and Bare of the same order, i.e. 2 x 2, we can 
add them. So, 


"e 342 
395 E 


6.5 
ӨЙ ГЕЛ 
О M3 О 
a = then find A + B. 
[Example 3.10 | waah 3 EL | 21 en fin 


Solution: Since the given matrices A and B are of the same order, ie. 2x3, wecan 


add them. So, 


0-3 1+0 -144 
АЖИЛ буур 3+2 0H 


MATHEMATICS 


Matrices 


MODULE -1 | 351 Properties of Additio 
Algebra 


Recall that in case of numbers, we have 


(i) x+y = y +x, ће. addition is commutative 

() х+(у+2) = (х+у) +2, ie. addition is associative 
(ii) х+0 = х, i.e., additive identity exists 

Gv) — х+(-х) = 0, ic. additive inverse exists 


Letus now find ifthese properties hold true in case of matrices too: 


Im 021 
Let?) = gem and B = 1 3 |> Then, 


Ax Иве ђе iod 
КЕТЕРІ NET E 


and 


dris 0-1 -2-2 wild 0 
"IPRC 843. ТОЕ 


We see that А + B and B + А denote the same matrix. Thus, in үү 


EY E S ИИ 
aeo] МЕ v] 


о 3] [22 
“БИРИ M 
0+2 3+(-4) 
"эй 36 


| Ч 


MATHEMATICS 


| : MODULE -1 


0-1 bos | 4 Algebra 


C= 
ы (4+8)+С=| ОШ рз 


1+1 -із0 
= SIS 


o matrix that matrix, all of whose elements 


Pata hat we havi тт Azero 
are zeroes. It can be of any order. 


We see that А + O and O+A denote the same matrix A. 
Thus, we find that 4 + O=4=0+4, where O is a zero matrix. 
called the additive бог 


гео, which isa zero ша, і 


Matrices 


MODULE - | 
Algebra 


| Solution: 
АМ, gle’ Ol apa 
(а) ра ара а 
2-(-3) 041) [-1 1 
ПР а луы о 
aues T arg 
Mee rs МАСА а 


(-3)-(-І) 1+0 ШЕ 
F 19 OMA MET ү 5 


(3) 4-8 B+C  ()(4*B)*C (d) 4 * (B * C) 


-1:111-1 0 
(с) | вс |, | 4 ... [From (a)] 
(-1)+(-1) 1+0 ШЕСІ 
ih 2-01:5418124 286 
2019 -4 1 - 
4) 4+(8+С)= ү + 1535 ... [From (b)] 


2+(-4) 0«1] 1-2 1 
DID 44153851 ONS | 


-2 "За 0 
НЕНІҢ 


000 
then find (a) 4-0 (b) O-- 4 


What do you observe? 
2225 53225 
Solution: (a) А+О = + 000 
1, 110130 .0:20 


Matrices 


ТӨЛӨ ОТЕ 5 
ы 0+4=1) 919] (127410 


ОРС) 0-3 0%5171-2 5 5 
=) Oued У осе ТТТ ШЫЛЫ ТІ 


pen 3-0 i 


_ MODULE - | 
Е С | Algebra 
1 -1.0 


1-0 -1+0 0-0 


From (а) апа (6), we see that 


AtO=O+A=A 


[3.6 _ SUBTRACTION ОР MATRICES | | 


Let A and Btwo matrices of the same order. Then the matrix А-В is defined as the subtraction 
of B from A. А-В is obtained by subtracting corresponding elements of B from the 
corresponding elements of A. 


Solution : 


We can write A-B = A+(-B) 


ЛО 32. 
Example 3.13 БЫ ET and B=| у 4 then find 


(a) A-B (0) 8-А 
(а) We know that 
А-В = А+ (-B) @ 


3/42 -3 -2 
SinceB=|, 4 ,wehave -В-| | д 


Substituting it in (i), we get 
1 0] [-3 А 
=ч, рс M i 
14(-3) 0-(-2) | Mi | 
= |24–ђ (-04(-9| ll! 5 


(Б) Similarly, 
B-A=B+(-A) 


MATHEMATICS 


MODULE - | 7 
312 -1 0 

Algebra d 
3 pals dps | 


3-(-1) 2+0 22 
PECH 47115 |=1 5 
Remarks : To obtain 4-B, we can subtract directly the elements of B from the corresponding 
elements of A. Thus, ) 


1-3 0-2 22012 
ЖЛЕ БЕЛ аута 9% 


3-1 2-0 2:22 
ям PAm | 122 Мара аар 


-14) Бу 
( 4 07:13 
Solution : (a) A-B= Sie iio 2 
а ИЗИ 
2-0 4-3 28: 1 


0-2 3-41 [-2 -1 
3-3 2570 06—9 
3-(-) 1-4 44-28 
Remarks : From above examples we can conclude that the matrix subtraction is not 
commutative. 


Пиве 


Matrices 


| MODULE - | 


2,3 ab Algebra 
(REE 4 = || „|;8-|_ а | ands+B-0, find в. 
Solution : Неге, it is given that A+B = О » 


253 a b 0 0 
Е = Notes 
-17-4 с 4 0 0 
2-а 3-5 0 0 
— ерле аар око 
> 2+a=0 3+b=0 
-1+с=0 5 4+d=0 


29 а--2; b= -3; c=land d=-4 


a b -2 -3 
Br loudly а 
Remarks : In Example 3.15 the elements of B are the additive inverse of the corresponding 
elements of 4. We, therefore, call B, the additive inverse of the matrix A.Further, 


22-3 УДЫ 
А | өн ла aia 


3 -1 0 -1 
1. IfA= 5 2 and B= 3 2 then find : 


(a) A+B (b)24+B _ (0438, (d)24+3B 


2 2 2009 1297-3 7 
. ЕР= ER. andQ- 41 1-4 , then find : 


(a) P-Q (b) 0-Р ()Р-20 (4)20-3Р 


"MATHEMATICS 
(0E 


Matrices 


MODULE -1 


Algebra 

1-23 |-1 -4 0 

3. л FE | шав-| ЕШ яваа 
4255570 2 4207. 27. 

(а) 4-8 (b) 4-B ()-448 (4)34В 

guod 

4 g4-| 9. 71 find the zero matrix О satisfying A+O = А. 
-1 1 
-2 -1 0 


ИК ды АТТ Rhen and. 
ex dg. ig 


(а)-А (5) А +(-А) (с)(-А)ғА 


1:1:9 Sud 
6. IfA- 3 2 апаВ= 7 9 , then find : 


(a)2A · (b)3B (c)2A43B — (d)If2A43B45X-O, what is X 2 


215071 SR RORI 
i IfA= 4 3 2 |andB= 2 -4 о| Теза: 


(а) А! (DB' (о A+B (d) (A+B) (е) A+B" 
What do you observe 2 


1504 15.2 22127161 
8. IfA= ЗЭХ! „В= 3529 and C= 21112 , then find : 


(а) А-В (b)B-C (с) А-С (4)3В-2С  (e)A-B-C (f) 2A-B-3C 


3.7 MULTIPLICATION OF MATRICES 


( 
Salina and Rakhi are two friends. Salina wants to buy 17 kg wheat, 3 kg pulses and 250gm 
ghee; while Rakhi wants to buy 15 kg wheat, 2kg pulses and 500 gm ghee. The prices of 
wheat, pulses and ghee per kg respectively are Rs. 8.00, Rs. 27.00 and Rs. 90.00.How much 
money will each spend? Clearly, the money needed by Salina and Rakhi will be : 


Salina 

Cost of 17 kg wheat — 17 х Rs.8 = Rs. 136.00 
Cost of 3 kg pulses —3 x Rs.27 = Rs. 81.00 
Cost of 250 gm ghee => 3 х Rs. 90 = Rs. 22.50 


Total =Rs. 239.50 


ч ЖИН) — — ——— —— Á 


MATHEMATICS 


үз 
HA! 
2; 
Не 


Rakhi 
Cost of 15 kg wheat => 15 x Rs. 8 = Rs. 120.00 
Cost of 2kg pulses — 2 x Rs. 27 =Rs. 54.00 
Cost of 500 gm ghee=> J- x Rs.90  - Rs. 45.00 


Total = Rs. 219.00 
In matrix form, the above information can be represented as follows: 


Requirements Price Money Needed 


Wheat pulses ghee 8 
17 3 0.250 21. | х8-3х27-0.250х ed E E 


15 2 0.500 90| |15Х8+2х27+0.500Х90| |219.00 


Another shop in the same locality quotes the following prices. 
Wheat : Rs. 9 per kg.; pulses : Rs.26 per kg; ghee : Rs. 100 per kg. 


The money needed by Salina and Rakhi to buy the required quantity of articles from this shop 
will be 
Salina 
17kg wheat — 17 x Rs.9 =Rs. 153.00 
3kg pulses —3 х Rs.26 =Rs. 78.00 


250 gm ghee=> 1- x Rs. 100 = Ёз. 25.00 
Total =Rs. 256.00 


15 kg wheat — 15 x Rs.9 =Rs. 135.00 
2kg pulses =>2 х Rs. 26 =Rs. 52.00 


500 gm ghee=> 1- x Rs. 100- Rs. 50.00 
Total = В. 237.00 
In matrix form, the above information can be written as follows : 


Requirements Price Money needed 


E 3 0250]| 9.00 17 x 9.00 + 3 x 26.00 + 0.250 х 100 ша) 
26.00 | - ШІ. 

15 2 0500 (1100.001 |15 х 900 + 2 x 26.00 + 0.500 х 100 | |237.00 

To have a comparative study, the two information can be combined in the following way: 


800 9.00 


= 3 poai 2700 2600 а dt 


15 2 0500) | одоо 100.00 219.00 237.00 


MODULE - I 
Algebra 


Notes 


aS 77777 Шы 


ТНЕМАТІС5 


Matrices 


MODULE - | Let us see how and when we write this product : 


N 


Algebra i) The three elements of first row of the first matrix are multiplied respectively by the 
corresponding elements of the first column of the second matrix and added to give elementof 
the first row and the first column of the product matrix. In the same way, the product of the 
elements of the second row of the first matrix to the corresponding elements of the first 
column of the second matrix on being added gives the element of the second row and the first 
column ofthe product matrix; and so on · 

ii) The number of column of the first matrix is equal to the number of rows of the second 
matrix so that the first matrix is compatible for multiplication with the second matrix. 


a, by e; gp UB 

Thus If4=|a b, c, |andB= n P» |. then 
3 3 
Ах В= By 2 | 
ара Pa dpa пе 
a, В, 


Ю +ba,+ca, aß, +В, +ср, 
a,a,+b,a,+¢,0, аб + bB, + св, 


р 
Ci iz Б 237 
k=l 
-2 
If4-[1 -1 2] andB= 0 , then find: 
2 
(а) AB (b) BA 
Is AB= BA? 


Solution : Order of Ais 1 x 3 
Order of Bis 3 х 1 
Number of columns of A = Number of rows of B 
ABexists 
-2 


Now4B = [1 -1 2]|9 
2 


O 7" —— ——————————— sun. 


ATHE, 


Matrices 


= [1x (-2)+(-1)x0+2 x2] = [-2+0+4] = [2] 
Thus, AB =[2] „а танх of order 1 x 1 


Again, number of columns of B = number of rows of A. | 
2 | 
ЁО ВА exists | 


Algebra 


Now, Notes 
-2 


ва =| ° ft = 2] | 
2 | 


-2х1 (-2)х(-1) (-2)х2| 1-2 2 -4 


-10х1 0х(-1) OK а ОХОО 

2x1 2х(-1) 2х2 2 -2 4 
-2 2 -4 

Thus, ВА ass 0 0 „a matrix of order 3 x 3 
2 -2 4 


From the above, we find that AB = BA у 


| 122 3 
Example 3,17 ы | 2) and B= ІС find AB. 


Solution : Here, number of columns of A = number of rows of B 
| ` 2. AB exists 


| vw a + ALBI, 
А 


Remarks : Can we find BA? The answer is no, because the number of columns of B is not 


€qual to the number of rows of A. 
Thus, in Example 3.17, we find that AB exists, but BA does not exist. 


Find AB and BA, if possible for the matrices A and B: 
-1 


2 0 2 
“| | ШЕ 


MATHEMATICS 


Matrices 


‘MODULE - | Solution : Here, Number of columns of A = Number of rows of B 
Algebra 2. AB does not exist. 


Further, Number of columns of B = Number of rows of A 
-. BA does not exist. 


| 12222 а 
| Example 3.19 5 В 1 andB= B ; | авшв and BA. Also find if AB=BA. 


Solution : Here, Number of columns of A = Number of. tows ofB 
Я 2. AB exists. 


Further, Number of columns of B = Number of rows of A 
-. BA also exists. 


ЕДІ 312871 
Мом, АВ “1:1:0112 2 


1x242x2 1х1+2х2 
"[-1x2*0x2- -1x140x2 


2+4 1441 [6 5 
(2*0 -1+0] (2-1), 


eut 2 
andBA=|> 4| 1 9 


2х1-1х(-) 2х2-1х0 
= 12х142х(1) 2х2%2х0 


2-1 4-0 1 4 
“12-2 4-0 14 23 
Thus, АВ + ВА 


Remarks : We observe that 4B and BA are ofthe same order 2 x 2, but still АВ + BA. 


20 4 0 
НА-|р 3]andB=|)  ,|.find AB and ВА. Is АВ=ВА7 


ч O eo |- Jw а E 


MODULE - | 


Solution : Here, both Aand Bare of order 2 х 2. So, both AB and BA exist. Now 


2 01 [4 0 840 0401 [8 0 

a- [a 5] fo К 03) lo Lm 
4 0172 01 [8-0 0+0] [8 0 

u-|q ale Эвэр ЖЕУ d 


Here, both АВ and ВА are of the same order and АВ = ВА. 
Hence, if two matrcies A and В are multiplied, then the following five cases arise: 
(i) Both АВ and BA exist, but are of different orders 
(ii) Only one of the products AB ог BA exists. 
(iii) Neither AB nor BA exist. 
(iv) Both AB and BA exist and аге of the same order, but АВ» BA. | 


Algebra 


(v) Both AB and BA exist and are of the same order. Also, AB= BA. 


3 0 1 0 
Example 3.21 ІҒА- | Д “|, 222 


Solution: ` Here, 
з 0] [9+0 0+0] [9 0 
0 3! |0+0 0491 |09 


међ 
„Ф 
| 


Непсе, уепћед. 


MATHEMATICS 


MODULE - | 
Algebra 


ON 


Notes 


10901111) EA Solve the matrix equation : 


ҮЛЕ 


Solution : Here, 
2 -3||x 2х-3у 
ET ШТУ i x+y 
Ae || 
= ёо 4 
x+y 3 
=> 2х—Зу=хену=3 


Solving these equations, we get 


x= 2 andy=1 
1! -1 1 
Example 3.23 ЛЫ 11 and B= Јан , then find AB 
Soution : Here, 


1:111-1 1 1х (21) 41х1 ї1х141х(-1) 
SES а= 1х(-1) 41х1:1х141х(-1) 


-14:1:21-4 0 0 
~[-1+1 1-0 [0 ој79 
Remarks : From Example 3.23, we find that the product of two non-zero matrices may bea 


zero matrix, і.е. 4#O and B + О may imply AB=O 


Hence, we conclude that the product of two non-zero matrices сап be a zero matrix, 
whereas i in Dipümbers; the Product of Nhe non-zero ) numbers is always ponent: 
ag 


Ls 
“|| ү 


O- — —— emn 


Matrices 


MODULE - | 
122 Л к! ТТЕ 

738 T 5 Algebra 

Solution: 47 = Ё ч к М т кы ыг " 5 


£5 


. Notes | 

Remarks : From Example 3.24, we find that the square ofa non-zero matrix may be a zero 
matrix, i.e. 4:0 may imply 42-О. 
| 
| 


1 -2 4 0 -1 0 
Example 3.25 19054 3" 5 ЈВ= Se and C= 0 3 , find 


(а) (АВС (Ы) A(BC) | 
Is (AB)C= А(ВС)? 


— | | 
ће 
Боја 
de an 
ы ao =f {ао 
OTH vss 
lid 


-4-2 0-12] 1-6 23 
(ж 0-30) |-7 30 


From (a) and (b), we find that (4B)C 7 A(BC), i.e., matrix multiplication is associative. 


LS OE ССЧИЙ 


MATHEMATICS ee 


MODULE -1 | 
Algebra 


2 


Ф 


CHECK YOUR PROGRESS 3.5 
0 
НА-(2 3 0]апа в= |2 |, find AB and BA. Is AB=BA? 
21/43 


IfA- E 


07-2 
3 , find AB and ВА. Is AB = BA? 


E НЕ 1 


0 -2 


а 
IfA= N and В- [x y 7], find АВ and BA, whichever exists. 


2:40 
КА = у јавне В= НЫ find BA. Does AB exists? 
0 
и У 23 
If A= and B= 
01 2 


(а) Does АВ exist? Why? (b) Does BA exist? Why? 


PARE | 10 
КА = | | and B= | 2 | s AB and BA. Is AB=BA? 


3 
з | find AB and ВА . Is AB=BA? 


2 0 5 0 
IfA=|q _;|andB=|9 | | find AB and BA. Is AB-BA? 


ol 4 5 


Find the values of x and y if 


of 30-0 


MATLIICALATICS | 


[Maes 006 
MODULE - I 

24:08 10:90 Algebra 
10. ForA= 1 0 and B= 3.4 , verify that AB-O 


2. 5 
TT. ForA- | 1 ; , verify that А?—5А+1= О, where I is a unit matrix of order 2. 


118 2272 4 -3 | 
12: ЖАНА „ВУ || || and С= 2 3 , find : | 


(а) АВС)  (b(AB)C  (9(A*B)C | 
(4) АС+ВС (е) А-В? (В(А-В)(АЗВ) ( 


ОЛЕ gun ЖЕ) 
I. МАУ ү|,Вв=| у|а@С=/у 2 find : (а) АС (b) BC 


Is AC=BC 7 What до you conclude? 


51249 прев вајн 3068 
14. НАЧ|р -2|,B=| 0 |2151 „find: 


(а) B+C (b)A(B+C) (АВ _ (9 AC (е) AB+AC 
What do you observe? 


2 -l 2 -3 
15. Е. Л vind 2 0 veriti (48) в 


2 


a b 10 
17. IfA= | И wi | , Show that 
*-А?-(а+д) А = (bc-ad) I 
ro 0 
18 ta- D | шан | | ава 
(а) (А+В): = А?+В?+2АВ? (b) (A-B? -АЗВ?-2АВ? 
(c) (A+B) (A-B) = А?-В?? 


zl salen 3 
16. | А ТАН , find X such that AX =B. 


MATHEMATICS 


MODULE - | 


Algebra 


b 


Notes 


Matrices 


A rectangular array of numbers, arranged in the form of rows and columns is called; 
matrix. Each number is called an element ofthe matrix. 


The order ofa matrix having ‘m’ rows and ‘n’ columns is m x n. 


Ifthe number ofrows is equal to the number of columns in a matrix, it is called a square 
matrix. 


A diagonal matrix is a square matrix in which all the elements, except those on the diagonal, 
are zeroes. : 


A unit matrix of any order is a diagonal matrix of that order whose all the diagonal elements 
are 1. 


Zero matrix is a matrix whose all the elements are zeroes. 


Two matrices are said to be equal if they are of the same order and their corresponding 
elements are equal. 


A transpose ofa matrix is obtained by interchanging its rows and columns. 
Matrix A is said to be symmetric if A’ =A and skew symmetric if A' =—A. 


Scalar multiple ofa matrix is obtained by multiplying each elements of the matrix by the 
Scalar. 


The sum of two matrices (ofthe same order) is a matrix obtained by adding corresponding 
elements ofthe given matrices. 


Difference of two matrices A and B is nothing but the sum of matrix A and the negative of 
matrix B. 
Product of two matrices A of order m x mand B of order n x p is a matrix of order m x p, 


whose elements can be obtained by multiplying the rows of A with the columns of B 
element wise and then taking their sum. 
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http://www.wikipedia.org 
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1. 


TERMINAL EXERCISE 


How many elements are there in a matrix of order 


(a)2 x1 (03x2 (03:53 (3,4 


MATHEMATICS 


Ls ЖИ 


2. Construct a matrix of order 3 х 2 whose elements a, are given by Algebra 
by isi (2:23: 
(аја = i-2j (b) ат 3ij (са mit 5) 
3. What is the order of the matrix? 
2 
(a) АМ? ы 8-1 3 5) 
У -1 
2588 
2670 2 -1 5 
(с) (05 uh ( ч 6 1| 


4. Find the value of x, y and z if | 
ху KU x+y 7 6 5 
(а) 22120133 916 х-у1716:4 
х-2 3 ЇЇ ЗУР x+y y-Z 3 -4 
© 0 y+5| |у+г 2 (Ф | „-2х у-х| 1-І 


1 -2 : 2.4 
5. IfA= 4 2 and B= spa , find : 


(a) A+B (5)2А (c) 2A-B 


6. FindX,if 
A55 10 -2 
(a) ӘСЕТ 
1:58:21::( 2081 000 
©) 30020 3 о 11577 [0 9.0 
7. Find the values ofa and b so that 


43.91 [a-62:-2 | fo 0: 79 
Ї 0 Epp 423 b| |5 2a+b 5 


MATHEMATICS & 


Matrices 


MODULE - | 8. Formatrices A, B andC 


Bicone: | 1 3 Beck 5 6 
Ха Бапы се d 
527 3:4 4 1 


verify that A+(B+C)=(A+B)+C 


ыды! 
9. Жде : andB=|* 4! find ABand BA. Is AB= BA? 
Ber Ке: Bit 


pores болы 
10.01 A= aid B= , find AB and BA. Is AB= BA? 
00 0 1 l 
fx lc 
ILE A-|^ 23 Sana 
Amen 
| 12. Find A (B+C), if 


1 -1 xc : 
13. КА = | sj лав; Л and (A+B} = A?+ B?, find the values of x and y. 


-8 5 
14. Show that A = | 2 4 satisfies the matrix equation А2+44–21= О, 


EN MATHEMATICS 


| 


TU 


NS 


2а 
MODULE - | 
AN 
ШІ) ANSWERS Algebra 
CHECK YOUR PROGRESS 3.1 
56 29 40 10 
> 65 4 65 37 У ји 35 T 35 5 
29 37 57 808) i. AE 
4 6 3 
Б 1435 
4 (46 (12 (c) 8 (d)12 (e) ab (f mn 
5. (3 1x 82x 44x 258х1 @) 1x 55x1 


(c) 1 x 12:2 х 6:3 х 4:4х 56x 2;12 х 1 
(4) 1х 16:2 x 84x 4;8 х 2;16x 1 


6. (а)4 (65 (с)4х5 (4)20 
(€) a, = 0; a47 ад=“3а „= | and a, 73 


| PELIS 208 
о 222 ab NETS CUN rà 
3 4 2315 8 18 32 219) ds 
оро | || 
Дл рана ЖА 
4 7 5 10 1571 01 
4 T2 
8.0) |? 8} qy| 10 20| (|? (а) 
6 9 5 30 3 9 28 
CHECK YOUR PROGRESS 3.2 
1. (a)G (b) B (c) A, D, E and F (d) A, D and F 
(е) D and F (£F (p € 


2. (аја=2, 5-10, с=6, 4--2 
(бја=2, 5-3, с-2, 4-5 
3 zl 
(c)a= 3,5772, с=2, 4=74 
3. Мо 4. Мо 
MATHEMATICS 1 
— 


Matrices 


ЛЭ 
MODULE - 1 
Algebra | CHECK YOUR PROGRESS 3.3 | 


~ т ү] е ол, 
28 8 ВАН 42 2 
os 1. (a) Ё ul eL; H (с) 1 i (d) 22 fae 


Ges io) (0: 3 6 
200115 s 20101-9 -3 —12 
3$ dedi? 
e, i 4 ЈЕЛЕ 5 228. -14 
30:18 2:52 Ри) 7 
15] 05.5 =ю oe 
а @|20 -10 0 qj-16 8 0 
25059) 25 4 0 -20 
1 
1 0 = IS Б 
3 23 0 zl 
- 2 2 
5 57 0 So 
(c) @)1 025 
-1 5 A пе 
= 0 = 
: : 2 2 
2 4 ын 17:44:56 10040 
5. ol ; |10 8 Jb [s Қ ai? 160 
9 7 $0 1 
CHECK YOUR PROGRESS 3.4 


3: uy 6354 А з 43. 60 = 
LO!s 4} Oh 6] Oli 8191 al 
Гоа ов 4 (512.5 728 0 19 
259-53 5|. 915: 5.5] Ol go to 

ab lb -- 5 
(i, -10 -10 
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Ь 


latrices 


MODULE - | 


О > 2 2 3 27-2 123 Algebra 
3. (a) 5 eie ipod ч! 22 
5 2 5-7 -2 -5 7 22 
| -4 9 0 NES - 
(d) 14 9 4. (а) 0 
16 15 14 0 
2 1 0 000 000 
EI 22 
5. (а) 2 (b) 00 0 (c) ооо 
4 0 -1 000 000 
AG) 31 


1 6 
0-1 
10-2 


0:2 


We observe that (A+B)=B+A’ 


[-2 3 


(9| % о 


53 eg 34 el ^l 
E 


CHECK YOUR PROGRESS 3.5 


l. AB- [-6];BA- 


MATHEMATICS 


ow 0 
34378133 АВУВА 
21-370 


Matrices 


MODULE - | 


Algebra -3 13 -4 
2:74 11:121-1-24 

2 Аве po^ e AB#BA 
“ы. 2 6 0 


NE ax ay. az 
otes gm f : 
3: АВ bx by bz} BA does not exist. 


. тд 
4. ВА = ІЗ ; AB does not exist. 


5. Both AB and BA do not exist. AB does not exist since the number of columns of A is not 


equal to the number of rows of B. BA also does not exist since number of coluumns of Bis 
not equal to the number of rows of A. 


0 5 -2 -1 
6. AB =| 6 15 ;BA- 4 17 ;AB«BA 


ЯМ 


16 7-8 -41 
Ue Bees АДА O S| ДРИНИ 
14 -13 17 10 21 11 


10 0 10 0 
8. AB= 0271 ;BA- 0723 ; АВ ВА. 


9: (а)х=3, y=-1 (х--41, у=2 
-14 18 -14 18 26 
12. (a) 26 (b) 2 6 (c) 03 
2 6 5 0 22:44 
Dio 3 Ol, в Olo i5 


1512 1:2 
13. (а) 4 8 (b) 4-8| :AC-BC 


Here, A+B and CzO, yet AC= ВС 
i.e. cancellation law does not hold good for matrices. 


4777 њи ore E С 
4. Gg 4| | 4 9 (01.3 4 (| i1 10 
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Matrices 


d 
©) | 14 9 


We observe that A(B+C) = AB+AC 


3 
ШО х= В| 18. (а) Хо 


TERMIAL EXERCISE 
1. @2 | 
(b) 6 
(с)9 
(d) 12 


e 
| 
~ 


ъ |? 
8 


(с) 


кә [МО Бо |-акә|‹л 


3. (a)3 x 1 
(b) 1 x 3 
(c)3 x2 
(d)2 x3 

4. (а) х=1, у-2, 2-3 
(b) x=S5y=1z=5 
(c)x=3, у--3 2-3 
(d) х-2у-12-5 


(b) No 


(c) No 
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(a) 


(с) 


(а) 


Matrices 


Л 


| л 


“ний. 


MATHEMATICS 


DETERMINANTS AND THEIR 
APPLICATIONS 


Every square matrix is associated with a unique number called the determinant ofthe matrix. 
There are numerous applications of determinants, the most famous of which isa method of 
solving system of*n' linear equations in ‘n’ variables called Cramer’s tule, named after Gabriel 
Cramer (1704-1752). 


In this lesson, we will learn various properties of determinants and also evaluate determinants 


by different methods. We will also learn to solve system of linear equations by Статег 5 rule 
using determinant. 


СУ 
©) OBJECTIVES 


After studying this lesson, you will be able (0: 
define determinant ofa square matrix: 

define the minor and the cofactor ofan element ofa matrix; 
find the minor and the cofactor of an element of a matrix; 
find the value of a given determinant of order not exceeding 3; 
state the properties of determinants; 
evaluate a given determinant of огде 


and using SARRUS diagram; ЭЭС 
• state the conditions fora system of linear equations in two/three variables to have a 


т not exceeding 3 by using expansion method 


unique solution; and 
• state and apply Cramer’s rule to solve a system of linear equations. 
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ee 77 эг. 
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ч 


23 


Notes 


EXPECTED BACKGROUND KNOWLEDGE 


e Knowledge of solution of equations 
e Knowledge of number system including complex number 
• Four fundamental operations on numbers and expressions 


4.1 DETERMINANT OF ORDER 2 


Let us consider the following system of linear equations: 
axt+by=c, 
a,x+b,y=c, 

On solving this system of equations for x and y, we get 


ea b,c, - бс; + AZ 


с 
апа L provided a,b, — a,b, #0 

ab, — a,b, E a,b, — a,b, 5 Бе 
Thenumber a,b, - a,b, determines whether the values of x and y exist or not. 


Thenumber a,b, — a,b, is called the value of the determinant, and we write 


а, а; 


ЖАШ a,b, = a,b, 


4.2 EXPANSION OF A DETERMINANT OF ORDER 2 


A formal rule for the expansion ofa determinant of order 2 may be stated as follows: 


а а 4; 
In the determinant, 


ад an 


where a,, belongs to the 1“ row and 1* column 
а, belongs to the 1“ row and 2" column 
а,, belongs to the 2" row апа 1* column 
a,, belongs to the 2% row and 2™ column 


write the elements in the following manner : 
а, а, 2 
алга» 
Multiply the elements by the arrow. The sign of the arrow going downwards is positive, 1.©.› 


а,, а,, and the sign of the arrow going upwards is negative, i.e., — аа} 


Add these two products, i.e., а 0, +(–а, а )ога а, —a,, а, Which is the required 
value of the determinant. 
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Determinants and Their Applications 


Example 4.1 | Evaluate : 


6 4 
Og 2 


Notes 
Solution : 
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Algebra 


a+b 25 
2a a+b 


i: х'+х+1 x41 
(i) (iii) 


х-х-і x-1 


6 4 


© 8 ]-6 xD- Ex i2- 32520 


a+b 


(i) 


22 АТТ b) (2а) (25) 
= q42ab + b? — 4ab 
-ab — 2ab 

= (a-by. 


x +x+l х+1 


Gi) - 


HEP ОА (2+1) (х+1) 


- = ал) 6н) 
--2 

Find the value of x if 

2х-1 2x+1 

х+1 4x+2 


23 х 19 М 
eel х+3 Gi 


б) -0 


Solution : 


х-3 


@ Мом |р x+3 


= (x-3) 833) - x (HD) 


-(3-9)-0-х--Х-9 
According to the question, 
-х-9-6 

=  х=-15 


2x-1 2х41 


@ Now 41 4x42 


= (2x-1) (4x42) – (х+1) (2х+1) 


нх 4-2-20-х-2х- 1 
= 62- 3x -3 = 3(22—х-1) 
According to the equation 
3Qx-x-1)70 


MATHEMA TICS 


НЭЭ 


MODULE - 1 


ог, 22-х-1 = 0) 
Algebra 
or, 2x? -2х+х-1=0 
= on 2х(х-1)%Цх-1)-0 
Notes or,  (QxH)(G-1)»0 


1 
-1— 
or, x 2 


4.3 DETERMINANT OF ORDER 3 


а, b, 


v с. « . БА 
The expression ? contains nine quantities a,, b Ср 0, b, c, a 


590 me b, and с, 
ау DONC: 


222 


aranged in 3 rows and 3 columns, is called determinant of order 3 (or a determinant of third 
order). A determinant of order 3 has (3): = 9 elements. 

Using double subscript notations, viz., A у у 05 0, 05, а а а, for the elements 
а, b, сыа» бс а, b, and с, ме write a determinant of order3 as follows: 


а, ay а; 
1921 9.9 
аз) 4%; dy 
Usually a determinant, whether of order 2 ог 3, is denoted by A or IA], [В| etc. 
A= а , where 1= 1,2, Запа ] = 1,2,3 


DETERMINANT OF A SQUARE MATRIX 


4.4 


With each square matrix of numbers (we associate) a “determinant of the matrix”. 
With the 1 х 1 matrix [a], we associate the determinant of order 1 and with the only 
element a. The value of the determinant is а. 


а 12 
If A= Ё * | Бе а square matrix of order 2, then the expression 
21 2 


a, ,4,, — 4,4 is defined as the determinant of order 2. It is denoted by 


а, аф 


р 4,4; = 4,0, 


ад аш 
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Determinants and Their Applications 


MODULE - | 


a, а; а, Же SUE E: Algebra 
: а. а. а. С : Е 
With the 3 x 3 matrix |21 42 5 |. we associate the determinant |^" 42 а 
Girona бээ а, 4: d a a 
and its value is defined to be 
nv (1) а) аҙ ад an 
а х *t(-1)8, x 
E d, а 2 фу ds в |а 4; 


3 6 
Example 4.3 УЛЫ 185 , find |A| 


3 6 
Solution : ih |-з xs-1x6=15-6-9 


а+ђ a 
өч Lu am 
a+b а Е 
Solution : |А| = ђ b —(atb)(a-b)-bxa =a- b'-ab 


£o ABATE 


:XPANSION OF / 


Іп Section 4.4, we have written 


DEW. а 
n 12 13 ы 
бл а, а an EEIN Ойн 
п fm бэ = ах а "ал +(0а х Ig а; “4 X аз ау 
32 

8, dy а, 

Which can be further expanded as 

8) а, а, 


4) а, а, а,((а,4,- 4505) — ay (5,45 – ауа) + à, (25,4; – азау) 


= - -4,,0,,4. 
74,0, фа а уау +003103 4,4-4» – 0,0505; ^ 0150503, 


mammas еее ШШ] 


Determinants and Th 7 Applications 


"NO -l We notice that in the above method of expansion, each element of first row is multiplied by | 
gebra 


the second order determinant obtained by deleting the row and column in which the element | 


3 lies. 
22 Further, mark that ће elements a, р а and a,, have been assigned positive, negative and 
Notes positive signs, respectively. In other words, they are assigned positive and negative signs, 
alternately, starting with positive sign. If the sum of the subscripts of the elements is an even 
number, we assign positive sign and if it is an odd number, then we assign negative sign. 
Therefore, a,, has been assigned positive sign. 


‘Note: есап expand the determinant ntusing any row or column. The value of the determinant 
will be the same whether we expand it itusing first row or first column or any TOW ог сощ 
taking into consideration rule of sign ав explained above. 


Ley СЕ УЕ храпа the determinant, using the first row 


127253 
2 dul 
8,2: 45 
PN Е 
4 1 ZED 2 4 
: PA Ned 
Solution: A — =] ER +3 | 
325 2225 34223 213222 
-1х(20-2)-2 x (1023) *3 х (4-12) 
= 18-14-24 
--20 


IDE Wea Expand the determinant, by using the second column 


EM 
3759 
29374 
p 4534 
Soluti 3.12 суга ЭЭЛЖ ae 
olution : == == + - 
wn oe uade Ср; 2 
7-2 x (374) * 1 x (1-6)-3 х (2-9) 
=2-5+ 21 
=18 


À | 106 | THEMATIC | 


МА 


Determinants and Their Applications 


ға 
6. СНЕСК ҮО 


1. Find |A|, if 
24:43 5 cosa sina 
(2) A102 28-42 (0^7! sina cosa 


sina+cosB cosp+cosa а+ћ c+di 
(c) A= (d) 
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UR PROGRESS 4.1 


Notes 


cosB—cosa sina- sinf c-di а-Ы. 


2. Find which ofthe following matrices are singular matrices : 


СИМ! -2 3 1 2: 3-0 1:52» 3 
(a) -5 11 (b) 31. 201 (с) 3520x711 (d) 3-12 
10 7 1 -1 -8 1 0142251 4 ul. д 


3. Expand the determinant by using first row 


2.31 2o cs a: Doc ban pa 
ү 1 

(а) 23 (b) 0-3 0 (с) de (d) ка 
p2 71 Дед се ке 2 2 


4.6 MINORS AND COFACTORS 


4.61 Minor of a, in |A| 


To each element of a determinant, а number called its m nor is associated. ; 
The minor of an element is the value of the determinant obtained by deleting the row and 


column containing the element. | Е 
Thus, the minor ofan element а, in|A| is the value ofthe determinant obtained by deleting 


the i^ row and |" column of |A| and is denoted by M, For example, minor of 3 in the 


3022 
бє 


Ехатрїе47 Find the minors of the elements of the determinant 


determinant is7. 


|А|= 


MATHEMATICS 
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Solution : 

Let М, denote the minor of, а, Now, а occurs in the 15 row and 15 column. Thus 
to find the minor of a, |, we delete ће 1* row and 15 column of. IA] 
The minor M, ofa, is given by 


an аҙ 


== за,а,-а..а. 
3 32723 
а; а 2273. 2: 


Similarly, the minor M,, ofa, 215 given by 


ад аҙ (бл 9» 
М,- a, а, 103 — 903 ; M,; = d | з биб 
7 а) а, 2 p а) а, 
- =а 0 а d. = =а а-аа 
1 33 3: 
X Vn du cu 3241 2^ as Аит 04; 
а, а; 
М, = а, a, 91932 а, 
Similarly we сап find М,, M,, and M,,. 


4.6.2 Cofactors of а,їт |A| 


The cofactor of an element a, in a determinant is the minor of. a, multiplied by 


(71). It is usually denoted Бу C; Thus, 
Cofactor of а= с; -(-1)4 M; 
ШД ИЕ ind the cofactors ofthe elements @,,,4,,,and а, of the determinant 
а) 4; а; 
JA] = n 4% 9» 
а) 4) а, 
Solution : 


The cofactor of any element а, 18(-1)9 M,, then 


CG СУМ 225418 (хаг та а) 
-(а,4,-а,а,) 
С, “СІ)“М, --М,-- (а,4,-а,а,)- (а,4,-а,а,)) 
ad С, -(CD"M, --М,- (4, 4,7 à, а) 


4 KCN MATHEMATICS 
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Find the minors and cofactors of the elements of the second row in the MODULE - | 
determinant 


Algebra 
163 
|А| = 5.2 4 Notes 
7::0::8 
Solution : The elements of the second row аге а„=5; a,,=2; а. =4. 
6 3 
Minor of а, (i.e., 5) = 08. 48-0-48 
1S 
Minor of a, (i.e., 2) = 7 8 -8-21--13 
1 6 
and Minor of a, (i.e., 4) = 7 0 =0-42=-42 


The corresponding cofactors will be 
Ca = C1) M,7 -(48) = 48 
C, = C1? M7 9—13) = -13 
ad С,-(-1)2М,--(-42)-42 


4.7 VALUE OF A DETERMINANT USING COFACTOR 


With the cofactor notation, we can give expansion of a determinant in terms of the elements 
of any one row or column and their corresponding cofactors. 


= а С "ар Сула Су 
= а Са "а у Ста Су; 


ућеге С, is the cofactor of the element а, 


36:12:57 
| Example 4.10 | Evaluate A= -6 2 —3 interms of the elements of first row and their 
B 45 


amma ЭГ 0 


MATHEMATICS 


мэ. 
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corresponding cofactors, and then in terms of the elements of first column and 
corresponding cofactors. Verify that both the results are same. 
Solution : 


Expanding the determinant in terms of the elements of first row and the 
corresponding cofactors, we have the value of A, if we expand by К, 


i.e. first row is given by 
А=а Соња Сена Со 


First we need to evaluate С пб and С, 


283 
C,-C)"M, =>“, , 
=10+12 =22 
=6 —3 
Co CIM, Bh AD |. 
--(-30424)-6 
-6 
Qu = (-1)%М,, = E15! 8 4 
--24-16--40 


VA =3 x 22+1х 6*7 x (40)= 66 + 6 – 280 = -208 


Expanding the deteminant A in terms of the elements of first column and their correspond Ж 1 
cofactors, we have 


A= a, C, + a, C, t a, C, 
2 -3 ! 
Now C CDH M, =OP h „|=10+12=22 


1 
C МАСА 


2 
5| 7-628) =23 


rs 
C, 7 CI M, = (1) ! 1 -(-3-14) --17 


„А =3 x 22 C6) х 23 +8 x (-17)-66-138-136--208 


The value of the determinant by both the methods of expansion 15—208. Thus, we veri 
that both the results are the same. 


* Determinants and Their Applications 7 к: 


MODULE - 
Algebra 


Ехашрїс4.11 Show that the sum of the products of the elements of one row (or column) 
by the cofactors of another row (or column) is always zero. 


Solution : 


де 3 Notes Er 
Consider, A — 


4 S 
Here; 6 => and С, 7-4 


Letusfindout а, x Су +4, x Cy 
-4х5%5х (-4) 
-20-20-0 


Similarly, if we consider 


- WN 


3 
1 
2 


2 3 
Нее (С, SUAM 221 
1 
(65 = (-1)® 4 Би 
12 
C, ЕСИ ВО 


Let us find out 
а Сита Сућа С 
=1 x (6)+267)+3х () 
--1-14:15- 0 
We can verify this property for any other row or column. 
SARRUS DIAGRAM FOR THE EXPANSION OF 
DETERMINANT OF ORDER 3 


Another simple method for evaluating a determinant of order 3 is Sarrus diagram. 


MATHEMATICS 
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MODULE - 1 


ider the determinant : 
Algebra Consider the determi: 
ZB а а; а; 
Notas A= (Фи 9» а» 


а, 4, ау 


First of all we write down the three columns of the determinant, and then write the first row 
columns again as shown below 


а Ра Ra OA a. 
0. ау SX Ls ài 


From the sum ofterms connected with downward arrows, we subtract the terms connected 
with upwards arrows. Thus we get 


4,4,4, + aj ага Fd, 


а, SUM аз 


са, 45, 047 а,4,4,- ааа, 


S. а (45,07 Ay, ys) – а (а, а = аа, )*4,, (а„а„-а„а„) 


а 4; ад а, ад а, 


Il 


а та, та, 


4: 4; а) а; 93 а» 


which is equal to the value of given determinant. 
Using Sarrus diagram, find the value of the determinant 


- 2 3 
ЕБТ D 
зо A 


Solution : 
=i 27723 p. л; 
“ах aX 
3 DNA 
The value ofthe determinant 


7 €1) C4) +2.03 +3. 7 (72) -3.53-(2)0. C1) - C4). 72 
=20+0-42-45-0+56 
--11 


ЕЕЕ —————-—— 
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3. 


4. 


~ 
CHECK YOUR PROGRESS 4.2 


1: 


Find the minors and cofactors of the elements of the second 


row of the determinant 
I 8 
-4 3 
QUU E) 


Find the minors and cofactors ofthe elements of the 


third column ofthe determinant 


2 
1 
3 


— N oU 


2 
1 
2 


Evaluate each of the following determinants using cofactors: 


23 1700 = 070. 1 3 
-1 241—6 
ӘЗ рт: ©) 
з. А06 eS ee 8 
1 а be бс a a 
b +a b 
(ау)! ђ ca (е) с 
|] с ab с c a+b 


4 
2 
1 


1 
1 


(f 


5 
== 
7 


а b«c 
b с+а 
с а+ђ 


Using Sarrus diagram, evaluate each of the following determinants: 


"necs 022 
1. 1 ЕРЕ |! 22245 
EU Ere 


Using Sarrus diagram, show that 


09 


а h 
h b f|- abe + 2fgh-af- bg. с 
g Jae 
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6. Solve for x, the following equations: 


4.9 PROPERTIES OF DETERMINANTS 


We shall now discuss some ofthe properties of determinants. These properties will help us 
in expanding the determinants. 


Property 1: The value ofa determinant remains unchanged if its rows and columns аге 
interchanged. 


Реј 

Бер А = МУ 

4 2-1 
Expanding the determinant by first column, we have 
ror 30 rl ES 
+ ab | of; 471130 


-2(3-0)-0(1-6)--4 (0+9) 
=6+36=42 
Let A’ be the determinant obtained by interchanging rows and columns of A. Then 


9 9d 
42013 2 
3704 


Expanding the determinant A by second column, we have (Recall that a determinant 
can be expanded by any of its rows or columns) 


2 
5:1 


-1 2 4 214 
-) 0 +(-3 +(- 
(55) ї ( ЈЕ N od ] 

=0+(-3) C2-12) +0 

-42 
Thus, we see that А-А 


Property 2: If two rows ( or columns) ofa determinant аге interchanged, then the value of 
the determinant changes in sign only. 


ы MATHEMATICS 
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MODULE -! 


D x Algebra 
Let A= 123 7 
3 21722 === 


Expanding the determinant by first row, we have 


ЭЕ 
"Өлсе 


1:2 


3221 


253 
кте 


=2 (4-3) - 3 (2-9) + 1 (1-6) 
=2+21-5=18 
Let & be the determinant obtained by interchanging C, and C, 


Expanding the determinant A by first row, we have 


P RII 
1443 


2-23 
12 


109 


кез) 2 g 


=: 


= 3 (2-9) — 2(4- 3) + (6-1) 
--21-2%5--18 
Thus we see that A =- А 


Corollary : 
If any row (ora EU ofa 


=2 (10224) -3 (2-0) + 5(4) 
2-028-63420--14 | 


Property 3: Ifany two rows (ог columns) ofa determinant are identical then the value of 


the determinant is zero. 


MATHEMATICS 


MODULE -1 
Algebra а а с 


Proof: Те А = |4 а, с, 
а; а с; 


ы 


Notes 


be а determinant with identical columns С , and C, and let Adeterminant obtained from A 
by interchanging C, and C, 
Then, 
а а с, 
ЕЖЕН ер, @ 2,62 
4; a с; 
which is the same as A, but by property 2, the value of the determinant changes in sign, if its 
any two adjacent rows (or columns) are interchnaged 
Therefore А--А 
Thus, we find that A = -A 
or 24-0 ->А- (0 
Hence the value of a determinant is zero, if it has two identical rows (or columns). 


Property 4: If each element ofa row (orcolumn) ofa determinant is multiplied by the same 
constant say, k 0, then the value of the determinat is multiplied by that constant k. 


Р e$ 
Let A, = piety A 
4 2 -l 
Expanding the determinant by first row, we have 
A -2(3-0)-1(0-0)%65)(0:12) 
-6-60--54 


Letus multiply column 3 of A by 4. Then, the new determinant Ais : 


2 шей 
А-0 -3 0 
TED 


Expanding the determinant A by first row, we have 
A 72 (127 0) -1 (0-0) + (-20) (0+12) 
= 24-240 =-216 = 4654) 
-4А 
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Corollary : : қ ^ MODULE - | 


Ifany two rows (or columns) of a determinant are proportional, then its value is zero. Algebra 
а, b, Ка 1 Т 2 
Me tet a -5 5 Notes 
a, b, ka, 


Note that elements of column 3 are k times the corresponding elements of column 1 


ара 
By Property 4, A =k | Bi 
a, 5, а, 
=kx 0 (by Property 3) 
=0 
Property 5: If each element of a row (or ofa column) ofa determinant is expressed as the 
sum (or difference) of two or more terms, then the determinant can be expressed as the 
sum (or difference) of two or more determinants of the same order whose remaining rows 


(or columns) do not change. 
а та b +B +7 


Proof; Let A= |*2 
аз 5 сз 


Then, on expanding the determinant by the first row, we have 
A= (a,  a)(b,c, — с) = (b + а,б; - 436; )+ (с) фу (ара — a,b, ) 
= a (b,c, – b,c) - b (aye, — 436) +С, (a,b, — a,b,) + «(Ь,с, —Ь,с,) 


—B(a,¢; pa ађе,) + y (а, 4% ађ,) 
a, „Нер E УЛИ" 


a4 b, €4 аз 5; 99 


Thus, the determinant A сап be expressed as the sum of the determinants of the same 
order. 


==, ë Шы 


MODULE -1 | 


Determinants and Their Applications 


Property 6: The value ofa determinant does not change, if to each element of a row 
(ora column) be added (or subtracted) the some multiples of the corresponding elements of 
one or more other rows (or columns) 


a, b, 2 
Proof: Let A= |^? b, с, 
а; 5, с; 


А” be the determinant obtained from A by corresponding elements of R, 
ie. R, > R, + kR, 


а, ka, b +, с + kc; 
Then, Д' =| а, b, ej 


a, 5, с; 


арР, Ка, kb, kc, 


а; ser УИ Ге 
а: Буне dia Dates 
| 
a, 5, С, аз Ы; c, | 
P 
А" = ја, b, с, + Каа, b, c, 
a, b, c, а3 ©з Cy 


ог, A'=A+kx0 (Row 1 and Row 3 are identical) 


4.10 EVALUATION OF A DETERMINANT USING PROPERTIES 


Now we are ina position to evaluate a determinant easily by applying the aforesaid properties 
The purpose of simplification of a determinant is to make maximum possible zeroes in атом 
(or column) by using the above properties and then to expand the determinant by that row 
(or column). We denote 15, 2°“ and 3“ row by R,, Ё„ and R, respectively and 1st,2nd and 
3rd column by C,, C, and C, respectively. 
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1. w Algebra 
Ехатркс 443 Showthat |“ У 1|-о 
. Mes opor oe 


where w is a non-real cube root of unity. 


пу 
expel 

Solution : A= | M 
w w 


Add the sum of the 2™ and 3" column to the 1* column. We write this operation as 
C C, * (C, +C) 


ltwtw w w 0 wow 
2 2 2 
A= у УНИ рю wal -0 (onexpanding by C,) 
wt+l+w 1 у 051 у 


(since w is а поп-теа! cube root of unity, therefore, 1+w+w?=0) 


1 a be 
Show that || 2 24) =(a-b)(b-c) (с-а) 
1 с ab 
а. | Бе 
Solution : A =|! 9777 
1 с ab 
0 а-с bc-ab 
= SE ca— abr > R, -R,and №, ә К, =R] 
1 с ab 
0 а-с b(c-a) pi cb 


-|0 b-c a(c - b)|- (a - cb - c)0 1 -a 
| ађ 1 с ађ 
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Algebra ЛЭГ 
E ^ » (а-<Хь-<), М 


= (a—c)(b—c)(b-a) 
-(а-5)15-сХс-а) 


Example 4:15 

b+c a a 

Prove that b cta Bale 4 abc 
c с a+b 
b+c а а 
Solution : А „| ф C b 
с с a+b 
0 -2c -2b 


„Б cra b | [R > RER ЖЕ 
c c а-ь 


Expanding Бу R,, we get 


с+а b с+а 


b b 
ја] sc (28) -25 
с а+ђ 


с a+b с с 


= 2c [b(a +b) - бе] – 2b[bc — с(с+а)] 
= 2bc [a+b-c]-2bc[b-c-a] 

= 2be [(a - b- c) - (P-c— a)] 

= 2bc [a*b-c- b ca] 

=4abe 


Example 4.16 Evaluate: 


a-b b-c c-a 
Л _|b-e c-a a-b 
c-a a-b b-c 
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ok Meee јера Algebra 
Solution : A Ebrei с-а a-b | 
с-а a-b b-c = 
— — 
0 b-c с-а 
vo Сұ [C > С, +С, + C] 
0 a-b b-c 
= 0, on expanding by С, 
| Example 4.17 ШІ 
1 bc a(b+c) 
1 са b(cta) o 
1 ab c(a+b) 
1 be a(b*c) 
Solution : A 411168 b(c+a) 


1 ab c(at+b)| ' 


1 bc be+ab+ac 
_|l ca ca+bc+ ba [G 2 C+C] 
1 ab ab+ca+ch 
T e d 
= (аЬ+Ьс+са)1 са 1 
1 ab 1 
= (ab +be+ca) х 0 (Бу Ргорепу 3) 
=0 


Ехатрје 4.18 Show that 


La! ab ас 
ab - bel арыг 
aci be abe. 


А = 
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2 
P Solution : А шару вв л эс 
T ac be -č 
Notes 
-a b. с 
= ађс | b c 
a BY =o 
5 b | 
a | Ч Е, э К, + К 
x dd д R, >R, +R 
0 
= abc(-a) оь o| (опехрапдіпа Бу C,) 


= abc(-a)(-4bc) 


= 4412) 
Іжа 1 1 
Је ат Т @ (4+3) 
1 1 1+а 
l+a 1 1 
Solution : А ! 1+а ! 
1 1 1-а 


а-3 1 158 
21443 І+а 1 [СЭС * C, +С] 
а-3 1 1-а 
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leet 1 | Algebra 
-(a-3) 1+а 1 
1 1 1+а 
I nad C, 2 C,-C, 
_(а+3) a 0 ТҮ арт 
т 23 CG >C -C 
a 
= (a +3) x (1) 
OS ta 
=(a+3)(a’) 
= а (а +3) 


PS, 
Оттона 


L Show that 
2: Show that 
3) Show that 
4. Show that 


MATHEMATICS 


Ра x 

х х43 X 5 он) 

x 55 х+3 
a-b-c ża 2a 

2b b-c-a 2b |-(a*b*c) 
2c 2c с-а- 
Іжа 1-1 

] 1+b 1 |=bet+ca+ab+ abc 
1 1 1+¢ 
а a+b a+2b 
aib а a+b|=9b" (a+b) 
a+b a+2b a 
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(а+1)(а+2) а-2 1 
5. Show that (4 + 22 +3) а+3 1--2 
(а-3Ха-4) а+4 1 


Notes 


a+b b+c с+а a b c 
6. Show that |? * € cta келер Сй 
с+а a+b .b«c с а 5 
7. Evaluate 
a a+b a+b+c (b 4- cy. а: a? 
2 2 2 
аура 32425 4a*3b«2e| (| P (алу + 
За ба-35 10a+6b+3c c 23 (a+b) 
8. Solve forx : 


411 SOLUTION ОЕ А SYSTE 
BY CRAMER’S RULE 


M. OF LINEAR EQUATIONS 


Consider the system of linear equations 
axtby = c, 
ах+Ь,у = с, 


In this section, we shall learn to solve simultaneous linear equations in two unknowns and three 
unknowns with the help of determinants. 


A pair of values of x and y which satisfies both the equations simultaneously is called a solution | 
of the given system of linear equations and then the system is said to be consistent. 


When the constants c, and с, on the R.H.S. of the equations are both zero, the system is said | 
to be homogeneous system: otherwise, the system is said to be non-homogeneous. When the 
system 1s homogeneous, it has always a solution x — y 70. Itis called a trival solution. 


a b, 
а, b, 


к "9 MATHEMATICS | 


If the determinant A = 


#0, then the system of homogeneous equations has only one 
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MODULE - 1| 
Algebra 


a, b, 
a, b, 


solution, i.e., ће trival solution x = у= 0. However, if the determinant D = 70, then 


the system forms a pair of dependent equations and in that case the system has infinite 
number of solutions, i.e., the system has also non-trival solutions. Determinants are used 
mainly to solve non-homogeneous linear equations in two or more variables.In this section, 
we shall learn to solve simultaneous linear equations in two/three unknowns with the help of 
determinants.The method of solving simultaneous linear equations by determinants is 
commonly known as Cramer's Rule. 


4.11.1 Solving a system of Linear Equation in two variables 


Consider the following system of linear equations : 


2x + Зу—5=з0 ИРА (i) 


3x + Sy ТЕО | ЯЛ 81 (ii) 


Usually, to find solutions of such a system, we apply the method of elimination. 
Thus, first ofall solving for y, we get 

3(2х%3у-5)-0 

2(3х-5у-7)-0 


3(2x) + 3(3y) = 3(5) ... (iii) 
2(3x)+2(Sy)=2(7) .. (iv) 


Subtracting (iii) from (iv), we get 
(2(5)-3(3) y -20 - 3) 


2; 320p. (3 
іе. c 


Observe that in the determinant of the numerator, the 1* column consists of the coefficeints 


ofx and the 2" columns consist of the constant terms. 


And, in the determinant of the denominator of y, ће 15 column and the 2" column consist 


ofthe coefficients of x and y respectively. 


Е-Е 


MATHEMATICS 


ва 
ў, 
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Similarly, solving (i) and (ii) for x, we get 
5(2x + 3y -5)-0 
3(3x + 5у -7)=0 


S(2x)-5(3y)-5(5)2 0 ...... (v) 
3(3х) -3(5у)-3(7)-0 ... (vi) 
Subtracting (vi) from (v), we get 
{5(2) – 3(3) }x = (5(5)-3(7) 


dra 


75359 


Again observe that in the determinant of the numerator of x, the 15 column consists of the 
constant terms and the 24 column consists of the coefficients of y. 


And, in the determinant of the denominator of x, the 1* column and the 2% column consist 
of the coefficients ofx and y respectively . 


Ж 


Thus, х =|2 | 4 D (say) 
3:5 
НЕ 
ЗООГ 
mi 1-2, вэ 
2518 


are the solutions of the given system of equations іп the determinant form. 
Consider another system of equations: 

хжу-3 1) 

2x-3y-1 441) 
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Again, solving (i) and (ii) by elimination method, forx, we get MODULE - | 
Algebra 
~3(x + у) = – 3(3) 
12х-3у)-1 


(21 —3(у) = —3(3) 08) 


(2х)- (Зу) = К) (iv) 


Subtracting (iv) from (iii), we get 
— 3(х) - 12x) = ~ 33) - (1) 
=> {-3(1)-1(2)}х = —3(3)-1(1) 


Wr Be ai 
E 23 18.3 
3 | 
E. 32 
TW D (say) 
) -3 


Again, we observe that in the determinant Р, the 1st column consists of the 
constant terms and the 2nd column consists of the coefficient of y. Also, іп D, the 1st and 
the 2nd columns consist of the coefficients of x and y respectively. 

Similarly, solving (i) and (ii) for y, we get 

2(x) * 2(y) = 2(3) 20340) 

(2х)--2(-3у)- Қ) (уі) 


Subtracting (v) from (vi), we get 
{1(-3) - 2(0]y = КІ) - 2(3) 


MODULE - | 


Algebra 


Again, we observe that the determinant D is nothing but the determinant of the 
coefficient of x and y and the determinant D, is obtained by replacing the coefficient of y by 


the constant terms. 


is the solution ofthe given system of equations. 
Therefore,if ax+by=c, and a,x+b,y=c, 


isa given system of linear equations in two variables, then its solution will be 


с b 

(Ше ALD 

БУЛ D 
а, 5, 
а с 

а, с) D, 

а == = —— 

ап M таргуе 
а, b, 
ђ, 

provided D = ЫШЫ 2-0 

а, 5, 


4.11.2 Solution of a System of Linear Equations in Three Variables 


Consider the following system of equations in three variables 


x+2y+3z=4 
2x+y+z=1 
Зх+3у+52=3 S 


222 
Let S Берта 
ЕМС ш, 


i.e., D is ће determinant of the coefficients of x, y and 2. 


MATHEMATICS 
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d e. 
Then, xD=|2x 1 1 9 

3x 138 
Multiplying the 2nd column by y and the 3rd column by z and adding Notes 


these to the 1st column, we get 


x+2y+3z 2 3 
xD =|2x+y+z 11 
3x+3y+5z 3 5 


From (С), we get 


Then, as before, we can see that 
yD = D, and zD = D, 
D, 
Thus, x = т: ys, z= where D # 0 


are the solutions of the given system of linear equations in three variables. 
Therefore, if 


ax+by+ez = d, 
a,x * by cz = d, 


ax * by cz = d, 


isa given system of linear equations in three variables, then 


waama у у 


Determinants and Their Аррїїсайон- 


MODULE] 


Algebra’ di bee 
ZB d; с 
у d, b c| Р, 
Notes x- a] S =D 
а, 8, с, 
а, 5, с, 
ат ате, 
ои ДУ б; 
КЕ а; d с, D, 
ал тс р 
a, МА 
(АШТЫ; 
а b d, 
а, b, d, 
d; obs gil om 
d z- 3 3 3 = 34) 
T а, b, с р 
j а, b, c, 
а, b, с 


ab e 
Р=ја, b c0 
а, b с, 


The method used for solving the system of equations in three variables can be used in 
exactly the same way to solve a system of ‘n’ equations in ‘n’ unknowns, 

The method discussed above is commonly known as Cramer's rule, after the Swiss Math- 
ematician Gabriel Cramer (1704-1752). 
Цэ Adel 


N 


Ж UT EAU Solve the followir з system of equations by Cramer's Rule: 


2х+3у = 5 
3х+5у = 7 


MATHEMATICS 


Тћиз, Бу Статег 5 Еше ats 


and y= =e | 


Therefore, the solution of the given system of equations is x = 4, y = —1 


ТТ УАҢ Solve the following system of equations by Cramer’s Rule: 


2х+у-32 = 3 
| x+2y+z=5 
| Зх –5у+22 =1 
Solution: We have. 
2 ЭГ 
D =| 2 = 2(445)-12-3)-3(-5-6) = 18+ 1+33 = 5240 
3 /-3722 


Also, to find D,, the Ist column will be replaced by constants. 
3 1 


D,z|5 РАИ = 3(4+5) -1(10- 1) -3(-25-2) = 27-9 +81 = 99 
| 1 -5 2 


To find, D., 2nd column will be replaced by constants. 


E О» 


23- 
4 D,-| 5 1|-200-0)-30-3)-30-15)-1843442-63 
a ME 


“MODULE - | 
Algebra 


Notes” 
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MODULE - | To find D, 3rd column will be replaced by constants 


Algebra 2 1 3 
\ D,=|1 2 5=2(2+25)–11–15)+3%–5–6) = 35 
Notes Mis fe. 


Thus, by Cramer's Rule 


D 99 
“ЫР 52 
D 6 
Mo 
and кы акы 
D 52 


4.12 CONDITION FOR A SYSTEM OF LINEAR 
EQUATIONS TO HAVE A UNIQUE SOLUTION 


Consider the system ofequations 
2x+3y=4 


xd 
Also 2-6 2 --8-9--0 
BED 
and Ш, | jr 
МИ МЕ 
By Cramer’s rule 
Час Буга ай 
Di gu 7 
D 2 -2 
ада ен 
Thus, we find that for D х Oand D, + 0, D, +0 у the given system of equations have 


17 23 
non-zero, unique solution x — 7 and у = 


In this case, we say that the given system of equations is consistent, 


rminants and Their Applications : 


Now, consider the system of equations 


x Dy p 
P a p 0 
1 
Here, D= =3+4=7 + 0 
-2 3 
(ШІ 22) 
Also, Ds 1505050 
d 2) | LEN 0-0 
ч E Eq A 
D, 
H х==—-===0 
епсе, р 
Din 0 
=—=—=0 
and y D 7 


Thus, we find that for D = 0 агар, ED ge the given zit on equations will have only 
the trivial solutionx=y=0 = * Sige has IE 


We already know that Cramer’s rule does not apply if D=0. The two cases arise namely 
system of equations having (i) no solution, (ii) infinitely many solutions. 


Consider the system of equations 
2x+4y=5 
x+2y =3 


Here, р $ 
1.22 


Since D = 0, Cramer's rule does not apply here. 


24-450 


54 
N D, = -10-12--2 
2-01 


апа D = =6-5=1 
5 3 


1 
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system of equations 
х+у+2= 2 
xt 2y+3z == i) 
x+3y+5z=5 


I ded 
Нег, 0-1 2 3-100-9)-15-3)-13-2)-1-2-1-0 
1:2:3:2:5 


be tae М 
Now xD=|x 2 3 
х3 5 
Multiplying the 2nd column by y and the 3rd column by z and adding them to the 1st column, 
we get 
xtytz 41-1 211 
D=|x+2y+3z 2 3 -3 2 3-р А 
BOE ears 174 fusing(1)) 
х+3у+52 3 4 45 3 5 


Thus, D -2(10-9)-(15-15)%(9-10-2-0-1-1 


So, xD=D, = xD=1 


> x= 


1 
D = — which is undefined 


2 
where D, =/1 3 3 = 15-15) -25-3)«15-3) -0-442--2 
Da 


N 


Tad 
ad D,=/1 2 3-100-9)-165-3)-2(3-2) 21-242 - 1 
3 3 


BEG MATHEMATICS 


л 


2 MODULE - | 


D = D, xl ichi 
y Sy Р —À б} which is undefined. Algebra 
y NODI 2 
ad  zD-Dz»zz 5 Se 0 whichis undefined. e 


Thus, if D =0 and D, # 0, D, ж and D, + 0, then the system of equations will have по | Netes 
solution. In this case, we say that the system of equations is inconsistent. 


Now, consider the system of equations 
x-y+3z=6 


x+3y-3z=-4 
5x+3y+3z=10 


: ] = шта 
‘Here, D=|l 3 -3 21949) -182415)3(3-15) 2 1818-36 =0 
5:5 UE 
6. -1ї ( 
Also D =|-4 3 -3-6(9-9)-1-12-30)-3(-12-30)--108--18-126-0 
10 73779 
1 67% 
Г,-1 -4 -3-1(-12430)-6(3-415)-3(104:20) -18-108--90-0 
3 10729 
1-1 6 2 
Г,-1 3 –4=1(30+12)+100+20)+6(3—15) = 42+30=72 = 0 
ЖЕ | 
Here,we say that for D. = р : 
hasinfinitely many solutions. $ 


Consider the first two equations, 


a х-у+32= 6 
х+3у- 32 = – 4 à; 
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Algebra х-у= 632 


22 х%3у--4%% 


Notes] Solving these equations by determinants, we get 


6-32 -1 
-4+32 3| 3(6–32)+1—4+32) 18-92-4432 14-62 
= EN 3-1 4 4 
ЖО сз 
7—32 
х= 
2 
1 6-3 
І –4+32 (-4-32)-(6-%) —-4+32—6+32 -10+6z 
ад уз = =- = 
1-1 ui 4 4 
17:43 
0591167 
2 


ecu 27-5:538 аву 
zi oa’ Mim 2 an - 


Thus, the system of equations has many solutions. 


So, we conclude that for à given system of. equations ( р, шар 2, 31:28) 


(i) IfD * 0 and atleast one of D,, Р), 


ә D, isnot equal to zero, then (һе system will 
have non-zero, unique solution, р 1 


(ii) If D #0 and each D, 


= 0, then the system has only the trivial solution 
xX-xX2.-x,-0 i b n Ч 


(i) If = 0 and some D, = 0, then the system has no solution. | 


(м) TF D = 0 andeach D,=0, then the system has infinitely many solutions. 727 
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қ 


Solve the following system of equations: MODULE - | 
5 Algebra 
х+у+2=2 

2х-7у-32-5 


3х%5у-2-4 


Notes 


Solution : Here, 


1 PM 
р= 7 -3|/=1(-7+15)-1(-2+9)+1(10-21) = 8-7-11=-10#0 


з 50218 
2 ИН 
Now D,=|5 7 -3-2(-7-15)-1(-5412)-1(5-28) = 16-7-3=6 
4 522] | 
1 
D,=|2 5 -3-1(-5412)-2(-249)-(8-15)-7-14-7--14 


=| 


- 


2 
D,=|2 7 5-1(28-25)-18-15)-200-21)-347-22--12 
5 4 


Since D + 0 and D, + 0, D, #0, D, #0, therefore, the system of equations will have 


non-zero, unique solution. 


Thus, by Cramer's Rule 


Не - 
р 
pu 
Урлан 
22... 
р -10 5 


ate the solutions of the given system of equations. 
MATHEMATICS 
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evi (2 РАЙ Determine which of the following systems of equations will have a unique 
solution; and also find the solutions in each case: 


р Ф 2х-3у+42=-9 () | x*2y-z-0 
-3x +4 у +22 = -12 2х+у+22= 0 
4х-2у- 32 = – 3 х-3у+2= 0 
Ш) х+2у+2=2 (У х+2у+32=1 
2х+у+22=3 3х-у+22=1 
х-3у+2= 4 4x+y+5z=2 
Solution: 


() 2x-3y+4z=-9 
-3х+4у+22 = –12 


4х-2у-%--3 

Неге, 
23 4 

DzL-3 4 2|-2(-1244)-3(9-8)-46-16)--16-3-40--5350 
4 2 - 

хел 
9 3 4 

853 : 2|--%-124-4)--536--6):-.404--12) = 72 +126+144 = 342 
|2 -9 4 

D,--3 —1 2|= 2(36 + 6) + 9(9 — 8) + 4(9 + 48) = 84 + 9 + 228 = 321 
4 -3 2 

and 
23 -9 

Wi, | =2(-12—24)+3(9+48)—9(6—16) =—72+171+90 = 189 


Since D + 0 and D, # 0, D, +0, D, #0 


MATHEMATICS 


ee ПЦ 
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The system of equations will have a non-zero unique solution which is 


_ D, 32 _ -342 
22557 154 

D _ 321 _ -321 
Бавио тоа 

D, 189 -189 
жи 5552558 


(ii) х+2у-2=0 


2x+y+2z=0 
х-3уғ2-0 
Неге, 
ПІ 
[= |2 = 1(1+6)—2(2-2)-1(—6—1)=7+7=14=0 
1-37 
Also, 
2 -I 
D, =|0 1220 (expanding by the 1st column) 
-3 1 
1 0 -I 
D,-2 022550 
0.28] 
and 
1-2 
р,-р 1 =) 
1 -3 


Thus, we find that D # 0 and D, = D, = D, = 0 


ХА The system of linear equations will not have a unique solution. In fact, it has a 
trivial solution x=0, y=0,z=0 . 
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(у) 


Also, 


ШШ Žž A 
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x+2y+z=2 
2x+y+2z=3 
х-3у+2=4 
АЕ 
Hee D=|2 1 2-0 
1-3 1 
2 22-51 
Аю Д-|3 1 2-20-6)-20-8)-1-9-4)-14-10-1 
4 -3 1 
Ph ves : 
р,-2 3 2=0(:С=<0) 
41 
12922022 
D,-2 1 3) = 1(4+ 9)—2(8-3) +2(-6-1) = 13-10-14 = -11 
1 -3 4 
Since D=0 and D, #0, D, = 0 and D, #0 
The system of equations has no solution. 
х+2у+32=1 
Зх—у+22 =1 
4x+y+5z=2 
452253 
Нег, D-53 -1 2-1(-5-2)-205-8)-3(3-4) = -7-14+21= 0 
d] S 
1:273 
Дэр 2|-1(-5-2)-2(5-4)-3142) = -7-2+9 
19 


ENES 
D,=|3 1 2-15-4)-(15-8)%36-4)-1-7%6-0 
4-2. 5 


3-11 


- 0 


Determinants and Their Applications 


DERE IL. 


à MODULE 
ТЕ Algebra 
and D =|3 -1 1|-1(-2-1)-2(6-4)«-1344) 2 -3-4+7=0 
Laelio ii | 


Therefore, the given system of equations will have infinitely many solutions. 


CHECK YOUR PROGRESS 4.4 


i" Solve the following systems of equations by Cramer’s Rule 
() 2x-4y =3 ( хғ2у-і 
3x+y=5 2х-5у-3 
2 Obtain the solutions of the systems of equations using Cramer’s Rule 
(a) 2x+y+3z=1 (b)2x-3y+2z=1 (c)3x—4y+5z=-6 
xt+4y+6z=9 x+3y-z=-2 x+y-2z=-1 
4х%3у%92-5 х-у%32-3 2х+3у+2= 5 
8: Solve the following systems of equations: 
(a) 3х-2у-4 () 6х-3у--1 
2х+у=3 2x+2y=-3 
(с) 2х+3у+42= 8 () х43у-2-4 
3x+y-z=-2 3x-2y+5z=-4 
4х-у-52--9 5х-у-42--9 
4. Determine which of the following systems of equations will have а unique solution. 
Also, find the solution in sucha case. 
(a) х-2у-4 (6) 2x-y+z=0 
-3х45у--7 х+у-22=0 
3х+2у-2=0 
5%» 
% LET US SUM UP 


а 5 
а, b, 


e The expression a,b, —a;b, is denoted by 
- ө With each square matrix, a determinant of the matrix can be associated. 
e The minor of any element in a determinant is obtained from the given determinant by 
deleting the row and column in which the element lies. 
ә The cofactor of an element а, ina determinant is the minor of а, multiplied by 
(-1у7 
MATHEMATICS 
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Determinants and TheirApplications 


A determinant can be expanded using any row or column. The value of the 
determinant will be the same. 


A square matrix whose determinant has the value zero, is called a singular matrix. 
The value ofa determinant remains unchanged, ifits rows and columns are 
interchanged. 

Iftwo rows (or columns) of a determinant are interchanged, then the value of the 
determinant changes in sign only. 

If any two rows (or columns) of a determinant are identical, then the value of the 
determinant is zero. 

If each element ofa row (or column) ofa determinant is multiplied by the same 
constant, then the value ofthe determinant is multiplied by the constant. 

ТГапу two rows (or columns) ofa determinant are proportional, then its value 18 
2610. 


Ifeach element of a row ог column from ofa determinant is expressed ав the sum 
(or differenence) of two or more terms, then the determinant can be expressed as 
the sum (or difference) of two or more determinants of the same order. 


The value of a determinant does not change if to each element ofa row (or column) 


be added to (or subtracted from) some multiples of the corresponding elements of 
one or more rows (or columns), 


The solution of a system of linear equations 
ax+by+cz=d, 
ax+by+c,z=d, 

ax +b, y +c = а, 


Eer D, D, D, 
is b xe. === ii 
given by D y and z = = 


a=b "а d b с а атс, 
D=\a, b «0,-4, 2 Gh Ә,-(а, d, с and 
а це. d, b, c, Qd c 
а b d, 
D, = |а, Ь, а, » provided D = 0 
a, b, d, 
The system of linear equations 


ax+by+oz= d, 
a,x+b,y+oz=d, 
a,x+by+ez =d, 


MATHEMATICS 


Determinants and Their Applications 


(a) is consistent and has unique solution, when D # 0 MODULE - | 
Algebra 
(b) is inconsistent and has no solution, when D=0, and D,, D,, D, are notall zeros. 
(c) is consistent and has infinitely many solutions, when D = D, = D, = D, = 0. == 
Notes 


SUPPORTIVE WEB SITES 
http://www.wikipedia.org 


http://mathworld.wolfram.com 


Ф 
ea TERMINAL EXERCISE 


i012 53 
19 Find all the minors and cofactorsof |3 4 2 
jah ни] 
43 1 6 
2. Evaluate 35 7 4| by expanding it using the first column. 
[7:592 
3. Using Sarrus diagram, evaluate 
2 Iu 
1 2: 3 
3 8 
4. Solve for x, if 
0 ТЕО 
х 2 х=0 
ES 4Х 
5. Using properties of determinants, show that 
(a) 17:42:08 
1 b 5|-(8-сХс-аХа-9) 


c 


Ёсыг о тн. 


и 
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Determinants алд Their Applications 


6) | x+y ху! З 
| y+z у z|-(x-yXy-zyz- x) 


| ztx. Z xx 
Evaluate: 

рына 1 w у 
(Ain, и epe PG (yew. le W 

54514254 w w 1 
әу being an imaginary cube-root of unity 


Using Cramer’s rule, solve the following system of linear equations: 
ӨГ UE e. х+у-2 


2х+3у=4 3х+2у=11 4х-3у = 3 

Using Cramer’s гше, solve ће following systems of: equations: 

(à) 2х+у+32=8 (b х-2у-3-: 
3x+2y+3=2 2х+2= у 
x+3z=1+2y 3-х-22-3у 

Determine which of the following systems of equations will have a unique solution: 

(a 2х-6у+1=0 () 2х-3у-5 
x-3y+2=0 х-2у-6 

© 2x+3y+z=1 () 3хку-2:--1 
4x-6y+z=3 х%2у-:-2 
6х-3у422-5 2x-y+3z=1 
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ЖЗ 
(“2 ANSWERS 
CHECK YOUR PROGRESS 4.1 
Notes 
1. (а) 1 (0) 1 (00 (9) (a^ 5?) -(c^xd^) 
2. (a) and (d) 
3. (a) 18 (b -5 (c adf *2bce-ae — fb’ – de 
(d) х-1 
CHECK YOUR PROGRESS 4.2 
1. М, = 39; С, =-39 2. М,--% С,--5 
M, -3; e =s M,, = -7; С,-7 
М,--15С,-11 М,-1С,-1 ( 
8 (а)19 (90 (c)-131 
(d) (a—b)(b-c)(e-a) (е) 4abe (00 
4. (a) 4 (b) 20 (с) à? +b? + +1 
| 17 
6. (а) x 22 (Буш 229 Qx*-2-. 
CHECK YOUR PROGRESS 4.3 
у ЗА 
И: (а) а“ (b) 2abc(a +ђ + c) 8. qucm Y у 
CHECK YOUR PROGRESS 4.4 
23 1 
; Tc b)x--ly-l 
1 (a) х 14^ y 14 (b) 
' | 4 Ён 
2. (a) x= = БУЛА (b) Eng -0,2- 
() х=-1, y=2,2= 
AQ p. 
3 (à х-2,у-:! (b) md e 9 
TES 2 
(c) х=ђу=-2,2=3 (Ф же =, 51 2 Pe 
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. == = — 2 - E 20 
Algebra |^ © (Хе: 6, у=-5 (b) Yes;x=0, y= 0, 2 


() х-0,у-3,2-2 
TERMINAL EXERCISE 


1: М,--2,М,--1, M, =1, М,--7,М,--5, М,--і, 
Му = –8, М,--7, М,--2 


Gim С=С ==>2 


с а TREE 

7: Е сұл (b x23, у=1 @x=5, y-7 
5 х | 
8. (а) x2, y m352-—3 . x pase NEL 
у (b) 2 y 3 2 


9. (b)only 
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Not 


INVERSE OF A MATRIX 
AND ITS APPLICATION 


е 


LET US CONSIDER AN EXAMPLE: ( 


Abhinav spends Rs. 120 in buying 2 pens and 5 note books whereas Shantanu spends 
Rs. 100 in buying 4 pens and 3 note books. We will try to find the cost of or one pen and the 
cost of one note book using matrices. 


Let the cost of 1 pen be Rs. x and the cost of 1 note book be Rs. y. Then the цэх 
information can be written in matrix form as: 


b] = bon 


This can be written as AX = В 


225 “ж 120 
where А = 4.3 X= ӯ and B= ini 


У lve 
Our aim is to find X | 
aim is to fi E 


In order to find X, we need to find a matrix 47! so thatX= 4“ В 


This matrix 4" is called the inverse of the matrix A. 
In this lesson, we will try to find the existence of such matrices. We will also learn to solve 
a system of linear equations using matrix method. 
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After studying this lesson, you will be able to : 


• define a minor and a cofactor ofan element ofa matrix; 
• find minor di cofactor of an element of a matrix; 
e find the adjoint ofa matrix; 
e define and identify singular and non-singular matrices; 
PE find the inverse ofa matrix, if it exists; 
e represent system of linear equations in the matrix form АХ = В; and 
e solve a system of linear equatións by matrix method. 
• Concept ofa determinant. 
° Determinant ofa matrix. 
i Matrix with its determinant of value 0. Р 
. Transpose ofa matrix. 
• Minors and Cofactors ofan element ofa matrix. 


We have already learnt that with each square matrix, a determinant is associated. For any given 


2::5 
matrix, say 4 = 4 3 


235 
its determinant will be PME 


-Itis denoted by |4]. 


18722 41 


Similarly, forthe matrix 4 =|2 4 2 » the corresponding determinant is 


М. 7 


пусте ofa Matrix and its Applicat 
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21110 89 Determine whether matrix A is singular or non-singular where 


Notes 


— (о о 


ин 15722) 
oal, i (9 А=|0 1 
ШУ 


-6 -3 
Solution: (a) Here, 14 = 425 


-(-6Х2) - (4)-3) 
--12412-0 


Therefore, the given matrix A is a singular matrix. 


(b) 
17224023 
|А|=|0 122 
14 
Неге 1 
' 2 0:1 
E 221 45 
41 11: wd d 
= –7+4 -3 
= –6»#0 


Therefore, the given matrix is non-singular. 


[Examples | Find the value of x for which the following matrix is singular: 


re d 
A=) 12a 
x 2 -3 


| 
| MATHEMATICS 


MODULE -| | Solution: Нас 


-— pa 3 
Хэн uh ал 
IS Ре 
= ПРЕ: 
04-37 ај 1622 
= (-6-2) +2(-3-x) +3(2-2x) 
--8-6-2x46-6x 
--8-8x 


Since the matrix A is singular, we have |А| =0 
|A| = -8-8x =0 
or х= –] 


Thus, the required value of x is—1, 


РО 
Examnes ЕРЕТІН 


transpose of the matrix. 


» Where 4' denotes the 


| т, 
Solution: Here, А = 3 


2 
Les 
This gives 4” = 
| 65:2 
16 
Now, |A|= 3 2 =1x2-3x6=-16 (1) 
ld» 1-12 -з 
апі Ұлы о 


From (1) and (2), we find that 4 = [4'| 


Consider a matrix 


| ig 7 


The determinant of the matrix obtained by deleting the ith row and jth MODULE! 


Algebra 
column of A, is called the minor of a, and is denoted by M,. 


Cofactor C, of a, is defined as 2 
C, = CD" М, | — 


For example, M,, = Minor of a,, 


ац а; 


йз 4% 


and C,, = Cofactor of a,, 


243 


= (i М, 
-( 1) М, 
а а 
Буни Az 
А 23 а 


: 2/16 
- PAELU OSES Find the minors and the cofactors of the elements of matrix т | 6 ; ( 


Solution: For matrix A, 


2965 
a-k jesus 


M,, (minorof2) 23; Cj = (-1)"" М,- (-)”М,-3 
M,, (minor of 5)=6; С, = (=) М, = (-! M,» -6 
М, (minorof6) = 5; С, = (=) M, = CI) Mi» -5 


М,, (minor of 3)=2; С, = (-)% M, = (-D' My = 2 
Ехапр 55 | the minors and the cofactors of the elements of matrix 


1-13 6 
A= рата ae 
42 9 
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> 
Solution: Here, M, = | 


-2 2 
B | =15+2 =17; С, = (-I) M, 217 


D 
Му = l - 648-14 С, = (CD) M, 2-1 
2 5 
m =h |-2-20--18:бу = C9 M, = -18 
3 6 f 
-1 6 за 
Ma =), БЕР С,-(-1)%М,--27 
iss 
М, = жый -(-1-12) = -13; С, =(-1)*" М, = 13 
) м. = $|- ce-30 - -as Су = (C) M, = -36 
(7 | 3 -0-12)--10:С, = (-1)? М, = 10 


-1-3 у 
and M,, -р 1 -(-5-6) --П; (6> == (71)? M, 20-11 


nt 5 6 
(a) 4- | ; у (5) шил 1 
2 142 
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Find the minors of the following matrices: 


3-1 Ё 0 6 
A= = 
emen 


(a) Find the minors ofthe elements ofthe 2" row of matrix 


po IS 
А=|-1 0 4 
КӘ ЕСТІ 


(b) Find the minors of the elements of the 3“ row of matrix 


T 
AS 344721 
|-2 0 -3 


Find the cofactors of the elements ofeach the following matrices: 


3 -2 0 4 
A) n 


(a ^ Find the cofactors of elements of the 2 row of matrix 


(b) Find the cofactors of the elements of the Ist row of matrix 
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MODULE - I si dac 
Algebra E рез ds [ne m 
7: ЕА= | ; and B | 1 шан 
à а) [А = [47а |B|-]P| (9 —|A4B|- |M|]B| = | BA. 


Мин) 5.3 ADJOINT OF A SQUARE MATRIX 


1 


reae ix. Then |4- | 
Let A= 5 7 bea matrix. Then 5 7 


Let M, and С be ће minor and cofactor of a, respectively. Then 
М,-||-7:С,-1-17 [7 -7 


Му = 5 =5 С = (©): 


4--5 
M, = = С, = (6) [2 -1 


Му = |2| = 2; С„ = (—1)”* |= 2 


We replace each element of A by its cofactor and get 


2 1 61:55) 
-|7 А 2201) 


The transpose of the matrix В of cofactors obtained іп (1) above is 


el 
“1253 .4(2) 


The matrix В” obtained above is called the adjoint of matrix 4. It is denoted by Adj A. 


Thus, adjoint of a given matrix is the transpose of the matrix whose elements are те 
cofactors of the elements of the given matrix. 


2572 
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ТЭ ind the adjoint of Algebra 


2 3 Let 4, be the cofactor of the element а, 


-4 
Solution: Here, - 


Then, An =D C323. -4 = 0) = 75 


А, = (С? (2=-2 | А = C? (9 = -4 


We replace each element of A by its cofactor to obtain its matrix of cofators as 


“320 
| | 440) 
25:54 | 


Transpose of matrix in (1) is Adj А. 


-3 5 
Thus, Adj А = 
-2 -4 


| Ехатрїе57 Fine the adjoint of Дар 6271 
She dorsal 


Solution: Here, 


1-2 
А= |-3 4 1 
54142. =] 


Let А be the cofactor of the element a, of |А| 


41 al3 4 
Then Ai =D Te-a; А, =(-1)' |: 158-952 


reds 
-(- ы -(-6- == А -(- =-(1-4 =3 
A, = (—1)!? ? -(-6-20)--26. А, 2 (-1) Ё di ( js 


YET 
2 
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5 1 
-(-1-10)--11: 4, =(- 1 


1 
4.-(-1у8 
„= ср 2 


2210-5277 T 
EAE zi 


4, 25 (-1)*"! 


-1 2 : 
2 Їнэ -8)=-9. A, =(-1)*” 


ша (1+6)=-7 
322117 P 


-(4-3)e1 | 


1 -1 
апа 4; =(-1)" -3 4 


Replacing the elements of A by their cofactors, we get the matrix of cofactors as 


Verification: 


5 T8 Pops 
(1) Consider 4= 213 


pud $ i 
Then a 3 ог] 7 2x3-(-1) x (4) = 10 


Here, А, 733A, =1 Ал = – 4 and A, =2 


ЕТТІ Тс а а 46 І 
РА хаа, | “К Jo pH 


5 


3 7 
Q) Consider, 4= [2 -3 1 
12 


Then, ЈА -3(-6-1)-5(4-1)%7(243)- -1 
Here, А = -7;А,--3;А,-5 


е 
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А,- -3; А„= =k A372 
А, 26, З= е A,,= –19 


| MODULE -1 
Algebra 


782806 


Therefore, Adj A= oo uro 


5 13 39 
3, ei =7 '=3' 26 
Now (AMAdA)m|? 7 173 “stay | 
Ес 4122: | Же то 
mig: 02. 1.0 0 
20. T E Дар 
б] 001 
S, ЗОН 
Also, (AdjA)A 7|73 -l 1||2 -3 1 
5222-16 1 2 


CHECK YOUR PROGRESS 


5. 
‘1. Find adjoint of the following matrices: 
Say а b сова sing 
(a) | ‘| (b) | а (V una cosa 
2. Find adjoint of the following matrices : 
1 42| fi -i 
(a) J2 1 (b) кез 


Also verify in each case that A(Adj A)=(Adj A) A = [ALL 
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MODULE - | 3. Verify that 
Algebra 


A(Adj A) = (Adj A) A=|A|L, where A is given by 


-1 2167-79 
(а) Ө АУА (b) 0-12 
Notes zo D ЗЕЕ 4 
cosa -sing 0 4 -6 1 
i =! =I 1 
©) sing cosa 0 (а) 
0 0 1 -4 Al -1 


5.4 ` INVERSE OF A MATRIX 


a b 
Consider a matrix А = | 4 . We will find, if possible, a matrix 


Ва 
В= 5 such that 4B — BA =] 


“РЭН 
1 : ERES РЕВ! || 


cx+du су+ау 051 


Оп comparing both sides, we get 

ах + bu = 1 ау + Бу = 0 

сх + du = 0 су + ду = 1 
Solving forx, у, и and v, we get 


d -b 


у=—— E : 
ad — bc ° ad — bc ' 


04-38 Gg he 


0 = 


а 5 
provided ad — bc + 0,ie., | ‘| #0 
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| MODULE -| 
dss -b Algebra 
ad — bc ad — bc 


Thus, -С а 
ad – bc ad — bc 


pa 1 а -ь 
Їл . ad—be =б а 


It may be verified that BA =I. 


trix and its Application 


It may be noted from above that, we have been able to find a matrix. 
1 а = Ls 
Mies ap gere 
ad—-bc|-c а |А| 
This matrix B, is called the inverse of A and is denoted by А7. 


For a given matrix A, if there exists a matrix B such that AB = BA =I, then B is 
called the multiplicative inverse of A. We write this as B= A”. 


Ехатрје 5.8 Find the inverse of the matrix 
4 5 
ОТА Зз 


А NA 
Solution : A 953 


Therefore, || = —12 -10 = —22 #0 


~<. A is non-singular. It means A has an inverse. i.e. 247 exists. 


-3 -5 
Now, AdjA=|_5 д 


а а ig че 
А E 


пп 
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Ехатрје 5.9 Find the inverse of matrix 


З, 
4-11-1 6 
5 4 -5 
: БОЛН: | 
Solution : Here, кте ШШ 
5 4 -5 


IAJE 36 — 24) -2(—5 –30) —2(4+ 5) 
= 319) -2(-35) -2(9) 
= —57+70— 18 
= -5ж0 

А“! exists. 


Let 4, be the cofactor of the element а, 


Then, 
A, = (-1)" 5, sme, dena 
„= Co" ==(–5–30)=35., 
А = СР], dts, 
Ay = (71^ : 3 --(-10-8)-2 


3 -2 
A, 2 (-1)? | З --15%10--5 


3 2 
Ay, = (- 199 й 4 --(12-10)--2 


МАТНЕМАТ1С5 
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А, = (Чу? 


Шы эла 
ЕС ако кайы, 


А = E 3 
32 


ч? 
--(18-2)--20 
6 


343 Sn 
and A,, = (-1) TES =-3-2=-5 
-19 35 9 2:10:252-2::10) 
Matrix of cofactors = 2 13-77% „Непсе AdjA= 35 5 -20 
10 -20 -5 Oro wes 


1 0 sal 
DTMEZ-Poó-. _ јаав-| у „ч 


(i) (AB) G)B" A"  (ils(AB)' =В "А 7 


ЖЕЛ E39 

Solution : (i) Here, АВ = 2s =] родне 
-240 1401 1-2 1 
7|*440 2+1] |-4 3 


-2 1 
IAB] “143 


= -6+4 = –2 #0. 


Thus, (АВ)! exists. 
Let us denote AB by C 
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MODULE - | Let С; be the cofactor of the element с, of |C]. 
Algebra Then, s ES (-1) (09-3 СВ 
C, CD? (-4-4 с,-(-1)%(-2)- хе) 


3-1 
Hence, Adj (С) = | 3 


Notes 
a 
] 13 1 [3 E — = 
C^ =— Adj (C) -— е ЕТЕ 
ici 100) E 21131 
3r 
C" -(AB)'-|? t 
(i) ^ TofindB А“, first we will find B^. 
22214522) -2 1 
но,в-|0 |. B= gq _,|=2-0=2#0 
B exists. 
' Let B, be the cofactor of the element b; of В| 
then B, 7(-1)* (-1)2-1 (B, = (-1)* (1) = —1 
B,-(-D)"(0-0and В,-(-1)“(-2)- -2 


-] -1 
Hence, Adj 8-1, | 


1 
"ae eer dle chee A 
ІН 20 -2| |0 


12-50 
Also, А = 


1 
Дз: | Therefore, |Al= 


275421 


Therefore, A” exists. 

Let A, be the cofactor of the element a, of |A| 

ten A,,=(-1)"(-1)=-1 ^ A,-(-19* @=0 
А=(-1)% (2)= -2апі А,-(-1)“(1)-1 
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1 0 MODULE - | 
Непсе, Адј А= Algebra 
-2 1 
1 
=> А“ = LESE E И 
| | 4 2-1) Notes 
[-21 -l 
E — | |1 0 
B'A' =| 2 
E 2 ї 1 
Dr 
Shetg Dy d Sak 
= 2|=| 2 2 
|052 70417) T2774 
(ii) тот (i) and (ii), we find that 
Se А 
(АВ) =В"А" = | 2 2 
ЮКО ри 


Hecne, (AB) =В А 


^^ 
СН ЕСК YOUR PROGRESS 5.3 


m. Find, if possible, the inverse of each of the following matrices: 
| 
1 3 -1 2 2-1 
@l2 5 ed ud Oli о 
(2. Find, if possible, the inverse of each of the following matrices : 2) 
| 1 1092 3 -І 2 
| 
25 4 
| (а) 2 МЗ (b) 5 
| 412 1 -3 -2 
| 


Verify that 474 = ДАТ! =L for (a) and (b). 
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Algebra I: 242,52 DS 0 i 
3 If A= А oe , verify that (Ав)! алаты 
US = 
2З 
4. Find (Aytita=| - 4 
22.2121 
ouod ресе“ с-а 9-0 
5 EB andB-5 c-b c*a a-b 
ШАЙ; 40 b-c a-c а+ђ 


show that 484 isa diagonal matrix. 


cosx -sinx 0 


6 1600) = six cosx 0 | showthat [4(x)]' = ф(х) 


0 0 
: ШК 1 tanx p TE cos2x -віп2х 
j айу! |] showy thst - | sin2x cos2x 
8. 4. Зе ent ес 1) /-ad 
DES 
9. If A= к! ‚ Show that 4” =A? 
ПМ ЕРДІ? 
| -8 1 4 
10. IfA=9 tomé 7 ‚ Show that А”! = А' 
1 854 


: MATHEMATICS 


Inverse оға Matrix and its Application: 


5.5 SOLUTION OF A SYSTEM OF LINEAR EQUATIONS. 


In earlier classes, you have learnt how to solve linear equations in two or three unknowns 
(simultaneous equations). In solving such systems of equations, you used the process of 
elimination of variables, When the number of variables invovled is large, such elimination process 
becomes tedious. 


You have already learnt an alternative method, called Cramer’s Rule for solving such systems 
of linear equations. 


We will now illustrate another method called the matrix method, which can be used to solve the 
system of equations in large number of unknowns. For simplicity the illustrations will be for 
system of equations in two or three unknowns, 


5.5.1 MATRIX METHOD 


In this method, we first express the given system of equation in the matrix form 4X = B, where 
Aiscalled the co-efficient matrix. 


For example, if the given system of equation is ах+ђу=с anda,x +b,y=c,, we express 
them in the matrix equation form as : 


a |х| |с 
а, b,jLY У с, 
а, b, x € 
Here, A= а, B „Х= у and B= с, 


Ifthe given system of equations is a, x +b, y c, z — d, and 
4x+b,y+c,z=d,anda,x+b,y+¢,z= d,,then this system is expressed in the ` 


Matrix equation form as: 


a, 1 с х 4, 

а, b с,|у|-|а, 

a, 8 0012 4, 
а 8 д x d, 
Where, 4 = | & 8 „х= |У | and B= 4, 
a, 820 2 4, 


Before proceding to find the solution, we check whether the coefficient matrix A is non-singular 
not. ; 
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MODULE -1 


оқ АХ-В (0 
Algebra 
2-3 х 7 
ИЕ. 
Notes 27 = 
Now, m-l pje 
=4+3=7=0 
А" exists 
27969 
Since, Adj (4) = Se 
r3 
ЖУАН 1|2 31:17 7 
А ber d А)=— = .. 
7 7 
From (i),wehave Х= А7 В 
24450396) 
О Ч 1 
SEIT 
7 vi 
x] (3 
or, 23) 
а 
У) Л 
23 -1, 1 ; 
Thus, x = 7 y= a is the solution of this System of equations. 
| Ехатрје5,13 МАЙ the following system of equations, using matrix method. 
х+ 2у +32 =14 
x-2y+z=0 
2х+ 3y-z-5 
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15200 339 brc 14 
1 -2 1 51150 t 
У 0) 
2 772102 5 
which is in the form AX = B, where 
17222349 x 14 
деј! 72 1 |, х= |У аав= |0 
Зи] 2 5 
X=A'B „ (8) 
Here, |4|= 1 (2-3) -2(-1-2) +3 (3+4) 
=26 #0 
A" exists. 
-1 11 8 
Also, Adj А=|3 -7 2 
7} 1 -4 


X= A1B = Adia.B 


Hence, from (ii), we have A| 


Appt во pA 
„ааа 
ТЕ YU 
26 1 
78 
х 1 

ог, у|=|2 
2 3 


ан, 1 Thus, x=1, y =2 апа 2 = 3 is ће solution of the given system of equations. 
gebra 


I» cU RSEN Solve the following system of equations, using matrix method : 


7 xt2ytz-2 
2x-ytàz = 3 


Notes |“ 
х+3у-2= 0 


Solution: The given system of equaticn сап be represented in the matrix equation formas : 


19-1 Е. 2 
2 = 3|[y| = В 
2 


53 cl 10 
ie., AX=B КОП) 
TROU x 2 
where A= 2 -1 3 ‚х= |У auis? 
Ты еее) 2 0 
БООГЧ 1 
А|=|2 - 
Now, 14 1::3 | „ла 25 -2(72 –3)+1 (6 +1)=940 


Hence, A’ exists. 
С eg 
Also, Айде? 72 -l 
7 -1 -5 
sae ИН 
ТЕ 2315 2 
4 7111444 7 9 пе 
7 -1-5 
From (1) ме һауе Х- 47 B 
X ub беж || to 
ie., У TU 3X 20 003 
2 7 -1-5110 
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zr ins Algebra 
21 9 
ЕШ РЛЕР 2 
29 2 9 й 
11 11 
9 Notes 


1 4 1 
so, x= 79: у= 9 2- 9 is the solution of the given system. 


5.6 CRITERION FOR CONSISTENCY OF A SYSTEM OF 


EQUATIONS 


Let АХ = В be asystem of two or three linear equations. 


Then, we have the following criteria : 


We now, verify these with the help of the examples and find their solutions wherever possible. 


5x+7y=1 


@) 2х-3у=3 


У : 
This system is consistent and has a unique solution, because 2 = m Here, the matrix 


NO 


le. АХ-В 210) 


52:14 
where, А = 2 -3)* 
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| 
oo 
Хем 
[he 
в 
2 
с. 
w 
| 
ate 
U - 
527 
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MODULE -1I | Here, |ДІ-5х(-3)-2х7- -15-14- -290 
"Algebra 


wi E AS Y. | 2811 . Y 
and A “А lj “тэ За Ч | .... (ii) 


From (i), wehave X = А'В 


x] 11-3-7111 |2 
ies [y] -29|-2 5 3] | із | IFrom Gand Gi] 


2 = А 
Thus, x= E ,andy- E is the unique solution ofthe given system of equations. 


Зх +2у=7 


09: вүүду-8 


t ene Қ 25.7 
This system is incosisntent i.e. it has no solution because — — 7 * 8 


In the matrix form the system can be written as 


ши 


ог, АХ-В. 
8102 х y: 
where A= 64 p, and B= 8 
Here, А-3х4-6х2-12-12-0 
4 -6 
Adj A= 6 3 
4 501171 f= 
mo мені УҢ 
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Thus, the given system of equations is inconsistent. 


3x yi 
© 9ұ 3 9521 This system is consistent and has infinitely 
lutions,.b bates ІР 
many solutiones а 


In the matrix form the system can be written as 


b эн 


ог, AX =B, where 


Ше = 


=] 


Неге, |А|- 9 3 


| -3х(-3)-9х(-1) 


= –9+9=0 


Ч -3 1 
Adj A= -9 3 


23 1117 0 
Also, (Adj AJB=|_9 34/10/20 


The given system has an infinite number of solutions. 


Till now, we have seen that 


ayy) E F 
R= (©) thenthesystem ol: 


беучептоге 
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Ч E-I Let us now consider another system of linear equations, where |A] = 0 and (Adj A) BzQ. 
gebra 


Consider the following system of equations 
х+2у +2=5 


2х+у+22= -1 


x -3у+2=6 


Та matrix equation form, the above system of equations сап be written as 


Te wep 0 с 5 
De ele Оу ЕЗ ЕЗ 
17-3:11|2 6 
le; AX-B 
15532523 х 5 
where REM EE сва ші 
1-3 1 2 6 
IPSI 
Now, |A| = 244423 -0 (“С -С:) 
125207 NS 
ducens [55 
! tn Y 
Also, (Adj A) B- У : [Verify (Adj A) yourself] 
S es Le 
58 
2 |) 20 
-58 
Since |A| = 0 and (Adj A) B + 0, 
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58 H Algebra 
0 

= | _5g | whichisundefined. 
0 


The given system of linear equation will have no solution. 


Thus, we find that if |A| = 0 and (Adj А) B + О then the system of equations will have no 
solution. У 


We сай summarise the above finding as: 


ПТТ 9 SI Use matrix inversion method to solve the system of equations: 


2x-y+3z=1 ( 
à 6х-4у-2 @ x42y-3222 Р 
9х+6у = 3 5у-%-3 


Solution; (i) Тһе givensystem in the matrix equation form is 


b ЫЫ 


„Мом, 


4-р g= 6x6-9x4= 36-36-0 


The system has either infinitely solutions ог no solution. 
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Letx=k, then 6k +4у = 2 gives а 


Putting these values of x and y in the second equation, we have 
9k+6 (15%) -3 


=> 18k+6-18k = 6 


Notes 
=> 6=6, which is true. 
The given system has infinitely many solutions, These are 


| 1-3k ; Kid 
х=, у= ree where kis any arbitrary number. 


(ii) The given equations are 


2х-у+32=1 0) 
x-2y-zz2 (2) 
5у-52-3 (3) 
In matrix equation form, the given system of. equations is 
22-1 315 1 
1 2 –|у|ј=|2 
0 5 -51/2 3 
ie, · АХ-В 
2 -1 3 х 1 
where, 47|! E Rem Yd аас 
0 5 -5 2 
13 
отр E 
Now |d-| 2 тї|-2х ж 75) atts 
о: Sieg ха > 


=2(-10+5)+1(-5-0)+3(5_0) 
--10-5415-0 
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The system has either infinitely many solutions orno solution MODULE - I 


Algebra 


Letz=k. Then from (1), we have 2x—y = 1-34; and from (2), we have x+2y = 2+k 


Now, we һауе а system of two equations, namely 


2x-y =1-3k 
x+2y=2+k 


EU — 


2 -1 
Then и- | шалыг 


A” exists. ч ( 
2 


; [2 1115 
Неге, diro 8172 


MIN ta| — 


The solution is.X — 4^! B 


32 4B 4 
4 ДЕ уу Brd 
21734 А 13 
il 2 2-4 kre 
53 5 


x=- 223 уз ke, where kis any number. 


Putting these values of x, У andz in (3), we get 
(1 -жә- 3 


> 5k +3—5k 2322 3=3, whichistrue. 
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The given system of equations has infinitely many solutions, given bv 


3 5 
ie -k+$, v= 5, and 2 = К, where k is any number. 


57 HOMOGENEOUS SYSTEM OF EQUATIONS 


A system of linear equations AX = B with matrix, B = О, a null matrix, is called homogeneous 
system of equations. 


Following are some systems of homogeneous equations: 


ae 2х-5у-32-0 2х+у-32=0 
х+2у= i. шд E 
1o AMD Gi) х-2у+2=0 @) х-2у+2=0 
У 3х-у-6:-0 3х-у-2:-0 
Let us now solve а system of equations mentioned in (ii). 
Given system is 
2х+5у—32=0 
x-2y+z=0 
3х-у-62-0 
In matrix equation form, the system (ii) сап be written as 
2 5 -3|1|х 0 
а DA y: 0 
3 -1 -6|1|2 0 
ie, АХ-О 
2 5 -3 х 0 
where 47|! -2 1 (х= y| and B=| 0 
3 -1 -6 z 0 
Now |4| -202:«1)-5(-6-3)-3-1..6) 
= 26+45-15 
= 50550 
MATHEMATICS 
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Ви В-О->(АфА)В-0. м” 
х 
Thus, "Dh (Adj A) B 
20 


х-0,у-0ап42-0. 5 
ie, the system of equations will have trivial solution. 


Remarks: For a homogeneous system of linear equations, if А z 0 and (Adj A)B - O. 
There will be only trivial solution. 


Now, cousider the system of equations mentioned in (iii): 
2х+у-32 = 0 
х-2у+2= 0 
3х-у-22 = 0 


In matrix equation form, the above system (iii) can be written as 


2.15 ж 0 
-2 1 у= |0 
3 -1--2112 0 
ie, АХ-0 
25 23 x 0 
where, А-|1 -2 1) Х-|у and В-|0 
3 -І -2 2 0 
2 502055 


Now, |4|-|1 -2 1| =2(4+1)-1(-2-3)-3(-1+6) 
3 -І -2) =10+5-15 
-0 


Also, В = О — (444) 8-0 


е 7 
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Thus, 


Notes | => 


0 
A 1 235 0 
у|= = (А40870 
„| Al 0 


The system of equations will have infinitely many solutions which will be non-trivial. 
Considering the first two equations, we get 


2х+у= 32 
х-2у--2 


Solving, we get x =z, у =z, let 2 = К, where kis any number. 


Then x =k, y=kand 2 =kare the solutions of this system. 


Solve the following system of equations, using the matrix inversion method: 


@ .2х43у-4 | 0) х+у=7 
х-2у-5 3x-7y = 11 
() 3х-44у-5-0 () 2х-3у-6-0 
х-2у+6=0 бх+у-8= 0 
Solve the following system ofequations using matrix inversion method: 
(a) x42ysz-3 (0)  2х+3у+2=13 
2Х-у%32-5 3х%2у-2-12 
x+y-z=7 х%у%2:-5 
(с) —x+2y+5z=2 (d) 2х+у-2=2 
2х-3у+= = 15 x*2y-3z--1 
—*ytzz-3 5Х-у-21--1 
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3, Solve the following system of equations, using matrix inversion method: MODULE =| : 
| Algebra 

(a) xty+z=0 (b) 3х-2у%32-0 (с) х+у+1=0 
2x-y+z=0 2х+у-2= 0 > y+z—1=0 
х-2у%32-0 Ах—Зу+22=0 ја+х=0 4 


| 4. Determine whether the following system of equations are consistent or not. Ifconsistent, find 
| the solution: 


| (а) 2x-3y=5 . () 2х-3у-5 
x+y=7 4х-6у-10 
() 3х+у+22=3 (d х+2у-32=0 
-2у-2-7 Ах—у+22=0 
x415y43z - 1 3х--5у-42-0 


• A square matrix is said to be non-singular if its corresponding determinant is non-zero. 


• The determinant of the matrix A obtained by deleting the i^ row and j^ column of A, is 
called the minor of а, It is usually denoted by М,. 


• The cofactor of a, is defined as С,-(-1)”М, 


С Adjoint ofa matrix A is the transpose ofthe matrix whose elements are the cofactors of 
the elements of the determinat of given matrix. Itis usually denoted by Adj A. 


• If A is any square matrix of order n, then 


A (Adj A) = (Adj 4) A= |A| 1, where J, is the unit matrix of order п. 


М Еога ріуеп non-singular square matrix A, if there exists anon-singular square matrix B 
such that 4B = BA = 1, then Bis called the multiplicative inverse of A. Itis written as 
В = А". 

• Only non-singular square matrices have multiplicative inverse. 

. Ifa +b, y = с and a,x + b,y = с, then we can express the system in the matrix 


equation form as 
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C, 
Notes] Ts, «4215 P yai ande- | then 
a, b, y 3 
x 1 Р, -51|4а 
Neon pee ш | | 
ab, = a,b, -а, a 22 
• A system of equations, given by АХ = В, is said to be consistent and has a unique 
solution, if|4| +0, 
• A system of equations, given by AX = В, is said to be inconsistent, if |4| = 0 and 
(Adj А) 820. 5 
• A system of equations, given by AX = B, is said be be consistent and has infinitely 
many solutions, if |4| = 0, and (Adj 4) 8-0, 
• A system of equations, given by AX=B, is said to be homogenous, if B is the null 
matrix. 
e A homogenous system of linear equations, АХ = 0 has only a trivial solution 
x +x, =... х =0, if | #0 
• A homogenous system of linear equations, 4X — O has infinitely many solutions, 
if|4|=0 
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Find |A|, if 
а 21-97% 
DME ZR аа 244750 
-2-324 ro 
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2: Find the adjoint of A, if 


2,73 97 1 -1 5 
(a) A=|-1 4 S (b) A=|3 1 
= 0-4 0552) 


|. Also, verify that A(Adj 4) = ІІ, = (Adj А) A, for (a) and (b) 
| p Find А“, if exists, when 


| 3 6] 2.4 RD 
E 9172 а © iu 


Also, verify that (4) — (4-!y' „Тог (a), (b) and (c) 
4.. Find the inverse ofthe matrix A, if 


1:300 1:352 35:07] Ее 
(a) 4-213 3 0 () 4410 3-1 
| $2 1 90 
| 5. Solve, using matrix inversion method, the following systems of linear equations 
| 
x+2y=4 6x+4y 22 
(a) d (b) Ер 
2х+5у=9 | 9x+6y =3 
2x+yt+z =] 
3 x-y+z=4 
СИА | (d 2x+y-3z=0 
Зу-52 -9 x+y+z=2 
xty-2z-2-1 
() | 3x-2y*z23 
2x+y-z=0 
6 Solve, using matrix inversion method 
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T7: Find non-irivial solution ofthe following system of linear equations: 
Algebra | E 
3x+2y+7z=0 
9 4х-3у-22-0 
5x+9y+23z=0 
8. Solve the following homogeneous equations : 
-.х%у-2-0 х+2у-22 = 0 
-2 = » - = 
(а) x-2y+z=0 (b) 2х+у-32 = 0 
Зх +бу—52 = 0 -5х44у-92-0 


9, Find the value of р” for which the equations 


х+2у+2 = рх 
2х+у+2= ру 
х+у+22 = pz 
have anon-trivial solution 


10. Find the value of 4 for which the following system of equation becomes consistent 


2x-3y+4=0 
5х-2у-1-0 
21x-8y*A = 0 
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1. (а)-12 (b) 10 
3; (а)М,-4;М,-7;М,--І; M, =3 
(b) M,,= 5; M,,= 2; M, = 6; М„=0 
4, (a) М„= 11; М,,-7; M,-1 
(b) M,,=-13; М„=-13; M,=13 
5. (губ Со 201 
(b) 6,46 Cy= 5s Cy 7 4 C= 0 
ЕС: (a) С,-1; C,7 -8 C2 
(b) C,,=-6; C, - 10; C,,=2 


CHECK YOUR PROGRESS 5.2 


622 а -b 
Р (а) -3 2 ae -с a 


ретеу? | 
0. (у =] 


CHECK YOUR PROGRESS 5.3 


An 
25-53 10 
1; (а) Ё T (b) 21 
10 
17285 qx 
5 5 5 
EUN oet 
22 56 1 
5 5 >} быы 


2.(a)singular (b)non-singular 


4 


cosa -sing 
sina соза 


1 T 
3 3 
+ aak 
3.512 
24748 

3, АД 
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D aie нгийн 1 
Ё 50924051 


1 (а) х-2 -2 
4 a quy, 7 
0) х=бу= 
Зулын 23 
с cilio ЈЕ ел 
I ae TATO 
=] Л 
(d) C ro uS 
NIE 2 21 
a x=—, у=--=2==— 
(а) Ho ry T 


(b) x=2, y=3,z=0 
(c) x=2ey==3,7 32 
(d) х= ул-2125-2 


(5) х-0,у-0,2-0 
() x=0, у=0, 2=0 


(b) Consistent; infinitely many solutions 
(с). Inconsistent 


(d) Trivial solution, x = y = z = 0 


O See et 
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ЭГ... 
4: -3 -5 
122528 с=т] 
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85 qM 


36 12 
Prud В 
T 7 
(ЧЕ ној 
4i 7 
mi цев) 
Ч 14 
(0) Е isi 
7 14 


с 
= 
га 
! 
aj У 
! 
AF 
| 
TR £L tj 
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! Algebra 5 (a) х-2,у-1 
12 
ak, ус 75 
0) *mho кс оа 
© rel у= 522-5. 


() х-2,у--1,2-1 


1 1 
хэ-,уз--,1з 
(е) CO apod 


Nl 


х=2, = 3,255 
x=-k, y=-2k, z=k 


(a) x =k, y=2k, 25038 


()х-у-2-Е 
р-1,-1,4 
4--5 
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LINEAR INEQUATIONS AND 
THEIR APPLICATIONS 


You have already read about linear and quadratic equations in one or two variables. You 
have also learnt the methods of solving the linear and quadratic equations and have applied 
this knowledge in solving word problems from daily life. 


Some times, it is not possible to translate a word problem in the form of an equation. Let 
us consider the following situation: 5 


Alok goes to market with Rs. 30 to buy pencils. The cost of one pencil is Rs. 2.60. Ifx 
denotes the number of pencils which he buys, then he will spend an amount of Rs. 2.60x. 
This amount cannot be equal to Rs. 30 as x is a natural number. Thus. 

2.60 x « 30 .40) 


Let us consider one more situation where a person wants to buy chairs and tables with 
Rs. 50,000 in hand. A table costs Rs. 550 while a chair costs Rs. 450. Let х be the 
number of chairs and y be the number of tables he buys, then his total cost = 


Rs.(550 x + 450 y) 
Thus, in this case we can write, 550x + 450y 5 50,000 


or Пх+9у < 1000 i 2.04) 


Statement (i) involves ће sign of inequality << and statement (ii) consists of two statements: t 


11х+9у < 1000, 11x+9y = 1000 in which the first one is not an equation: Such statements 
are called Inequations. . 


In this lesson, we will discuss linear inequations and solve problems related to diet, business 
and transportation using graphical method. ; 
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Linear Inequations And Their Applications 


After studying this lesson, you will be able to: 
e — differentiate between a linear equation anda linear inequation; 

e state thata planar region represents the solution ofa linear inequation; 

e represent graphically a linear inequation in two variables; 

e show the solution ofan inequation by shading the appropriate region; 

e — solve graphically a system of two or three linear inequations in two variables: 

e define the terms such as objective function, constraints, feasible region, optimisation; 
e formulate problems related to diet, business, transportation, etc; and 

solve above problems using graphical method, 


Solution of linear equations in one or two variables. 
e _ Graphoflinear equations in one or two variables ina plane, 


e Graphical solution ofa system of linear equations in two variables, 


In this lesson we will discuss more about linear inequations and their 
applications from daily life. A statement involving а sign of equality (=) is an equation. 


Similarly, a statement involving a sign of. inequality, <>; <,0г > iscalled an inequation. 


Some examples of inequations are: 


(i) 2x+5>0 ()3х-7-«0 

(iii) ax+b>0,a x 0 (iy) ax*b < са + 0 
(03x +4у < 12 (Vi) x! – 5 +.6<0 
(vii) ax * by -- c » 0 


(v) and (vii) are inequations intwo variables and all other inequations are in one variable. (i) to 
(v) and (vii) are linear inequations and (vi) is a quadratic inequation. 


Inthis lesson, we shall study about linear inequations in one or two variables only. 


6.2 SOLUTIONS OF LINEAR INEQUAT IONS IN ONE/TWO VARIABLES 


Solving an inequation means to find the value (or Values) of the variable (s), which when substituted 
in the inequation, satisfies it. 


For example, for the inequation 2.60x<30 (statement) (i) all values of x «11 are the solutions. 
(x is a whole number) 
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For ће inequation 2x + 16>0, where x is a real number, all values of x which are >— 8 are ће 
solutions. 


For the linear inequation in two variables, like ax + by + с > 0, we shall have to find the pairs of 
values of x and y which make the given inequation true. 


Let us consider the following situation : 


Anil has Rs. 60 and wants to buy pens and pencils from a shop. The cost of a реп is Rs. 5 and 
that ofa pencil is Rs. 3 Ifx denotes the number of pens and y, the number of pencils which Anil 
buys, then we have the inequality 5x+3 y < 60 (7) 


Here, x = 6, у = 1015 one of the solutions of ће іпедџайоп (1). Similarly x=5, y=11;x=4, 
у= 13; х= 10, у = 3 are some more solutions of the inequation. 


Іп solving inequations, we follow the rules which are as follows : 
1. Equal numbers may be added (ог subtracted) on both sides of an inequation. 
Thus (i) ifa>bthena+c>b+canda—c>b—c 
and (ii) ifa < bthena+d<b+danda-—d<b-d 
2. Воі sides ofan inequation can be multiplied (or divided) by the same positive number. 


| a b 
Thus (i) if a> b and c > 0 then ac > bc and 70 


„= 


да 
and (ii) ifa € b and с > 0 then ac < bc and E 


3. When both sides of. ап inequation are multiplied by the same negative number, the sign of 
inequality gets reversed. 


а 5 
Thus (i) if a» b and d « 0 then ad < bd and теў 


a.b 
and (ii) ifa < b and с <0 then ac > bc and ibm: 


6.3 GRAPHICAL REPRESENTATION OF LINE; NEQUATIONS IN ONE OR 


TWO VARIABLES, 


In Section 6.2, while translating word problem of purchasing pens and pencils, we obtained the 
following linear inequation in two variables x and у: 
ix S S OU а (i) 


. Letusnow findall solutions of this inequation, keeping in mind that x and y here can be only 
whole numbers. 


То start with, let x = 0. 
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MODULE - | Thus, we have 3y < 60 or y < 20, i,e the values of y corresponding to 
Algebra х= 0 can be 0,1,2,3....——., 20 only Thus, the solutions with x = 0 are 


КОВ О AE e a (0, 20) 
Similarly the other solutions of the inequation, when x= 12, ...12 are 
(0) (118112) s Ree йы. (1,18) 
i ЛИОН ea БК РА УНЕ РАНИ ea (2,16) 


(10,0) (10,1) (10,2), (10,3) 
(1,0) (11,1) г 
- (12,0) 


You may note that out of the above ordered pairs, 
some pairs such as (0,20), (3, 15), (6, 10), (9, 5), 
(12,0) satisfy the equation 5x + Зу = 60 which is a 
part of the given inequation and all other possible 
‘solutions lie on one of the two half planes in which 
the line Sx + 3y = 60, divides the xy - plane. 


If we now extend the domain of x and у from whole 
numbers to real numbers, the inequation 5x + 3у <60 
will represent one ofthe two half planes in which the 
line 5x + 3y — 60, divides the xy-plane. 


Thus we can generalize as follows : 


If a,b,c, are real numbers, then ах + by + c = 0 is called a linear equation in two variables x and 
у, where as ax + by +c < O or ax + by c > 0, ax + by + c>0 and ax + by + c « 0 аге called 
linear inequations in two variables x and y. 


The equation ax + by + c = 0 isa straight line which 
divides the xy plane into two half planes which are 
represented by ах+ by ёс» 0 and ax t by*c <0. 
For example 3x + 4y — 12 = 0 can be represented by 
line AB, in the xy - plane as shown in Fig. 6.2 


The line AB divides the cordinate plane into two half - 
plane regions : 


(i) - -half plarie region I above the line АВ 


(i)  halfplane region II below ће line AB. One of 
the above region represents the inequality 
Зх 4y -12 <0 ..(i) and the other region will 
be represented by 3x + 4y — 12 » 0... (ii) 
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To identify the half plane represented by inequation (i), we take any arbitrary point, preferably MODULE - | 
origin, ifit does not lie on AB. If the point satisfies the inequation (i), then the halfplanein which | Algebra - 
the arbitrary point lies, is the desired half plane. In this case, taking origin as the arbitrary point : 
we have 


0:0-12<0і.е-12<0. Thus origin satisfies the inequation 3x +4у—12 <0. Now, origin lies in 
half plane region П. Hence the inequalty 3x + 4у-12 < 0 represents half plane II and the 
inequality 3x + 4y— 12 >0 will represent the half plane 1 


Show on graph the region represented by the inequation x + 2y > 5. 


Solution : The given inequation is x + 2y 7 5 


Let us first take the corresponding linear equation x + 2y = 5 and draw its graph with the help 
ofthe following table : у 


р КЕИ КШ КЕ 
Since (0,0) does not lie on the line AB, so we can select (0,0) as the arbitrary point. Since 
0+0>5 is not true 


The desired half plane is one, in which origin does not lie 


The desired half plane is the shaded one (See Fig. 6.3) 


Fig. 6.3 


Before taking more examples, it is important to define the following : 


(i) Closed Half Plane: А half plane is said to be closed half plane if all points on the line 
separating the two half planes are also included in the solution of the inequation. The Half 
plane in Example 6.1 is aclosed half plane. 


! 
(ii) An Open Half Plane: A half plane in ће xy plane is said to be an open half plane if the 
points on the line separting the planes are not included in the half plane. 


Draw the graph of inequation x — 5у> 0 


Solution : The given inequation is x—Sy>0 


nean . 
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MODULE - | | The corresponding linear equation is 
Algebra x—5y—0 we have the following table. 


The line AOB divides xy - plane into two half 
planes Land TI. As the line AOB passes through 
origin, we consider any other arbitrary point 
(say) P (3,4) which is in half plane I. Let us see ` 
whether it satisfies the given inequation 
х-5у>0 


Then 3 - 5 (4) > 0 or -20»0,ог 
—17 > 0 which is not true Fig. 6.4 


2. The desired half plane is П 


Again the inequation is a strict inequation х-5у>0 


Line АОВ is not a part of the graph and hence has 
been shown as a dotted line. 


Hence, the graph ofthe given inequation is the shaded 
region half plane II excluding the line AOB. 


Represent graphically the inequation 
3x-12>0 


Solution : Given inequation is 3x –12 > 0 and the 
corresponding linear equation is 3x-12 = 0 orx —4 =0 
orx =4 which is represented by the line ABC on the xy 
- plane 

(See Fig. 6.5). Taking (0,0) as the arbitrary point, we can 
say that 0 $4 and so, half plane II represents the 
inequation 3x —12 > 0 


Solve graphically the 


inequation 2y+4 > 0 


Solution : Here the inequation is 
2у%4> О and the corresponding equation 
is2yt4-0ory--2. ( | 


The line ABC represents the line 
у=- 2 which divides the xy - plane into 
two half planes and the inequation 
2y + 4 > 0 is represented by the 
half plane I. 
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Represent the solution of each of the following inequations graphically in two dimensional plane: 


1, 42-8 2: х-2у-0 

3 3x+6>0 4. 8-2у>2 Notes 
5. Зу>б-—2х 6. 3x>0 

7,1 ШЕ 8  y»2x-8 

9 


6. “АК INEQUATIONS IN 


You already know how to solve a system of linear equations in two variables, 


Now, you have also learnt how to solve linear inequations in two variables graphically, We 
will now discuss the technique of finding the solutions ofa system of simultaneous linear inequations. 
By the term solution ofa system of simultaneons linear inequations we mean, finding all ordered 
pairs (х,у) for which each linear inequation of the system is satisfied. 


A system of simultaneous inequations may have no solution or an infinite number of solutions 
represented by the region bounded or unbounded by straight lines corresponding to linear 
inequations. 
We take the following example to explain the technique. 
Solve the following system of inequations graphically: 
x+y>6; 2х-у>0. 


Solution : Given inequations are 


and =. 2x-y>0..... (ii) 


We draw the graphs of the lines x + y = 6 and 
2x —y = 0 (Fig. 6.7) 


The inequation (i) represent the shaded region 
above the line x + у = 6 and inequations (ii) 
represents the region on the right of the line 
2х-у=0 

The common region represented by the 
double shade in Fig. 6.7 represents the 
solution of the given system of linear 


inequations. 
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TIE Find graphically the solution ofthe following system of linear inequations : 
. / 
х+у<5, 4х+у> 4, х%5у>5, х<%у<3. 


Solution : Given inequations are 


XC Е. (1) 
AxcRy БА ла (8) 
тав АЗ Mette (iii) 
Аа 772), (iv) 
апау Мы, (v) 


We draw the graphs of the lines 
x+y=5, 4x+y=4, х+5у=5, 
х= 4and y - 3 (Fig. 6.8) 


The inequation (i) represents the region 
below the line x +y = 5. The inequations 
‚ | Gi) represents the region on the right of equation 4x + y = 4 and the region above the line 
x+ 5у= 5 represents the inequation (iii). Similarly after shading the regions for inequations (iv) 
and (v) we get the common region as the bounded region ABCDE as shown in (Fig. 6.8) The 
co-ordinates of the points of the shaded region satisfy the given system of inequations and. 
therefore all these points represent solution of the given system. 


Solve graphically the 
following system of inequations : 


3x +4y> 12 
х>0 
у>0 


x+2y < 3, 3х +4у > 12, x 2 y > 0. 


Solution : We represent the inequations 
x+2y < 3,3x+4y > 12,x > фу > 0 by 
shading the corresponding regions on the 
graph as shown in Fig. 6.9 


Here we find that there is no common region 
represented by these inequations. Fig. 6.9 


We thus conclude that there is no solution of 

the given system of linear inequations. 

Solve the following system of linear inequations graphically Е 
х-у<2, 2х+у<6;х> у > 0. 

Solution : The given inequations are 


x-y<2 40) 
2x y«6 ... (ii) 
х>0;у>0 ... (iii) 


ME ВШ COEM TIS 
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After representing the inequations 


x—y<2,2x+y<6,x>0 and у > 0 on the graph we find the common region which is the 
bounded region ОАВС as shown in Fig. 6.10 


22 
98296 


3. 2x*y-320,x-2y*1« 0. 


4. 3x+4y < 12, 4x*3y «12, x 20, y20 
5.: xS 3,3х+4у< 18, 7x-4y +1420, х-6у<3, x 20, y z0 


6 х+ур 9, 3х+ур 12,х> 0, у> 0 
Te хіу>1;2х%3у<6,х > 0,y > 0. 


8. х%3у>10х%2у<3,х-2у<2х>0;у>0 


6.5 INTRODUCTION TO LINEAR PROGRAMMING PROBLEM 


A toy dealer goes to the wholesale market with Rs. 1 500.00 to purchase toys for selling. In the 
market there are various types of toys available. From quality point of view, he finds that the toy 
of type ‘A’ and type “В” are suitable. The cost price of type ‘A’ toy is Rs. 300 each and that of 
type “В” is Rs. 250 each. He knows that the type ‘А’ toy can be sold for Rs. 325 each, while 
the type “В” toy can be sold for Rs. 265 each. Within the amount available to him he would like 
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to make maximum profit. His problem is to find out how many type ‘A’ and type ‘B’ toys should 
Algebra 


be purchased so as to get the maximum profit. 


He can prepare the following table taking into account all possible combinations of type ‘A’ and 
type “В” toys subject to the limitation on the investment. 


Ф А 
“В” type | Investment [Amount after sale Profit on the 
(including investment 
the unutilised 
, amount апу) 


1500.00 1590.00 


1300.00 1385.00 
1350.00 1445.00 
1400.00 1505.00 
1450.00 1565.00 
1500.00 1625.00 


Now, the decision leading to maximum profit is clear. Five type A toys should be purchased. 


The above problem was easy to handle because the choice was limited to two types, and the 
number of items to be purchased was small. Here, all possible combinations were thought of 


and the corresponding gain calculated. But one must make sure that he has taken all possibilities 
into account. 


Asituation faced by a retailer of radio sets similar to the one given above is described below. 


Aretailer of radio sets wishes to buy a number of transistor radio sets from the wholesaler. 
There are two types (type A and type B) of radio sets which he can buy. Type A costs Rs.360 
each and type B costs Rs. 240 each. The retailer can invest up to Rs. 5760. By selling the radio 
sets, he can make a profit of Rs. 50 on each set of type A and of Rs. 40 on each set of type B. 
How many of each type should he buy to maximize his total profit? 


Here we have to maximize the profit. Sometimes We come across a problem in which the costs 
are to be minimized. Consider (ће following problem : 


Two tailors A and Bearn Rs.1 50 and Rs.200 per day respectively. A can stitch 6 shirts and 4 
pants per day, while B can stitch 4 shirts and 7 pants per day. How many days shall each work 
ifthey want to produce at least 60 shirts and 72 pants at a minimum labour cost? 


Inthis problem we have to minimise the labour cost. 
These types of problems of maximisation and minimisation are called optimisation problems. 


The technique followed by mathematicians to solve such problems is called ‘Linear 
Programming’. 
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6.5.1 HISTORICAL BACKGROUND 


The technique of linear programming is of recent origin. It started during the second world war, 
. whenthe war operations had to be planned to economise the expenditure, minimise losses and 
maximise the damage to the enemy. 


The first problem in linear programming was formulated in 1941 by the Russian mathematician 
L.Kantorovich and the American economist F.L. Hilcheock, both of them worked independently. 
This is the well known transportation problem which forms a branch of linear programming. 


In 1945, an English economist, G.Stigler, described yet another linear programming problem- 
that of determining an optimal diet. Mainly this problem was to determine the quantities of 77 
foods that are to be bought not only at the minimum cost, but also to satisfy minimum requirements 
of nine nutritive elements. 


In 1947, an American economist G.B. Dantzig published a paper in the famous journal 
‘Econometrics’ wherein he formulated the general linear programming problem. Dantzig is also 
credited with using the term ‘Linear Programming’ and for solution of the problem by analytical 
methods. 


Іп 1974, L. Kantorovich was awarded the Noble Prize for Economis for his work on these 
problems together with another famous American mathematical-economist T.C. Koopmans. 


6.6 DEFINITIONS OF VARIOUS TERMS INVOLVED IN LINEAR 
PROGRAMMING 


Aclose examination of the examples cited in the introduction points out one basic property that 
all these problems have in common, i.e., in each example, we were concerned with maximising 


or minimising some quantity, 


In Examples 1 and 2, we wanted to maximise the return on the investment. In Example 3, we 
wanted to minimise the labour cost. In linear programming terminology the maximization or 
minimization ofa quantity is referred to as the objective of the problem. 


6.6.1 OBJECTIVE FUNCTION 


Ina linear programming problem. 2, the linear function of the variables which is to be optimized 
is called objective function. 


Here, a linear form means a mathematical expression of the type 
ах а,х,%....%а,Х,, 
where а, а, а, are constants and ҳу, х, x, are variables. 


In linear programming problems, the products, services, projects etc. that are competing with 
each other for sharing the given limited resources are called the variables or decision variables. 


6. 6.2 CONSTRAINTS 


The limitations on resources (like cash in hand, production capacity, man power, time, machines, 
etc.) which are to be allocated among various competing variables are in the form of linear 
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equations or inequations (inequalities) and are called constraints or restrictions. 
6. 6.3 NON-NEGATIVE RESTRICTIONS 


All decision variables must assume non-negative values, as negative values of physical quantities 
isan impossible situation. 


6.7 FORMULATION OF A LINEAR PROGRAMMING PROBLEM 


The formulation ofa linear programming problem as amathematical model involves the following 
key steps. 4 


Step 1: Identify the decision variables to be determined and express them іп terms of algebraic 


symbols such as x, x, x, .......... 


Step 2: Identify all the limitations in the given problem and then express them as linear equations 
or inequalities in terms of above defined decision variables. 


Step 3: Identify the objective which is to be optimised (maximised or minimised) and express 
it as a linear function of the above defined decision variables. 


A retailer wishes to buy a number of transistor radio sets of types A and В. 
Туре А cost Rs.360 each and type В cost Rs. 240 each. The retailer knows that he cannot sell 
more than 20 sets, so he does not want to buy more than 20 sets and he cannot afford to pay 
more than Rs.5760. His expectation is that he would get a profit of Rs.50 for each set of type 
A and Rs.40 for each set of type B. Form a mathematical model to find how many of each type 
should be purchased in order to make his total profit as large as possible? 


Solution : Suppose the retailer purchases x, sets of type A and х, sets of type В. Since ће 
number of sets of each type is non-negative, so we have 


x20, --0) 


Also the cost of x, sets of type A and х, sets of type Bis 360 x, +240 x, and it should be 
equal to or less than Rs.5760, that is, 


360x, +240 x, 55760 
or 3x, +2x, <48 (3) 
Further, the number of sets of both types should not exceed 20, so 


x +х, 5 20 -49) 


Since the total profit consists of profit derived from selling the х, type A sets and x, туре 8 


mS 


‚ E 
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sets, therefore, the retailer earns a profit of Rs.50 x, on type А sets and Rs.40 x, on type В Algebra ' 
sets. So the total profit is given by : 
z=50x, + 40x, (5) 


Hence, the mathematical formulation ofthe given linear programming problem is as follows : 


Find x, x, which 
Maximise z= 50x, + 40x, (Objective function) subject to the conditions 


3x, + 2x, S48 
x +х, $20 
x,20,x,20 


Constraints 


A soft drink company has two bottling plants, one located at P and the other 
at Q. Each plant produ ces three different soft drinks А, B, and C. The capacities ofthe two 
plants in terms of number of bottles per day, are as follows : 


A 3000 1000: 


B 1000 1000 
С 2000 6000 


А market survey indicates that during the month of May, there will be a де jand for 24000 
bottles of A, 16000 bottles of B and 48000 bottles of C. The operating cost регдау of running 
plants P and Q are respectively Rs.6000 and Rs.4000. How many days should the-firm run 
each plant in the month of May so that the production cost is minimised while still meeting the 
market demand. " 


Solution : Suppose that the firm runs the plant P for x, days and plant Q for x, days in the 
month of May in order to meet the market demand. ` 


The per day operating cost of plant P is Rs.6000. Therefore, for x, days the operating cost will 
be Rs.6000 x, . 

The per day operating cost of plant Q is Rs.4000. Therefore, for x, days the operating cost 
will be Rs.4000 x. . 

Thus the total operating cost oftwo plants is given by : 


z=6000x, + 4000x, --0) 
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Plant Р produces 3000 bottles of soft drink A per day. Therefore, in х, days plant P will 
produce 3000 x, bottles of soft drink A. 


Plant Q produces 1000 bottles of soft drink А per day. 
Therefore, in x, days plant Q will produce 1000 x, bottles of soft drink A. 


Total production of soft drink А in the supposed period is 3000 x, + 1000 x, 


But there will be a demand for 24000 bottles of this soft drink, so the total production of this 
soft drink must be greater than or equal to this demand. 


3000x, +1000x, 224000 


or 3x, +x,224 -40) 
Similarly, for the other two soft drinks, we have the constraints 


1000х, +1000x, 216000 

o =x, +x, 216 (3) 
and 
2000х, + 6000x, > 48000 

or =x, + 3x, 224 --(4) 


x, and x, are non-negative being the number of days, so 
хе Ox 0 --(5) 
Thus our problem is to find x, and x, which 


Minimize 2 = 6000х, + 4000х, (objective function) 


subject to the conditions 


3x, + x, 224 
Xx +x, 216 
constr. 

x +3x, 224 ne 


and x, 20, x, 20 


СИИ. firm manufactures two types of poducts 4 and B and sells them at a profit 
of Rs.2 on type Aand Rs3 on type B. Each product is processed on two machines G and H. 
Type A requires one minute of processing time оп G and 2 minutes on H, type В requires опе 
minute on С and one minute on H. The machine Gis available for not more than 6 hours and 
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40 minutes while machine His available for 10 hours during one working day, Formulate the 
problem ава linear programming problem so as to maximise profit. 


Solution : Let x, be the number of products of type A and x, be the number of products of 
type B. 


The given information in the problem can systematically be arranged in the form of following 
table : 


Machine Processing time of the products Available time 
Би tars eem 
Type B(x ui) 
gium 
i er vro аы 


H 
is 


Since the profit on type А is Rs.2 per product, so the profiton selling x, units of type A will be 


2x, Similarly, the profit on selling x, units of type В will be 3x, Therefore, total profit on 
selling x, units of type A and x, units of type B is given by ( 
z=2x,+3x, (objective function) --0) 


Since machine G takes 1 minute time on type A and 1 minute time on type B, therefore, the total 
number of minutes required on machine С is given by 


ХН 


Ви! ће machine G is not available for more than 6 hours and 40 minutes (i.e., 400 minutes). 
Therefore, 


x, + x, < 400 2) Г 

Similarly, the total number of minutes required on machine H is given by 
2x, X, 

Also, the machine H is available for 10 hours (i.e., 600 minutes). Therefore, 
2x, + x, S 600 --(3) 

Since, it is not possible to produce negative quantities, so 


x, 20, x, 20 00 
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Thus, the problem is to find x, and x, which 
Maximize 2 = 2x, + 3x, (objective function) 


subject to the conditions 


x, + x, < 400 
2x, + x, < 600 


x 20, x, 20 


A furniture manufacturer makes two types of sofas — sofa of type A and sofa 
of type B. For simplicity, divide the production process into three distinct operations, say 
carpentary, finishing and upholstery. The amount of labour required for each operation varies. 
Manufacture ofa sofa of type A requires 6 hours of carpentary, 1 hour of finishing and 2 hours 
of upholstery. Manufacture of a sofa of type B requires 3 hours of carpentary, 1 hour of 
finishing and 6 hours of upholstery. Owing to limited availability of skilled labour as well as of 
tools and equipment, the factory has available each day 96 man hours of carpentary, 18 man 
hours for finishing and 72 man hours for upholstery. The profit per sofa of type A is Rs.80 and 
the profit per sofa of type B is Rs. 70. How many sofas of type A and type B should be 
produced each day in order to maximise the profit? Formulate the problemsas linear programming 
problem. 

Solution : The different operations and the availability of man hours for each operation can be 
put inthe following tabular form : 


Sofa of type A | Sofa of type B | Available labour 


Operations 


Carpentary 6 hours 3 hours 96 man hours 
Finishing 1 hour 1 hour 18 man hours 
Upholstery 2 hours 6 hours 72 man hours 


Let x, be the number of sofas of type А and x, be the number of sofas of type B. 


In order to achieve a large profit, one need only to manufacture a large number of sofas of type 


A and type В. But, owing to restricted availability of tools and labour, the factory cannot 
manufacture an unlimited quantity of furniture, 


Each row of the chart gives one restriction. The first row says that the amount of carpentary 
required is 6 hours for each Sofa of type А and 3 hours for each sofa of type B. Further, only 96 
man hours of carpentary are available per day. We can compute the total number of man hours 


of carpentary required per day to produce x, sofas of type A and x, sofas of type B as 
follows : 
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Number of man - hours per day of carpentary MODULE - | 


= { (Number of hours carpentary per sofa of type A) x (Number 
of sofas of type A) } 
+ { (Number of hours carpentary per sofa of type B) x 
(Number of sofas of type B) } 


Algebra 


= 6x, + 3x, 

The requirement that at most 96 man hours of carpentary per day means 
бх, + 3x, € 96 

or = 2x, +x, <32 523 


Similarly, second and third row of the chart give the restrictions on finishing and upholstery 
respectively as 


x, +x, «18 --(2) 
апа 
2x + 6x, < 72 
or х,%3х,<36 -..(3) ( 
Since, the number of the sofas cannot be negative, therefore 
x,20,x,>0 +++ (4) 


Now, the profit comes from two sources, that is, sofas of type A and sofas of type B. Therefore, 
Profit = (Profit from sofas of type A) + (Profit from sofas of type В) 
= { (Profit per sofa of type A) x (Number of sofas of type A) ) 
+ { (Profit per sofa of type B) x (Number of sofas of type B) } 
2 = 80x, + 70x, (objective function) --- (5) 
Thus, the problem is to find x, and x, which 
Maximize z = 80 x, + 70x, (objective function) 
subject (о the constraints 
2x, + x, $32 
x, +x, £18 
x, + 3x, < 36 (Constraints) 
x, 20,x, 20 
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6.8 GEOMETRIC APPORACH OF LINEAR PROGRAMMING PROBLEM 


Let us consider a simple problem in two variables x and y. Find x and y which satisfy the 
following equations 


Linear Inequations And Their Applications” 


CHECK YOUR PROGRESS 6.3 


A company is producing two products A and B. Each product is processed on two 
machines G and H. Type A requires 3 hours of processing time on G and 4 hours on 
H; type B requires 4 hours of processing time time оп G and 5 hours on H. The available 
time is 18 hours and 21 hours for operations on G and H respectively. The products A 
and В can be sold at the profit of Rs. 3 and Rs. 8 per unit respectively. Formulate the 
problem as a linear programming problem. 


A furniture dealer deals in only two items, tables and chairs. He has 
Rs. 5000 to invest and a space to store at most 60 pieces. A table costs him Rs. 250 and 
achair Rs. 50. He can sell a table at a profit of Rs. 50 and a chair at a profit of Rs. 15. 
Assuming, he can sell all the items that he buys, how should he invest his money in order 
that may maximize his profit? Formulate a linear programming problem. 


A dairy has its two plants one located at P and the other at Q. Each plant produces two 
types of products A and B in | kg packets. The capacity of two plants in number of 
packets per day are as follows: 


Products 


2000 1500 
4000 6000 


A market survey indicates that during the month of April, there will be a demand for 
20000 packets of 4 and 16000 packets of B. The operating cost per day of running 
plants P and Q are respectively Rs.4000 and Rs.7500. How many days should the firm 
run each plant in the month of April so that the production cost is minimized while still 
meeting the market demand? Formulate a Linear programming problem. 


A factory manufactures two articles 4 and B. To manufacture the article A, a certain 
machine has to be worked for 1 hour and 30 minutes and in addition a craftsman has to 
work for 2 hours. To manufacture the article B, the machine has to be worked for 2 
hours and 30 minutes and in addition the craftsman has to work for 1 hour and 30 
minutes. In a week the factory can avail of 80 hours of machine time and 70 hours of 
craftsman's time. The profit on each article А is Rs.5 and that on each article B is Rs.4. 
Ifall the articles produced can be sold away, find how many of each kind should be 
produced to earn the maximum profit per week. Formulate the problem as a linear 
programming problem. 


x+y=4 
3x + 4y =14 
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Solving these equations, we get x =2 and y=2. What happens when the number of equations 
and variables are more? 


Can we find a unique solution for such system of equations? 


However, a unique solution for a set of simultaneous equations in n-variables can be obtained 
if there are exactly n-relations. What will happen when the number of relations is greater than 
or less then n? 


A unique solution will not exist, but a number of trial solutions can be found. Again, ifthe 
number of relations are greater than or less than the number of variables involved and the 
relation are in the form of inequalities. 


Can we find a solution for such a system? 


Whenever the analysis of a problem leads to minimising or maximising a linear expression in 
which the variable must obey a collection of linear inequalities, a solution may be obtained using 
linear programming techniques. One way to solve linear programming problems that involve 
only two variables is geometric approach called graphical solution of the linear programming 
problem. 


6.9 SOLUTION OF LINEAR PROGRAMMING PROBLEMS 


In the previous section we have seen the problems in which the number of relations аге not 
equal to the number of variables and many of the relations are in the form of inequation 
(i.e., < or >) to maximise (or minimise) a linear function of the variables subject to such 


conditions. 
Now the question is how one can find a solution for such problems? 


To answer this questions, let us consider the system of equations and inequations (or inequalities). 


М 
t 0 t 
х о x 
y 
Fig. 6.11 Fig. 6.12 


We know that x > 0 represents a region lying towards the right of y - axis including the y - axis. 
Similarly, the region represented by y 7 0, lies above the x - axis including the x-axis. 
The question arises: what region will be represented by x 2 0 and у> 0 simultaneously. 
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Уу Fig. 6.13 


| Obviously, the region given by x 7 0, у> 0 will consist of those points which are common to 


both x> 0 and у> 0. It is the first quadrant of the plane. 


Next, we consider the graph of the equation x -- 2y « 8. For this, first we draw the line 
x +2y=8 and then find the region satisfying x + 2y « 8. 


Usually we choose x = 0 and calculate the corresponding value of y and choose y = 0 and 
calculate the corresponding value of x to obtain two sets of values (This method fails, if the line 
is parallel to either of the axes or passes through the origin. In that case, we choose any 
arbitrary value for x and choose y so as to satisfy the equation). 


Plotting the points (0,4) and (8,0) and joining them by a straight line, we obtain the graph ofthe 
line as given in the Fig. 6.14 below. 
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We have already seen that x > 0 and y>0 
represents the first quadrant. The graph given y 
by x + 2y <8 lies towards that side of the line 
x +2y=8 in which the origin is situated because 
any point in this region will satisfy the inequality. 


Hence the shaded region in the Fig. 6.15 
represents x > 0, y > 0 апіх + 2у < 8 y 


Similarly, if we have to consider the 
regions bounded by x > 0, y > 0 y 
and x + 2y > 8, then it will lie in | 
the first quadrant and on that side 
of the line x + 2y = 8 in which the 
origin is not located. The graph is 


shown by the shaded region, in 
Fig. 6.16 


The shaded region in which all the 
given constraints are satisfied is 
called the feasible region. У Fig. 6.16 


6.9.1 Feasible Solution 

A set of values of the variables of a linear programming problem which satisfies the set of 
constraints and the non-negative restrictions is called a feasible solution of the problem. 
6.9.2 Optimal Solution 


A feasible solution ofa linear programming problem which optimises its objective functions is 
called the optimal solution of the problem. 


In order to find a graphical solution of the linear programming problem, following 
steps be employed. 


Step 1 : Formulate the linear programming problem. 
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Step 2 : Graph the constraints (inequalities), by the method discussed above. 


"Step 3 : Identify the feasible region which satisfies all the constraints simultaneously. For less 


than or equal to’ constraints the region is generally below the lines and ‘for greater than 
or equal to’ constraints, the region is above the lines. 


Step 4 : Locate the solution points on the feasible region. These points always occur at the 
vertex of the feasible region. 


Step 5: Evaluate the objective function at each of the vertex (corner point) 
Step 6 : Identify the optimum value of the objective function. 


Ехашрїс 6.13 Minimise the quantity 
2=% +2% 
subject to the constraints 


% +x, 21 
x 2.0.x, 2 0 


Solution : The objective function to be minimised 15 
2-х + 2x, 
subject to the constraints 


хүжх,21 
x, 20, x, 20 


First ofall we draw the graphs of these inequalities, which is as follows : 
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! : 2 MODULE - | 
As we have discussed earlier that the region satisfied by x, > 0 and x, > 0 isthe first quadrant 


and the region satisfied by the line x, + x, > lalong with x, > 0, x, > 0 willbe on that side 


Algebra 


of the line x, + x, = 1 in which the origin is not located. Hence, the shaded region is our 


feasible solution because every point in this region satisfies all the constraints. Now, we have to 
find optimal solution. The vertex of the feasible region are А (1,0) and B (0,1). 


The value of zat A=1 
The value оҒ2 at B=2 


Take any other point in the feasible region say (1,1), (2,0), (0,2) etc. We see that the value of 
zis minimum at A (1,0). 


ОТТА ЕЙ Minimise the quantity 


2= х + 2x, 
subject to the constraints 
ж soc] 
2x, 54x, 2:3 
Ж 20:3 =O 
Solution : The objective function to be minimised is ( 
2= х + 2x, 
subject to the constraints 
x + 21 


2x, + 4x, 23 
x, 20,x, 20 


First ofall we draw the graphs of 
these inequalities (as discussed 
earlier) which is as follows : 


The shaded region is the feasible 
region. Every point in the region 
satisfies all the mathematical 
inequalities and hence the feasible 
solution. 
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Now, we have to find the optimal solution. 
The value of zat В (1.5,0) is 1,5 


The value of z at C (0.5, 0.5) is 1.5 
The value of zat E (0,1) is2 


B 
If we take any point on the line 2x, + 4x, = 3 between Band C we will get 2 and elsewhere 


in the feasible region greater than i . Of course, the reason any feasible point (between B and 
C)on 2x, + 4х, = 3 minimizes the objective function (equation) 2 = x, + 2x, is that the two 
lines are parallel (both have slope - 5 ). Thus this linear programming problem has infinitely 
many solutions and two of them occur at the vertices. 
[Example 6.15 ШЕ 

2 = 0.25 x, +.0.45x, 


subject to the constraints 


x, + 2x, 5300 
3x, + 2x, < 480 
x, 20, x, 20 


Solution : The objective function is to maximise 
2 =0.25х + 0.45x, 


subject to the constraints 


x, + 2x, < 300 
3x, + 2x, < 480 
x, 20, x, 20 


First of all we draw the graphs of these inequalities, which is as follows : 
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The shaded region OABC is the 
feasible region. Every point in the 
region satisfies all the mathematical 
inequations and hence the feasible 
solutions. 


Now, we have to find the optimal 
solution. C(0,150) 


The value ofz at A (160, 0) is 40.00 
The value ofzat В (90, 105) is 69.75. 
The value ofz at C (0, 150) is 67.50 
The value ofz at O (0, 0) is 0. 


If we take any other value from the Fig. 6.19 
feasible region say (60, 120), (80, 80) 
etc. we see that still the maximum value is 69.75 obtained at the vertex В (90, 105) ofthe 
feasible region. 


E(300,0) 


х 
x, +22, =300 


3x, + 2x, =480 


Па linear programming problem has a solution it is located at a vertex of the feasible 
region. Ifa linear programming problem has multiple solutions, at least one of them is 
located at a vertex of the feasible region. In either case, the value of the objective 
function is unique. 


asmall scale industry a manufacturer produces two types of book cases. 
The first type of book case requires 3 hours on machine A and 2 hours on machines B for 
completion, whereas the second type of book case requires 3 hours on machine A and 3 hours 
on machine B. The machine A can run at the most for 18 hours while the machine B for at the 
most 14 hours per day. He earns a profit of Rs. 30 on each book case of the first type and Rs. 
40 on each book case of the second type. 


How many book cases of each type should he make each day so as to have а maximum porfit? 


Solution : Let x, be the number of first type book cases and x, be the number of second type | 


book cases that ће manufacturer will produce each day. 
Since x, and x, are the number of book cases so 
x20,x,20 + (1) 


Since the firsttype of book case requires 3 hours on machine A, therefore, x, book cases of 
first type will require 3x, hours on machine А. second type of book case also requires 3 hours 
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on machine A, therefore, x, book cases of second type will require 3x, hours on machine A. 
But the working capacity of machine 4 is at most 18 hours per day, so we have 

3x, + 3x, <18 
Of же 6 -- (2) 


Similarly, on the machine В, first type of book case takes 2 hours and second type of book 
case takes 3 hours for completion and the machine has the working capacity of 14 hours per 
day, so we have 


2x, + 3x, < 14 ++ (3) : 
Profit per day is given by 
2 = 30x, + 40x, +++ (4) 


Now, we have to determine x, and x, such that 


Maximize z = 30x, + 40x, (objective function) subject to the conditions 


%+% 56 
2x, + 3x, 514 
x, 20, x, 20 


constraints 


We use the graphical method to find the solution of the problem. First ofall we draw the graphs 
of these inequalities, which is as follows : 


Fig. 6.20 x, 4x,-6 
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The shaded region OABC is the feasible region. Every point in the region satisfies all the 
mathematical inequations and hence known as feasible solution. 


We know that the optimal solution will be obtained at the vertices О (0, 0), А (6, 0). B (4,2). 
Since the co-ordinates of C are not integers so we don’t consider this point. Co-ordinates of B 
are calculated as the intersection of the two lines. 


Now the profit at O is zero. 
Profit at А = 30x 6+40 x 0 
= 180 
Profit atB=30 x 4+40 х2 
= 120 + 80 
= 200 
Thus the small scale manufacturer gains the maximum profit of Rs.200 ifhe prepares 4 first type 


book cases and 2 second type book cases. 


Lose hits) Уй Solve Example 6.10 by graphical method. 
Solution : From Example 6.10 we һауе 


(minimise) z = 6000 x, + 4000 x, ^ (objective function) 


subject to the constraints 
3x, + x, > 24 
X + x, 216 
x, + 3x, 224] (constraints) 
х0 5209 


First we observe that any point (x, х, ) lying in the first quadrant clearly satisfies the constraints 
x, 20, and x, > 0, 
Now, we plot the bounding lines 


3x, + x, = 24 
or PES 
8 


Any point on or above the line 3x, x, = 24 
satisfies the constraint 3x, + x, > 24 (Fig.621) 
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MODULE - I Similarly any point on or above the line 
Мона X +x, =16 satisfies the constraint 
x, + x, > 16 (See Fig. 6. 22) 


Again any point on or above the line 
X, + 3x, = 24 satisfies the constraints 


X, + 3x, 2 24 (See Fig. 6.23) 


Thus, combining all the above figures we get, 
the common shaded unbounded region. 
(See Fig. 6.24) 


х 
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Now the minimum value of 


2 = 6000x, + 4000x, 
is at one of the points А (24,0), B(12,4), C(4,12) and D(0,24) а 
AtA:z=6000x 24+ 0 = 144,000 - pose. 
А(В:2-6000х 12--4000x 4 -388,000 
AtC:z=6000x 4+4000х12 = 72,000 
AtD:z= 0+ 4000х 24 -96,000 
Thus, we see that z is minimum at C (4, 12) where x, = 4 and x, =12. 


Hence, for minimum cost the firm should run plant P for 4 days and plant Q for 12 days. The 
minimum cost will be Rs.72,000.00 


[Don UTE Maximize the quantity 


2-х + 2x, 
subject to the соба 
x*tx21lx20x20 
Solutions : First we graph the constraints 


х%х,>1,х>0,х,>0 


The shaded portion is the set of feasible 


solution, вол 


Now, we һауе to maximize the objective 
function. 


The value ofz at A(1, 0) is 1. 


The value ofz at B(0, 1) is 2. 4 
If we take the value of zat any other point Fig. 6.25 

from the feasible region, say (1, 1) or (2, 3) 

or (5, 4) etc, then we notice that every time we can find another point which gives the larger 
value than the previous one, Hence, there is no feasible point that will make z largest. Since 
there is no feasible point that makes z largest, we conclude that this linear programming problem 
has no solution. 


Example 6.19 | Solve the following problem graphically. 


Minimize 2 = 2x, – 10x, 


subject to the constraints 
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Solution : First we graph the constraints 
Notes 

хх, 2:0 = 50; 
х-5%5-5 o ох — => 
О 20. x -x,-0 


The shaded region 18 the feasible region. 
Here, we see that ће feasible region is unbounded from one side. 


But it is clear from Fig. 6.26 that the objective function attains its minimum value at the point А 
which is the point of intersection of the two lines x, — x, = 0 and — x, + 5x, = 5. 


|ә 


Solving these we get X, =, = 


F 323 5 5 
Hence, z is minimum when X% па а and its minimum value is 


ото 
4 4 
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Solve the following problems graphically 


l. Maximize 2 = 3x, + 4x, 2, Maximize z = 2x, + 3x, 
subject to the conditions subject to the conditions 
x +x, < 40 x +x, < 400 
о 60 2x, x, < 600 
% > 0; xí x 20,x, 20 
3. Minimize z = 60x, + 40x, 4. Maximize 2 = 20x, + 30x, 
subject to the conditions subject to the conditions 
3x, + x, 224 ааа? 
Xj 4X 216 5Хх+2х, &50 
x, + 3х, 2 24 x, + 3x, < 30, 
x > дужи SE RM!) 
5. Maximize 2 = 50x, + 15x, 6. Minimize z = 4000x, + 7500x, 
subject to the conditions subject to the conditions 
5x, + x, 5100 4x, + 3x, 240 , 
x, + x, 5 60 2x, +3x, > 8 
x, 20,x, 20 x, 20,x, > 0 


LET US SUM UP 


A statement involving a sign of inequality like, <,>, <, >, is called an inequation. 


• The equation ax + by +c =0 isa straight line which divides the xy-plane into two half 
planes which are represented by ax + by + с > 0 and ax + by +c <0 


• By the term, solution ofa system of linear inequations we mean, finding all values of the 
ordered pairs (x,y) for which each linear inequation of the system is satisfied. 


e Linear programming isa technique followed by mathematicians to solve the optimisation 
problems. 
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ч e — Asetof values of the variables ofa linear programming problem which satisfies the se of 


constraints and the non-negative restrictions is called a feasible solution. 


e А feasible solution ofa linear programming problem which optimises its objective function 
is called the Optimal solution of the problem. 


The optimal solution ofa linear programming problem is located at a vertex of the set of 
feasible region. 


e  [falinear programming problem has multiple solutions, at least one of them is located at 
a vertex of the set of feasible region. But in all the cases the value of the objective 
function remains the same. 


е SUPPORTIVE WEB SITES 


http://www. wikipedia.org 


hitp://mathworld.wolfram.com 


[] 
TERMINAL EXERCISE 


Solve each ofthe following inequations graphically : 


1.х>-2 2.у<2. Зи: 53 4.y>-3 
жеу 

5.5-3у>-4 6.2х-5 « 3. 7.3х-2у «12 22:52! 

9.2х-3у>0 10. x +2у <0. 

Solve each of the following systems of linear inequations in two variables graphically. 

ll. -1<x<3,1<y<4. 12. 2x - 3y € 6, 3x +2у « 6. 

13. 6х + 5у < 150, 14. 3x + 2y < 24, x +2у < 16 
x+4y < 80 x+y<10,x>0,y>0 


х<15,х>0,у>0. 

15.х+у> 3, 7х%6у<42 
> ys4 
х>0, у>0 


16. Adealerhas Rs. 1500 only for a purchase of rice and wheat. А bag of rice costs Rs. 150 
and a bag of wheat costs Rs. 120. He has a storage capacity of ten bags only and the 
dealer gets a profit of Rs.11 and Rs. 8 per bag of rice and wheat respectively. Formulate 
the problem as a linear programming problem to get the maximum profit. 
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A business man has Rs. 6000 at his disposal and wants to purchase cows and buffaloes 
to take up a business. The cost price of a cow is Rs. 900 and that of a buffalo is 
Rs.1200. The man can store fodder for the live stock to the extent of 40 quintals per 
week. A cow gives 10 litres of milk and buffalo gives 20 litres of milk per day. Profit per 
litre of milk of cow is 50 paise and per litre of the milk of a buffalo is 90 paise. If the 
consumption of fodder per cow is 1 quintal and per buffalo is 2 quintals a week, formulate 
the problem as a linear programming problem to find the number of live stock of each 
kind the man has to purchase so as to get maximum profit (assuming that he can sell all 
the quantity of milk, he gets from the livestock) 


A factory manufactures two types of soaps each with.the help of two machines A and В. 
Ais operated for two minutes and B for 3 minutes to manufacture the first type, while the 
second type is manufactured by operating A for 3 minutes and B for 5 minutes. Each 
machine can be used for at most 8 hours on any day. The two types of soaps are sold at 
a profit of 25 paise and 50 paise each respectively. How many soaps of each type should 
the factory produce in a day so as to maximize the profit (assuming that the manufacturer 
can sell all the soaps he can manufacture). Formulate the problem asa linear programming 
problem. 


Determine two non-negative rational numbers such that their sum is maximum provided 
that their difference exceeds four and sum of three times the first number and the second 
should be less than or equal to 9. Formulate the problem as a linear programming problem. 


Vitamins A and В are found in two different foods E and F. One unit of food E contains 
2 units of vitamin A and 3 units of vitamin B. One unit of food F'contains 4 units of vitamin’ 
A and 2 units of vitamin B. One unit of food E and F' costs Rs.5 and Rs.2.50 respectively. 
The minimum daily requirements fora person of vitamin A and B is 40 units and 50 units 
respectively. Assuming that anything in excess of daily minimum requirement of vitamin A 
and B is not harmful, find out the optimal mixture of food E and Fat the minimum cost 
which meets the daily minimum requirement of vitamin A and В. Formulate this as a linear 


programming problem. 


A dealer has Rs.1500 only for the purchase of rice and wheat. A bag of rice costs Rs. 
180 and a bag of wheat costs Rs. 120. He has a storage capacity of 10 bags only and the 
dealer gets a profit of Rs.11 and Rs. 8 per bag of rice and wheat respectively. How he 
should spend his money in order to get maximum profit? 


A machine producing either product А or В can produce A by using 2 units of chemicals 
and 1 unit ofa compound and can produce B by using | unit of chemicals and 2 units of 
the compound. Only 800 units of chemicals and 1000 units of the compound are available. 
The profits available per unit of A and B are respectively Rs. 30 and Rs.20. Find the 
optimum allocation of units between A and B to maximise the total profit. Find the maximum 
profit. : 
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MODULE -1 |23. Solve the following Linear programming problem graphically. 
Algebra 
(a) Maximize 2 = 25x, + 20x, 


subject to the constraints 


3x, + 6x, < 50 
ж + 2x, 510 


x, 20, x, 20 


Notes 


(b) Maximize z = 9x, + 10x, 
subject to the constraints 
11x, + 9x, < 9900 
7x, + 12x, < 8400 
3x, + 8x, < 4800 
100020 

(с) Maximise 2 = 22x, + 18x, 
subject to the constraints 
27:52 = 20, 


3x, + 2x, < 48 
x, 20, x, 20 
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1; 2; 
3x+6>0 
оғх>-2 у 
8-2у-2 
х 
х 
3. 4. 8-2y22 
Fig. 6.30 
3+6=0 Fig. 6.29 
y 
3x>0 
о х 
5. 6. 
3x=0 


orx=0 Fig. 6.32 
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Fig. 6.35 


CHECK YOUR PROGRESS 6.2 


Fig. 6.38 


(Y NEN —  —————— —áunnans 
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х y 
4 
3 
2 
SEER : Notes 
«ХХ 
(3) (2552559 А (сој, МЕ 5 
3х + 4у = 12 
9 жж 4х%3у-12 х<0,у>0 
Hd Fig. 6.40 
y 
6 
Ух - Ду + 14=0 
х-бу-3 
8; 
% Sx + 4y=18 3х%у212 чу? 
ЖА 52 х20,у20 Fig. 6.42 x20,y20 
ig. 6. 
ҮР, 
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CHECK YOUR PROGRESS 6.3 
1. Maximize z = 3x, + 8x, 
subject to the constraints 
3x, + 4x, <18 
4x, + 5x, < 21 
x, 20, x, 20. 
2. Maximize 2 = 50x, + 15x, 


subject to the constraints 


5x, + x, 5100 
x, + x, < 60 
x, 20, x, 20. 


3. Minimize 2 = 4000х, + 7500x, 
subject to the constraints 
Ах, + 3x, > 40 


2x, + 3x, 28 
x, 20, x, 20 


) MATHEMATICS 


Linear Inequations And Their Applications 


22 MODULE - | 
4. Maximize 2 = 5x, +4x, Algebra 
subject to the constraints 
1.5x, + 2.5x, < 80 / 
2x +1.5°х =/0 Noles 
x 20:0 
CHECK YOUR PROGRESS 6.4 


Fig. 6.45 x +х,=40 x, +2х, =60 


Maximum 2 = 140 at B(20,20) 


Fig, 6.46 


2x, +x, =600 


Maximize z = 1200 at C(0,400) 
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52) 
D(0,24) 


U01391 э|д168э) 


(0,16) 5 
С(4.12) 
(0,8) = 
B(12,4) 
Хе ^ 


о (8,0) (16,0) 4(24,0) 
x +3%, =24 
Xx Рао =16 


Fig. 6.47 3x, +x, =24 


Minimize z = 720 at C(4,12), x, = 4, x, =12 


Fig.648 5) +2x,=50 


Maximum 2 = 330 at C(3,9), x, =3, x, =9 


һ MATHEMATICS 


Linear Inequations And Their Applications 
MODULE - I 
% ; Algebra 


5, | feasible region 
C(0,60) ^ 
— B(10,50) 
z 
BERGL ud 
(60,0) 
5x,+x,=100 3 *X,760 
Fig. 6.49 
Maximum 2 = 1250 at B(10,50), x, - 10, x, = 50 
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feasible region 


В(0, 5) 
К 
О 


2x, +3x, -8 
Fig. 6.50 


A(10,0) x 
4x, *3x, 240 


Maximum z = 40,000 at A(10,0), x, = 10, x, = 0 
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1. 2 ОИ 
Fig. 6.52 
3: 
y у 
y=3 M 
=e FEM 2х-5=3 
о х БАЕ 
5 5-3у>-4 6 
Fig. 6.55 Fig. 6.56 
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2х-3у-0 


3х%2у<6 
2x +3y<6 
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x=15 Ко 
Fig. 6.63 s 
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Maximize 2 = 11x, + 8x, 
subject to the conditions 
5x + 4x, < 50 

ж +%-=10 

x 20 0 

Maximize 2 = 35x, + 126x, 
subject to the conditions 
3x, + 4x, 520 

7x, + 14x, < 40 

x, 20,х:20 

Maximize z = 25x, + 50x, 
subject to the conditions 
2x, + 3x, < 480 

3x, + 5x, € 180 

x 202-210 

Maximize 2 = x, + x, 
subject to the conditions 
x-x,24 

3x + 59 

x, 20, x, 20 

Minimize z = 5x, + 2.5x, 
subject to the conditions 
Хүж 2x, > 20 


3x, + 2x, > 50 


x, 20, x, 20 
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ШЕ 1 217 Let x, bags ofrice and x, bags of wheat to be purchased. We have, 


Maximize 2-11х +8x, 


Subject to the constraints 


За +2x, < 25 
x +х, <10 
x 20,x, 20 


3x, %2х;-25 


Fig. 6.66 


Maximum 2 = 95 at В(5,5), x, =x, = 5 


22. Maximize z = 30x, + 20x, 
subject to the constraints 
2x, + x, < 800 
х + 2x, < 1000 
хрв О >) 


% 


С(0.500) үе region (ОЛВС ) 


8(200,400) 


X, 
2x, +x, =800 x, +2x, =1000 
Fig. 6.67 


Maximum 2 = 14000 at В (200,400). х, =200, х, =400 
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feasible region 


x, +2x, =10 


PRODR dx, 43x, 225 


Maximum 2 = 160 at B(4,3), x, =4 x, =3 


(b) 


x, 


(0,1100) 


feasible region 


B (626,335) 


73, +12x, 28400 
Fig. 6.69 11x, +9x, =9900 


A (900,0) D(0,600) В (626, 335), О(0, 0) and С (480, 420) 
Maximum z = 8984 at B(626,335) x, = 626, x, = 335 
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Fig. 6.70 3x, +2x, =48 


Maximum 2 = 392 at B(8, 12) x, = 8, x, =12 
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e 


One day, I wanted to travel from Bangalore to Allahabad by train. There is no direct train 
from Bangalore to Allahabad, but there are trains from Bangalore to Itarsi and from Itarsi 
to Allahabad. From the railway timetable I found that there are two trains from Bangalore 
to Itarsi and three trains from Itarsi to Allahabad. Now, in how many ways сап travel 
from Bangalore to Allahabad? 


This is a counting problem which come under the branch of Mathematics called 
combinatorics. 


Suppose you have five jars of spices that you want to arrange on a shelf'in your kitchen. 
You would like to arrange the jars, say three of them, that you will be using often in a 
more accessible position and the remaining two jars in a less accessible position. In how 
many ways can you do it? 
In another situation suppose you are painting your house. If a particular shade or colour 
is not available, you may be able to create it by mixing different colours and shades. 
While creating new colours this way, the order of mixing is not important. It is the 
combination or choice of colours that determine the new colours; but not the order of 
mixing: 
То give another similar example, when you go for a journey, you may not take all your 
dresses with you. You may have 4 sets of shirts and trousers, but you mdy take only 2 
sets. In such a case you are choosing 2 out of 4 sets and the order of choosing the sets 
doesn't matter. In these examples, we need to find out the number of choices in which it 
, can be done. 


In this lesson, we shall discuss some simple counting methods and use them in solving 
such simple counting problems. 
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After studying this lesson, you will be able to: 
е __ find out the number of ways in which a given number of objects сап be arranged; 
e state the Fundamental Principle of Counting; 


e definen! and evaluate it for defferent values of n; 


e state that permutation is an arrangement and write the meaning of " P ; 


p n! 
e statethat "P, = —  —- and apply this to solve problems; 
(n—r)! 


e | showthat (i) (n+1)"P,=""P, (ii) "P. (n-r)"P.; 


e state that a combination is a selection and write the meaning of "C, ; 
e distinguish between permutations and combinations; 


R n! 
e derive C, = TSN and apply the result to solve problems; 


e derive the relation "P. 2r!"C, ; 
e — verifythat "7, —"C, , and give its interpretation; and 


e derive "C, "C, , -""С, andapply the result to solve problems. 


EXPECTED BACKGROUND KNOWLEDGE 


e Number Systems 


e Four Fundamental Operations 


7.1COUNTING PRINCIPLE 


Letus now solve the problem mentioned in the introduction. We will write 1, 5,10 denote trains 
from Bangalore to Нагві and 7, 7,, Т, for the trains from Itarsi to Allahabad. Suppose I take 
f, to travel from Bangalore to Itarsi. Then from Itarsi I can take Т, ; 0r T; or T... So the possibilities 
are 17, t, T, and t, T, where t Т, denotes travel from Bangalore to Itarsi by t, and travel from 


Itarsi to Allahabad by T;. Similarly, if I take /, to travel from Bangalore to Itarsi, then the 
possibilities are /,7,, t, T, and t, T... Thus, in all there are 6 (2 х 3) possible ways of travelling 
from Bangalore to Allahabad. 


Here we had a small number of trains and thus could list all possibilities. Had there been 10 
trains from Bangalore to Itarsi and 15 trains from Itarsi to Allahabad, the task would have been 
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very tedious. Here the Fundamental Principle of Counting or simply the Counting Principle кл унд | 
comes їп изе: 
If any event can occur in т ways and after it happens in апу one of these ways, a y 
second event can occur in п ways, then both the events together can occur in mxn 
ways. n 

Notes 


eT CHAM How many multiples of 5 are there from 10 to 95 7 


Solution : As you know, multiples of 5 are integers having 0 or 5 in the digit to the extreme right 
(i.e. the unit's place). 


The first digit from the right can be chosen in 2 ways. 

The second digit can be any one of 1 52,3,4,5,6,7,8,9. 

i.e. There are 9 choices for the second digit. 

Thus, there are 2x 9 =18 multiples of 5 from 10 to 95. 

[Example 7.2 | a city, the bus route numbers consist of a natural number less than 100, 
followed by one of the letters A, B, C, D, E and F. How many different bus routes are possible? 


Solution : The number can be апу one of the natural numbers from 1 to 99. 
There are 99 choices for the number. 


The letter can be chosen in 6 ways. 


7. Number of possible bus routes are 99x 6 = 594. 


ғы 
© | carck your rrocress 74 | 
1. (а) How many 3 digit numbers are multiples of 5? 


(b) А coin is tossed thrice. How many possible outcomes are there? 


(с) Ifyou have 3 shirts and 4 pairs of trousers and any shirt can be worn with any pair of 
trousers, in how many ways can you wear your shirts and pairs of trousers? 


(d) A tourist wants to go to another country Бу ship and return by air. She has а choice of 
5 different ships to go by and 4 airlines to return by. In how many ways can she perform 
the journey? 

2. (а) In how many ways сап two vacancies be filled from among 4 men and 12 women if 
one vacancy is filled by a man and the other by a woman? 


(b) Flooring and painting ofthe walls of a room needs to be done. The flooring can be 
done in 3 colours and painting of walls can be done in 12 colours. If any colour combination 
is allowed, find the number of ways of flooring and painting the walls ofthe room. . 


So far, we have applied the counting principle for two events. But it can be extended to 
three or more, as you can see from the following examples : 
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E + 
Levi ЕЙ There аге 3 questions in a question paper. If the questions have 4,3 and 2 
respectively, find the total number of solutions. 
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Solution : Here question 1 has 4 solutions, 
question 2 has 3 solutions 
and question 3 has 2 solutions. 
By the counting principle, 
total number of solutions = 4х3х2 
55:24 


ЛЛ ӨЙ Consider the word ROTOR. Whichever way you read it, from left to right or 
from right to left, you get the same word. Such a word is known as palindrome. 
Find the maximum possible number of 5-letter palindromes. 


Solution : The first letter from the right can be chosen in 26 ways because there are 26 
alphabets. 


Having chosen this, the second letter can be chosen in 26 ways 
| 2. The first two letters can chosen in 26x 26 = 676 ways 
Having chosen the first two letters, the third letter сан be chosen in 26 ways. 


г. All the three letters can be chosen in 676х26-1 7576 ways. 


Itimplies that the maximum possible number of five letter palindromes is 17576 because the 
fourth letter is the same as the second letter and the fifth letter is the same as the first letter, 


0 


How тапу 3-digit numbers can be formed with the digits 1,4,7,8 and 9 if the 
digits are not repeated. 


Solution : Three digit number will һауе unit’s, ten’s and hundred’s place. 

Out of 5 given digits any one can take the unit’s place. 

This can be done in 5 ways. (0) 

After filling the unit’s place, any of the four remaining digits can take the ten’s place. 

This can be done in 4 ways. қ «e ii) 

After filling in ten’s place, hundred's place can be filled from any ofthe three remaining digits. 


—— е ННН 
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This can be done in 3 ways. ~. (iii) 
2. By counting principle, the number of 3 digit numbers = 5x4x3 = 60 
, Let us now state the General Counting Principle 


If there are п events and if the first event can occur in m, ways, the second event can 


occur in m, ways after the first event has occured, the third event can occur in m, 
ways after the second event has ocurred, and so on, then all the п events can occur in 


m,xm;x...xm, Хт, ways. 


СТОКА Suppose you can travel from a place A to a place B by 3 buses, from place В 
to place C by 4 buses, from place C to place D by 2 buses and from place D to place E by 3 
buses. In how many ways can you travel from А to E? 


Solution : The bus from A to B can be selected іп 3 ways. 
The bus from B to C can be selected in 4 ways. 
The bus from C to D can be selected in 2 ways. 
The bus from D to E can be selected in 3 ways. 


So, by the General Counting Principle, one can travel from A to Ein 3x 4x 2x3 ways 72 
Ways. 


Q CHECK YOUR PROGRESS 7.2 
(a) What is the maximum number of 6-letter palindromes? 
(b) What is the number of 6-digit palindromic numbers which do not have 0 in the first 
digit? 

2.  (a)Inaschool there are 5 English teachers, 7 Hindi teachers and 3 French teachers. A 


three member committee is to be formed with one teacher representing each language. In 
how many ways can this be done? 


(b)Inacollege students union election, 4 students are contesting for the post of President. 
5 students are contesting for the post of Vice-president and 3 students are contesting for 
the post of Secretary. Find the number of possible results. 


3.  (a)Howmany three digit numbers greater than 600 can be formed using the digits 1,2,5,6,8 
without repeating the digits? 


(b) A person wants to make a time table for 4 periods. He has to fix one period each for 
English, Mathematics, Economics and Commerce. How many different time tables can 
he make? 


7.2 PERMUTATIONS 


Suppose you want to arrange your books on a shelf. If you have only one book, there is only 
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one way of arranging it. Suppose you have two books, one of History and one of Geography. 


You can arrange the Geography and History books in two ways. Geography book first and the 
History book next, GH or History book first and ЗЕ рву book next; HG. In other words, 
there are two arrangements of the two books. 


Now, suppose you want to add a Mathematics book also to the shelf. After arranging History 
and Geography books in one of the two ways, say GH, you can put Mathematics book іп one 
of the following ways: МОН, GMH or СНМ. Similarly, corresponding to HG, you have three 
other ways of arranging the books. So, by the Counting Principle, you can arrange Mathematics, 
Geography and History books in 3 x 2 ways = 6 ways. 


By permutation we mean an arrangement of objects in a particular order. In the above example, 
we were discussing the number of permutations of one book or two books. 


In general, if you want to find the number of pern.utations of n objects у > 1, how can you do 
it? Let us see if we can find an answer to this. 


Similar to what we saw in the case of books, there is one permutation of 1 object, 2 1 
permutations of two objects and 3x 2 x1 permutations of 3 objects. It may be that, there are 


пх(п-1)х(п-2)х...х2х1 permutations of objects. In fact, it is so, as you will see when 
we prove the following result. 


ИУ The total number of permutations of n objects is n (n— 1) ....2.1. 


Proof: We have to find the number of possible arrangements of n different objects. 


The first place in an arrangement can be filled in n different ways. Once it has been done, the 
second place can be filled by any of the remaining (7-1) objects and so this can be done in 
(n-1) ways. Similarly, once the first two places have been filled, the third can be filled in (7-2) 
ways and so оп. The last place in the arrangement can be filled only in one way, because in this 
case we are left with only one object. 


Using the counting principle, the total number of arrangements of n different objects is 


п(п–1)(7—2) ........ оТ И (7.1) 


The product n (n — 1) ... 2.1 occurs so often in Mathematics that it deserves a name and 
notation. It is usually denoted by т! (or by |n ) read as n factorial. 


n!- n (n—1)... 3.2.1 
Here isan example to help you familiarise yourself with this notation. 
Evaluate (a) 3! (5,2141: (c) 283! 
Solution : (a) 31-3х2х1-6 
(b) 2122x122 


-4х3х2х1-24 
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Therefore, 2!+ 42 2-24 = 26 
(c) 205553 0G Y 
Notice that n! satisfies the relation 


n!2 nx(n-1)! (7.2) 


This is because, n (n — 1)! = n [(n— 1) . (n —2)... 2.1] 
-n.(n-1).(n-2)..2.1 
=n! 
Ofcourse, the above relation is valid only for n > 2 because 0! has not been defined so far. Let 
us see if we can define 0! to be consistent with the relation. In fact, if we define 
01-1 (7.3) 
then the relation 7.2 holds for n= 1 also. 


ЉЕТА Suppose you want to arrange your English, Hindi, Mathematics, History, 
Geography and Science books on a shelf. In how many ways can you do it? 


Solution : We have to arrange 6 books. 
The number of permutations of n objects is n! =n. (n— 1) . (n—2) ... 2.1 


Here n = 6 and therefore, number of permutations is 6.5.4.3.2.1 = 720 


ТА 
Ul CHECK YOUR PROGRESS 7.3 


5! 
1. (a) Evaluate : (i) 6! (i)7! (iii) 7! +3! (iv) 6! x 4! (v) КЕЛ 
(5) Which of the following statements аге true? 
(i) 2!x3!=6! (ii) 2!+4!=6! 
(iii) 3! divides 4! (iv) 4! -21 22! 
2.  (a)5 students are staying in a dormitory. In how many ways can you allot 5 beds to 
them? 


(b) In how many ways can the letters of the word ‘TRIANGLE’ be arranged? 


(c) How many four digit numbers can be formed with digits 1, 2, 3 and 4 and with distinct 
digits? 


7.5 PERMUTATION OF r OBJECTS OUT OF n OBJECTS 


Suppose you have five story books and you want to distribute one each to Asha, Akhtar and 
Jasvinder. In how many ways can you do it? You can give any one ofthe five books to Asha 


MATHEMATICS . | 243 | 


Permutations And Combinations 


MODULE 41 | andafter that you can give any one of the remaining four books to Akhtar. After that, you can 
Algebra give one of the remaining three books to Jasvinder. So, by the Counting Principle, you can 


distribute the books in 5х4х3 ie.60 ways. 


More generally, suppose you have to arrange r objects out ofn objects. In how many ways can 
you do it? Letus view this in the following way. Suppose you have п objects and you have to 
arrange r of these іп r boxes, one object in each box. 


r boxes 
Fig. 7.1 


Suppose there is one box. r= 1. You can put any of the n objects in it and this can be done in 
п ways. Suppose there are two boxes. r= 2. You can put any of the objects in the first box and 
after that the second box can be filled with any of the remaining n — 1 objects. So, by the 
counting principle, the two boxes can be filled in n (n— 1) ways. Similarly, 3 boxes can be filled 
in n (n — 1) (n— 2) ways. 


In general, we have the following theorem. 


| Theorem 7.2 number of permutations of r objects out of n objects is 
n (n-1)---(n—r* 1). 
The number of permutations ofr objects out of n objects is usually denoted by " B. 


Thus, 
"Р. -и(п-1Цл-2)(1-г41) (7.4) 


Proof: Suppose we have to arrange ғ Objects out of n different objects. In fact it is equivalent 
to filling places, each with one ofthe objects out of the given n objects. 


The first place can be filled in n different ways. Once this has been done, the second place can 
be filled by any one ofthe remaining (7-1) objects, in (7-1) ways. Similarly, the third place 
can be filled in (n —2) ways and so on. The last place, the rth place can be filled in [n-(r-1)] i.e. 
(n-r+1) different ways. You may easily see, as to why this is so. 


Using the Counting Principle, we get the required number of arrangements ofr out of n objects 
is n(n—1)(n— 2)............ (n- r1) 


4 
P, 
Example 7.9 Evaluate ОРОГ (сузу (йу*һу', 
2 


Solution : (a) 4р,-4(4-1)-4х3-12. 


() “,-6(6-1)(6-2)-6х5х4-120. 


NEN дә---дшаа-а 
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G) ag 30-1) 3x2 


(d) SP, хор, = 6 (6—1) (6-2)x5 (5-1) 
=6x5x4x5x4 = 2400 


jo eruta IU If you have 6 New Year greeting cards and you want to send them (04 of your |: 
friends, in how many ways can this be done? 


Solution : We have to find number of permutations of 4 objects out of 6 objects. 
This numberis Р, = 6(6—1)(6—2)(6-3) = 6.5.4.3 = 360 


Therefore, cards can be sent in 360 ways. 


Consider the formula for "P , namely, "P =n (n— 1)... (n—r + 1). This can be obtained by 
removing the terms n —r, n —r — 1,...,2, 1 from the product for n!. The product of these terms 
is (n- r) (n—-r — 1) ...2.1, i.e., (n—r)!. 


n! n(n-1)(n-2)..(n-r 41) (n—r)...2.1 


9% (ину — (n—r) (n—r —1)...2.1 


N 


| 


n(n-1)(n-2)...(n- r *1) 
= ар 


r 


So, using the factorial notation, this formula can be written as follows : 


"pia ШО 
" (n+r)! 


Ехатрје 7.11 Find the value of "P,. 


Solution : Here r = 0. Using relation 7.5, we get 


... (7.5) 


ni 


R E- zi -1 
[Example 7.12 | Show that (л + 1)"P, = ТІР, 
” (п-п! 
і 2 n en 1 n 
Solution (A41) БИА ОИЕ Е 
(п+1)! 


= fo--€ +1]! [ writing n -r as [(n + 1) - (r + 1)] 
= po (By definition) 
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Р Ч 
1254) Evaluate: (i) *Р, (ії) ‘P, (80) зр. (v) SBx?P, (у) "P, 
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(b) Check whether of the following statements are true or false : 
@ 6x*P, = ‘P, it) eh exe аба 
(iii) эрх ір, = Up, (iv) P, + P, = p, 


2. (а) (i) Whatis the maximum possible number of 3- letter words in English that do not 
contain any vowel? 


(ii) What is the maximum possible number of 3- letter words in English which do not have 
any vowel other than ‘a’? 


(b) Suppose you have 2 cots and 5 bedspreads in your house. Іп how many ways can 
you put the bedspreads on your cots? 


(c) You want to send Diwali Greetings to 4 friends and you have 7 greeting cards with 
you. In how many ways can you do it? 


3.. Show that "Р = "Р. 


4. Show that (n—r) "Р ="P 


re 
7,4 PERMUTATIONS UNDER SOME CONDITIONS 
We will now see examples involving permutations with some extra conditions, 


ЕТИКА КА Suppose 7 students are staying іп a hall in a hostel and they are allotted 7 
beds. Among them, Parvin does not want a bed next to Anju because Anju snores. Then, in 


how many ways can youallot the beds? 
Solution : Let the beds be numbered 1 to 7. 
Case 1 : Suppose Anju is allotted bed number b. 
Then, Parvin cannot be allotted bed number 2. 


So Parvin can be allotted a bed in 5 Ways. 


After alloting a bed to Parvin, the remaining 5 students can be allotted beds in 5! ways. 
So, in this case the beds can be allotted in 5x 5!ways- 600 ways. 

Case2 : Anjuisallotted bed number 7. 

Then, Parvin cannot be allotted bed number 6 

Asin Case 1, the beds can be allotted in 600 ways. 
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Саве 3 : Апји 15 allotted one of the beds numbered 2,3,4,5 or 6. 

Parvin cannot be allotted the beds on the right hand side and left hand side of Anju’s bed. For Algebra 
example, if Anju is allotted bed number 2, beds numbered 1 ог 3 cannot be allotted to Parvin. a 
Therefore, Parvin can be allotted a bed in 4 ways in all these cases. «2 

After allotting a bed to Parvin, the other 5 can be allotted a bed in 5! ways. NUlis сет 


Therefore, in each of these cases, the beds can be allotted in 4x 5! = 480 ways. 
The beds can be allotted in 
(2х600--5х 480) ways = (1200 + 2400) ways = 3600 ways. 


jo cT Gr Е 1 how many ways can an animal trainer arrange 5 lions and 4 tigers ina row 
So that no two lions are together? 


Solution : They have to be arranged in the following way : 


The 5 lions should be arranged in the 5 places marked 12. 
This can be done in 5! ways. 

The 4 tigers should be in the 4 places marked ‘T’. 

This can be done in 4! ways. 


Therefore, the lionsand the tigers can be arranged in 5!x 4! ways= 2880 ways. 


There are 4 books on fairy tales, 5 novels and 3 plays. In how many ways сап 
you arrange these so that books on fairy tales are together, novels are together and plays are 
together and in the order, books on fairytales, novels and plays. 


Solution : There are 4 books on fairy tales and they have to be put together. 


They can be arranged in 4! ways. 
Similarly, there are 5 novels. 
They can be arranged in 5! ways. 
And there are 3 plays. 


They can be arranged in 3! ways 


So, by the counting principle all ofthem together can be arranged in 4!x 5!х 3! ways= 17280 
ways. 


Suppose there are 4 books on fairy tales, 5 novels and 3 plays as in Example 
7.15. They have to be arranged so that the books on fairy tales are together, novels are together 
and plays are together, but we no longer require that they should be in a specific order. In how 
many ways can this be done? 
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Solution : First, we consider the books on fairy tales, novels and plays as single objects. 
These three objects can be arranged in 3! ways = 6 ways. 

Let us fix one of these 6 arrangements. 

This may give us a specific order, say, novels — fairy tales — plays. 

Given this order, the books on the same subject can be arranged as follows: 

The 5 novels can be arranged in 5! = 120 ways. 

The 4 books on fairy tales сап be arranged among themselves in 4! =24 ways. 

The 3 plays can be arranged in 3! = 6 ways. 

Еога given order, the books сап be amangéd in 120x 24x 6 217280 ways. 


Therefore, for all the 6 possible orders the books can be arranged in 6x 17280 = 103680 
ways. 


EV) ИЙ ЕЙІп how many ways can 4 girls and 5 boys be arranged in a row so that all the 
four girls are together? 


Solution : Let 4 girls be one unit and now there are 6 units in all. 
They can be arranged in 6! ways. 
In each of these arrangements 4 girls can be arranged in 4! ways. 
Total number of arrangements in which girls are always together 
=6! x 4! - 
=720 x 24 
= 17280 


ЭСГИЙ С Ноу many arrangements of the letters of the word ‘BENGALI’ can be made 
(i) ifthe vowels are never together. 


(ii) if the vowels are to occupy only odd places. 
Solution : There are 7 letters in the word “Bengali; of these 3 are vowels and 4 consonants. 


(i) Considering vowels a, e, i as one letter, we сап arrange 4+1 letters in 5! ways in each 
of which vowels are together. These 3 vowels can be arranged among themselves in 3! 
ways. 


Total number of words 


Џ 


* 5! x 3! 
120 x 67 720 


(ii) There аге 4 odd places and 3 even places. 3 vowels can occupy 4 odd places in ‘P, 


ways and 4 constants can be arranged in “Р, ways. 
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= 70: 


ы 
е. CHECK YOUR PROGRESS 7.5 


1. Ме Gupta with Ms. Gupta and their four children is travelling by train. Two lower berths, 
two middle berths and 2 upper berths have been allotted to them. Mr. Gupta has undergone 
aknee surgery and needs a lower berth while Ms. Gupta wants to rest during the journey 
and needs an upper berth. In how many ways can the berths be shared by the family? 


2. Consider the word UNBIASED. How many words сап be formed with the letters of the 
word in which no two vowels are together? 


3. There are 4 books on Mathematics, 5 books on English and 6 books on Science. In how 
many ways can you arrange them so that books on the same subject are together and 
they are arranged in the order Mathematics — English — Science. 


4. There are 3 Physics books, 4 Chemistry books, 5 Botany books and 3 Zoology books. 
In how many ways can you arrange them so that the books on the same subject are 
together? F 


5.  4boysand3 girls are to be seated in 7 chairs such that no two boys are together. In how 
many ways can this be done? 


6. Find thé number of permutations ofthe letters ofthe word ‘TENDULKAR’, ineachof 
the following cases : 


(i) beginning with T and ending with R. 
(ii) vowels are always together. 


(11) vowels are never together. 


7.5 COMBINATIONS 


Letus consider the example of shirts and trousers as stated in the introduction. There you have 
4 sets of shirts and trousers and you want to take 2 sets with you while going on atrip. Іп how 
many ways can you do it? 


. Letusdenotethe sets by £, Sy Sy Sy Then you can choose two pairs in the following ways : 


1. {5,,5,} 2. (5,5) 3. (5,5,) 
4. {5,,5,} 5. (5,,5,) 6. 15,5.) 


[Observe that {s, қ S is the same as 5, 25 y. So, there are 6 ways of choosing the two sets 
that you want to take with you. Of course, if you had 10 pairs and you wanted to take 7 pairs, 
it will be much more difficult to work out the number of pairs in this way. 
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Nowas you may want to know the number of ways of wearing 2 out of 4 sets for two days, say 
Monday and Tuesday, and the order of wearing is also important to you. We know from 


section 7.3, that it can be done in P =12 ways. But note that each choice of 2 sets gives us 
two ways of wearing 2 sets out of 4 sets as shown below : 


1 {8,5} > S, on Monday and 5, on Tuesday or S, on Monday and 5, on Tuesday 
{S,,S,} — S, on Monday and S, on Tuesday or S, on Monday and S, on Tuesday 
(5,,5,) — S, on Monday and S, on Tuesday or S, on Monday and S, on Tuesday 
{55} > S, on Monday and S, on Tuesday or S, on Monday and S, on Tuesday 
{S,,S,} > 5, on Monday and S, on Tuesday or S, on Monday and S, on Tuesday 


EU cet 89У] 


(5,,5,) — S, on Monday and S, on Tuesday or S, on Monday and S, on Tuesday 
Thus, there are 12 ways of wearing 2 out of 4 pairs, 


This argument holds good in general as we can see from the following theorem. 


Theorem 73 Let n>1 bean integer and + < 1. Let us denote the number of ways of 
choosing ғ objects out of n objects by "C, . Then 


(7.6) 


Proof : We сап choose r objects out of n objects in "C, ways. Each of the r objects chosen 


can be arranged in z! ways. The number of ways of arranging r Objects is r!. Thus, by the 
counting principle, the number of. ways of choosing r objects and arranging the r objects chosen 


can be done in "C,r! ways. But, this is precisely " Р, In other words, we have 
DA I (7.7) 
Dividing both sides by r!, we get the result in the theorem. 


Here is an example to help you to familiarise yourself with ТО 


| Example 7.19 | ТТІ each ofthe following : 


: (a) ‘c, (b) “с, 
6 
C, 
(с) “с, +C, Са 
5 5 
Solution : (a) ‘C= S4 ag (у са me S 10 
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43 
а а р 4“С,--2-6 
@ Co 21222: чь 
2С, _20_10 
СОБИК 


ЉЕТИ КЛЕ тпа the number of subsets of the set {1,2,3,4,5,6,7,8,9,10,11} having 4 


elements, 


Solution : Here the order of choosing the elements doesn’t matter and this is a problem in 
combinations. 


We have to find the number of ways of choosing 4 elements of this set which has 11 elements. 


By relation (7.6), this can be done in 


11.10.9.8 
NC ш ЕН 
UA Эл Жэ 


[oe ni РАШ 12 points Не опа circle. How many cyclic quadrilaterals can be drawn by 
using these points? 

Solution : For any set of 4 points we get a cyclic quadrilateral. Number of ways of choosing 4 
points out of 12 points is EE = 495 . Therefore, we can draw 495 quadrilaterals. 

ОТ УУЛ In a box, there are 5 black pens, 3 white pens and 4 red pens. In how many 
ways can 2 black pens, 2 white pens and 2 red pens can be chosen? 


Solution : Number of ways of choosing 2 black pens from 5 black pens 
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10x3x6=180 ways. 


eT РАЙ A question paper consists of 10 questions divided into two parts A and В. 
Each part contains five questions. A candidate is required to attempt six questions in all of 
which at least 2 should be from part A and at least 2 from part В.Іп how many ways can the 
candidate select the questions if he can answer all questions equally well? 


Solution : The candidate has to select six questions in all of which at least two should be from 
Part A and two should be from Part В. He can select questions in any of the following ways : 


PartA Part B 
(09522 4 
(ЦЗ 11853 
(ш) 4 2 


If the candidate follows choice (i), the number of ways in which he can do so is 
ix C= 10х5=50 


If the candidate follows choice (ii), the number of ways in which he can do so is 
*C,x °C, =10х10 =100. 


Similarly, ifthe candidate follows choice (iii), then the number of ways in which he can do so is 
5C.x °C, = 
4X С,=50. 


Therefore, the candidate can select the question in 50 + 100 + 50 = 200 ways. 


1 DS УДАА committee of 5 persons is to be formed from 6 men and 4 women. In how 


many ways can this be done when 

(i) at least 2 women are included? 

(11) atmost 2 women are included? 
Solution : (i) When at least 2 women are included. 
The committee may consist of 

3 women, 2 men: It can be done in *C, x °C, ways. 
or, 4women, 1 man: It can be done in *C, x °C, ways. 
or, 2 women, 3 men: It canbe done in ©, х i Ways. 
Total number of ways of forming the committee 
НОО С Сур eT 
=6х20 + 4x15 + 1x6 
=120 + 60 + 6 =186 


By the Counting Principle, 2 black pens, 2 white pens, and 2 red pens can be chosen in | 
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The committee may consist of 
2 women, 3 шеп: It can be done in *C,.°C, ways 


or, 1 woman, 4 теп: It can be done in *C, 5C, ways 
or, 5men:Itcanbedone in °C, ways 

Total number of ways of forming the committee 

= ССС, СС, 

– 620 + 4х15 +6 

= 120 + 60 + 6 = 186 


loe) РЕЙ The Indian Cricket team consists of 16 players. It includes2 wicket keepers 
and 5 bowlers. In how many ways can a cricket eleven be selected if we have to select 1 
wicket keeper and atleast 4 bowlers? 


Solution : We are to choose 11 players including 1 wicket сон and 4 bowlers 
or, 1 wicket keeper and 5 bowlers. 


Number of ways of selecting 1 wicket keeper, 4 bowlers and 6 other players 
270 SC 


5x4x3x2.1. 9x8x7x6x5x4 
4.32.1. 6х5х4х3х2х1 


ЖЕТЕДІ ЕТ) 
3х2х1 


Number of ways of selecting 1 wicket keeper, 5 bowlers and 5 other players 


з2Сү260:6: 
зээл 9х8х7х6х5 омы LEN = 252 
5х4х3х2х1 4х3х2х1 


Total number of ways of selecting the team 
.7 840 + 252 = 1092 
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Algebra е. CHECK YOUR PROGRESS 7.6 
SS Ша) Evaluate : 
= P dg 
(i) BC, (ii) °C, (iii) *C, + °С, (iv) с, 


(5) Verify each of the following statement : 
(i) 5; 2 56; (i) ©; х 26) € ЁС: 
(iti) ‘C+C =C Ф)  "c,."c- ХӨ 


2. Find the number of subsets of the set 115375: 72911113... 23}each having 3 
elements. 


3.  Thereare 14 points lying опа circle. How many pentagons can be drawn using these 
points? 


4. Ina fruit basket there are 5 apples, 7 plums and 11 oranges. You have to pick 3 fruits of 
each type. In how many ways can you make your choice? 


and 7 questions repectively. A student is required to attempt 6 questions in all, selecting 


5.  Aquestion paper consists of 12 questions divided into two parts А and B, containing 5 
at least 2 from each part. In how many ways can a student select a question? 


6. Ошо45 men and 3 women, a committee of 3 persons is to be formed. In how many 
ways can it be formed selecting (i) exactly 1 woman. (ii) atleast | woman. 


7. Acricket team consists of 17 players. It includes 2 wicket keepers and 4 bowlers. In 
how many ways can a playing eleven be selected if we have to select 1 wicket keeper 
and atleast 3 bowlers? 


8. To fillup 5 vacancies, 25 applications were recieved. There were 7 S.C. and 8 O.B.C. 
candidates among the applicants. If 2 posts were reserved for S.C. and 1 for О.В.С. 
candidates, find the number of ways in which selection could be made? 


7.6 SOME SIMPLE PROPERTIES OF “С, 


In this section we will prove some simple properties of "С, which will make the computations 
of these coefficients simpler. Let us go back again to Theorem 7.3. Using relation 7.7 we can 
rewrite the formula for "С, as follows : 


” 
үзэлтэн (7.8) 


п 
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Ехатрје 7.26 Find the value of "C, Algebra 


с Mer 
Solution : Here r = 0. Therefore, "С, = == 2 
от 0 


since we have defined 0! = 1. 


The formula given in Theorem 7.3 was used in the previous section. As we will see shortly, the 
formula given in Equation 7.8 will be useful for proving certain properties of ” C 


"с =" 479) 


-r 


This means just that the number of ways of choosing r objects out of n objects is the same as 
the number of ways of not choosing (n —7) objects out of n objects. In the example described 
in the introduction, it just means that the number of ways of selecting 2 sets of dresses is the 
same as the number of ways of rejecting 4 —2 = 2 dresses. In Example 7.20, this means that 
the number of ways of choosing subsets with 4 elements is the same as the number of ways of 
rejecting 8 elements since choosing a particular subset of 4 elements is equivalent to rejecting 
its complement, which has 8 elements. 


Let us now prove this relation using Equation 7.8. The denominator of the right hand side of this 
equation is r! (n—r)!. This does not change when we replace r by n—r. 


(n—r)!.[n-(n-r)]!=(n-r)!r! 
The numerator is independent ofr. Therefore, replacing г by n—r in Equation 7.8 we get result. 


How is the relation 7.9 useful? Using this formula, we get, for example, !°9С is the same as 
"9С. The second value is much more easier to calculate than the first one. 


Ехатріе7.27 Evaluate : 


(a) {© (с) "С, 
(9 igs @ S126; 
Solution : (a) From relation 7.9, we have 


(Сұ- С,,- С,--2-21 


(b)Similarly "°C, ="C,_,= "C, =10 


11.10 


(c) "Се" Си ;="'С, ке 12 -55 
12.11 
(4) "С = "Ср от" С, = 142. = 66 


MATHEMATICS | 255 | 


2 Permutations And Combinations Bl 
MODULE - | | 


5 S 
insta There is another relation satisfied by "С. which is also useful. We have the following relation: 
а атаа. ....(7.10) | 
— 475 T (п-1) (1-1) | 
С.АЖ”С, = (n-rWr-D! (п-т-1)1 
(1-1) (0—1)! | 
© (n-r)n-r-1Xr-1! "п-ғ-і1)(ғ-1)! 
— ____(п–1' [+ 
7 (n=r-)\(r-D!Ln-r r р 
т (1-1) п 
7 (9-1-1 7-1) (n-r)r 
i n(n —1)! 
Ж (n-r)n-r-Y)tr(r -1)! 
т 
7 (пу 7 © 
(а) °C,+°C, (b) “с, 
(с) °С,+°С, (d) "C,«"C, 


Solution : (a) Let us use relation (7.10) with n = 7, г = 2. So, IG EG EC, =21 
(b) Here n = 9, r = 2. Therefore, “С, + C, = °C, 236 | 
(®) Here n = 6, r = 3. Therefore, °C,+°C,="C, =20 


(d) Here n = 11, r = 3. Therefore, 76. a G= "c. -165 


To understand the relation 7.10 better, let us go back to Example 7.20 In this example let us 
calculate the number of subsets of the set, {1,2, 3,4, 5,6, 7,8,9, 10, 11). We can subdivide 
them into two kinds, those that contain a particular element, say 1, and those that do not 
contain 1. The number of subsets of the set having 4 elements and containing 1 is the same 28 


the number of subsets of (2,3, 4, 5, 6,7, 8,9, 10, 11} having 3 elements, There are 10C, such 
subsets. 
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Тһе number of subsets of the set having 4 elements and not containing 1 is the same as the 
number of subsets of the set {2,3,4,5,6,7,8,9,10,11,} having 4 elements. This is "C, . So, the 
number of subsets of (1, 2, 3, 4, 5, 6, 7, 8,9, 10, 11} having four elements is °C, +'°C, . But, 
this is "С, as we have seen in the example. So, "C,+'°C,="'C, . The same argument works 
for the number of r-element subsets ofa set with n elements. 


This reletion was noticed by the French Mathematician Blaise Pascal and was used in the so 
called Pascal Triangle, given below. 


n=0 1 

п=1 1 1 

n=2 1 2 1 

n=3 1 3 3 1 
n=4 1 4 6 4 1 
n=5 1 5 10 10:745 1 


The first row consists of single element °C, -1. The second row consists of 'C, and 'C, . 
From the third row onwards, the rule for writing the entries is as follows. Add consecutive 
elements in the previous row and write the answer between the two entries. After exhausting all 
possible pairs, put the number 1 at the begining and the end ofthe row. For example, the third 
rowis gotas follows. Second row contains only two elements and they add up to 2. Now, put |. 
1 before and after 2. For the fourth row, we have 1 +2 = 3, 2 + 1 —3. Then, we put 
1+2=3,2 + 1 = 3. Then we put 1 at the beginning and the end. Here, we are able to 
calculate, for example, °C, °C., from?C,, С, "C, by using the relation 7.10. The important 
thing is we аге able to do it using addition alone. 


The numbers "C, occur as coefficents in ће binomial expansions, and therefore, they are also 
called binomial coefficents as we will see in lesson 8. In particular, the property 7.10 will be 
used in the proof of the binomial theorem. 


Solution : Using "C, "C, ,. we get 
n- 10-12 ; 
or, п=12+10=22 
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(а) Find the value of ^C, .Is "C, =", ? (Б) Showthat "C, = "C, 

2. Evaluate: 
(a) °C, (Ue 
(с) "С, (dy SG. 

3. Evaluate: 
(ФЕС IC; (Б) *С{+ *C, 
(с) °С, + °С, (d) °C, + "C, 


4. f "C, = "С, , find the value ofr. АО! find C, 
PROBLEMS INVOLVING BOTH PERMUTATIONS AND COMBINATIONS 


So far, we have studied problems that involve either permutation alone or combination alone. 
| In this section, we will consider some Fus sd that need both ofthese concepts. 


Example 7.30 There are 5 novels and 4 biographies. In how many ways can 4 novels and 2 
biographies can be arranged on a shelf ? 


Soluton : 4 novels can be selected out of 5 in °C, ways. 2 biographies can be selected out of 
4 in “С, ways. 
Number of ways of selecting novels and biographies 

= °C,x‘C, =5х6=30 


After selecting any 6 books (4 novels and 2 biographies) in one of the 30 ways, they can be 
arranged on the shelf in 6! = 720 ways. 


By the Counting Principle, the total number of arrangements = 30x 720 = 21600 


ТО ДӘ  Гтоп 5 consonants and 4 vowels, how many words can be formed using 3 
consonants and 2 vowels 7 


Solution : From 5 consonants, 3 consonants can be selected in Gs ways. 
From 4 vowels, 2 vowels can be selected in *C, ways. 


Now with every selection, number of ways of arranging 5 letters is 5 P 
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Totalnumberofwords = °С,х*С,хёР, 


5х4 „4х3 
aeu 2х1 


х5! 


= 10х6х5х4х3х2х1= 7200 


Q CHECK YOUR PROGRESS 7.8 


There are 5 Mathematics, 4 Physics and 5 Chemistry books. In how many ways can you 
arrange 4 Mathematics, 3 Physics and 4 Chemistry books. 


Notes 


(a) ifthe books on the same subjects are arranged together, but the order in which the 
books are arranged within a subject doesn’t matter? 


(b) if books on the same subjects are arranged together and the order in which books are 
arranged within subject matters ? 


2. There are 9 consonants and 5 vowels. How many words of 7 letters can be formed using 
4 consonents and 3 vowels ? 


3.  Inhow many ways can you invite at least one of your six friends to a dinner? 


4. Inanexamination, an examinee is required to pass in four different subjects. In how many 
_ WEN can he fail? 


LET US SUM UP 


e Fundamental principle of counting states. 


If there are л events and if the first event can occur in m, ways, the second event can 
occur in m, ways after the first event has occurred, the third event can occur in m, ways 
after the second event has occurred and so on, then all the п events can occur in 


mM, x M, X M X eres x m, ,x m, Ways. 


e The number of permutations of n objects taken all at a time is п! 


сви п! 
(n-r)! 
ev: D 
5 n! 
e — Thenumber of ways of selecting r objects out of n objects "С, = Haz» ғ) 


5 "C = "с 


r n-r 


. "ссе 
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SUPPORTIVE WEB SITES 


http://www.wikipedia.org 


http://mathworld.wolfram.com 


TERMINAL EXERCISE 
1. There are 8 true - false questions in an examination. How many responses are possible 2 


2.  Thesix faces of a die are numbered 1,2,3,4,5 and 6. Two such dice are thrown 
simultaneously. In how many ways can they turn up ? 


3.  Arestaurant has 3 vegetables, 2 salads and 2 types of bread. If a customer wants 1 
vegetable, 1 salad and 1 bread, how many choices does he have ? 


4. Suppose you wantto paper your walls. Wall papers are available in 4 diffrent backgrounds 
colours with 7 different designs of 5 different colours on them. In how many ways can 
you select your wall paper ? 


|5. Ihow many ways can 7 students be seated іп a row оп 7 seats 2 


6. Determine the number of 8 letter words ps can be formed from the letters of the word 
ALTRUISM. 


7.  Ifyouhave 5 windows and 8 curtains in your house, in how many ways can you put the 
curtains on the windows ? 


8. Determine the maximum number of 3- letter words that can be formed from the letters of 
the word POLICY. 


9.  Thereare 10 athletes participating in a race and there are three prizes, ist, 2nd and 3rd 
to be awarded. In how many ways can these be awarded ? 


10. In how many ways can you arrange the letters of the word ATTAIN so that the Ts are 
together? 


| 11. A group of 12 friends meet at a party. Each person shake hands once with all others. 
How many hand shakes will be there. ? 


_12. Suppose that you own a shop which sells televisions. You are selling 5 different kinds of 
television sets, but your show case has enough space for display of 3 televison sets only. 
In how many ways can you select the television sets for the display ? 


13. А contractor needs 4 carpenters. Five equally qualified carpenters apply бог the job. In 
how many ways can the contractor make the selection ? 


14. Inhowmany ways сап а committe of 9 can be selected from a group of 13? 


15. Inhow many ways сап а committee of 3 men and 2 women be selected from a group of 
15 men and 12 women ? 
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: In how ways can 6 persons be selected from 4 grade 1 and 7 grade II officers, so as to 


include at least two officers from each category ? 


Out of 6 boys and 4 girls, a committee of 5 has to be formed. In how many ways can this 
be done if we take : 

(a) exactly 2 girls? 

(5) at least 2 girls? 

The English alphabet has 5 vowels and 21 consonants. What is the maximum number of 


words, that can be formed from the alphabet with 2 different vowels and 2 different 
consonants? 


From 5 consonants and 5 vowels, how many words can be formed using 3 consonants 
and 2 vowels? 


Ina school annual day function a variety programme was organised. It was planned that 
there would be 3 short plays, 6 recitals and 4 dance programmes. However, the chief 
guest invited for the function took much longer time than expected to finish his speech. To 
finish in time, it was decided that only 2 short plays, 4 recitals and 3 dance programmes 
would be perfomed, How many choices were available to them ? 


(a) ifthe programmes can be perfomed in any order ? 
(b) ifthe programmes of the same kind were perfomed at a stretch? 


(c) ifthe programmes of the same kind were perfomed at a strech and considering the 
order of performance of the programmes of the same kind ? 
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(М) ANSWERS 

7 CHECK YOUR PROGRESS 7.1 
l. (a) 180 (5)8 (с)12 (4) 20 

Notes 

2. (a) 48 (b) 36 
CHECK YOUR PROGRESS 7.2 _ 
К (а) 17576 (b) 900 
Р Мылы СУ, 105272: (6) 60 
Bi) ја) 24 (b) 24 
CHECK YOUR PROGRESS 7.3 


1. (а) (i) 720 (95040 (0546. (4)17280 | (010 
(Ы) 0) False Gi) False (iii) True (iv) False 


2. (a) 120 ' (b)40320 (с)24 
CHECK YOUR PROGRESS 7.4 
l. (a)(i) 12 (ii) 120 (894 (iv)7200 (ут 
(5) 0) Бабе (ii) True (іі) False - (iv) False 
|2. (967980 _ ii) 9240 (5)20 (с) 840 
CHECK YOUR PROGRESS 7.5 
1. 96 2. 1152 3. 2073600 4. 2488320 


5. 144 6.(i)5040 (1)30240 Git) 332640 
CHECK YOUR PROGRESS 7.6 
|. (a) (i) 286 

(ii) 126 

(iii) 84 

ЕТІ; 

(іу) 5 


(5) (i) True 
(1) False 
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(iii) False 


(iv) True 


(8) 46 


3564 


' 7560 


CHECK YOUR PROGRESS 7.7 


1 
2. 


4. 
5 


(а)п, Мо 
(а) 126 
(b) 1001 
(c) 715 
(d) 455 
(a) 56 
(b) 126 
(c) 120 
(d) 286 
3 

56 


CHECK YOUR PROGRESS 7.8 


1 


(а) 600 
(5) 207 3600 
6350400 

63 

15 
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2. 36 

3. 12 

4. 140 

5! 5040 

6. 40320 

7! 6720 

8. 120 

9, 720 

10 120 

11 66 

12 10 

13. 5 

14 715 

15 30030 

16 371 

17 (a) 120 
(b 186 

18. 50400 

19. 12000 

20. (a) 65318400 
(b 1080 
(c) 311040 


MATHEMATICS 


BINOMIAL THEOREM 


Suppose you need to calculate the amount of interest you will get after 5 years оп a sum 
of money that you have invested at the rate of 15% compound interest per year. Or 
suppose we need to find the size of the population of a country after 10 years if we know 
the annual growth rate. A result that will help in finding these quantities is the binomial 
theorem. This theorem, as you will see, helps us to calculate the rational powers of any 
real binomial expression, that is, any expression involving two terms. 


The binomial theorem, was known to Indian and Greek mathematicians in the 3rd century 
B.C. for some cases. The credit for the result for natural exponents goes to the Arab 
poet and mathematician Omar Khayyam (A.D. 1048-1122). Further generalisation to 
rational exponents was done by the British mathematician Newton (A.D. 1642-1727). 


There was a reason for looking for further generalisation, apart from mathematical interest. 
The reason was its many applications. Apart from the ones we mentioned at the beginning, 
the binomial theorem has several applications in probability theory, calculus, and in 
approximating numbers like (1.02)’, 3/5, etc. We shall discuss a few of them in this 
lesson. Before discussing Binomial Theorem, we shall introduce the concept of Principle 
of Mathematical Induction, which we shall be using in proving the Binomial Theorem for 
apositive integral index. This principle is also useful in making generalisations from particular 
Statements/results. 


OBJECTIVES 


After studying this lesson, you will be able to: 

e state the Principle of (finite) Mathematical Induction; 

e verify the truth or otherwise ofthe statement P(n) for n =1; 
e verify if P(k+1) is true, assuming that P(k) is true; 


» use principle of mathematical induction to establish the truth or otherwise of 
mathematical statements; 


MODULE - | 
Algebra 


MATHEMATICS 


MODULE -1 |, 


Algebra 


Notes 


Binomial Theore 


state the binomial theorem for a positive integral index and prove it using the principle of 
mathematical induction; 


e  writethe binomial expansion for expressions like (x + y)" for different values of x andy 
using binomial theorem; 
write the general term and middle term (s) of a binomial expansion; 


e у/тйе(һе binomial expansion for negative as well as for rational indices; 


. apply the binomial expansion for finding approximate values of numbers like 3/9, ./2,3/3 
etc; and 


7 
5 
e — apply the binomial expansion to evaluate algebraic expressions like (3 тн 5) , where xis ` 


so small that y? , and higher powers of x can be neglected. 


EXPECTED BACKGROUND KNOWLEDGE 


e — Number System 
e Four fundamental operations on numbers and expressions. 
e Algebraic expressions and their simplifications, 


e  Indicesand exponents. 


In your daily interactions, you must have made several assertions in the form of sentences. Of 
these assertions, the ones that are either true or false are called statement or propositions. 
For instance, | 


“Тат 20 years old” and If x = 3, then x? = 9" are Statements, but ‘When will you leave 2' And 
“How wonderful!’ are not statements. 


Notice that a statement has to be a definite assertion which can be true or false, but not both. 
For example, ‘x- 5 = 7’ is nota statement, because we don't know what x, is. If x — 12, it is 
true, but if x = 5, ‘itis not true. Therefore, *x — 5 = 7' 15 not accepted by mathematicians as à 
statement. 


But both x -5 =7 =>7 =12' andx—5 =7 for any real number x’ are statements, the first one 
true and the second one false. 


ШОШ Which ofthe following sentences is a statement ? 


(i) India has never had a woman President. 
(ii) 5 is an even number. 
(1)х”» 1 


(iv) (а + bP = a? + Зађ +B 


ЕШ am 
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Solution : (i) and (ii) are statements, (i) being true and (ii) being false. (iii) is not a statement, 
since we can not determine whether it is true or false, unless we know the range of values that 
x and y can take. . 


Now look at (iv). At first glance , you may say that it is not a statement, for the very same 
reasons that (iii) is not. But look at (iv) carefully. It is true for any value of a and b. Itis an 
identity. Therefore, in this case, even though we have not specified the range of values for aand 
b, (iv) is a statement. 


Some statements, like the one given below are about natural numbers in general. Let us look at 
the statement given below : 


1+2+,+п = јан) 


This involves a general natural number n. Letus call this statement P (ғ) [P stands for proposition]. 


11-41 
Then Р (1) would be 1222 


Similarly, P (2) would be the statement 


14242059) 


and so on. 


Let us look at some examples to help you get used to this notation. 


[Example 8.2 MEZON denotes 2"? n-1, write P (1), P (k) and P (1), where к e М. 
Solution : Replacing n by 1, Капа k +1, respectively in P (0), we get 
Р(1):21»2-1,16,2»1 
P (kK): 2k >k-1 
Р (k + IEE PENRE - 5 1e,2 71K 


Ехатріе 8.3 If P (72) is the statement 


164960072) = 187-9 


write P (1), P(k) and P(k- 1). 


Solution : To write P(1), the terms on the left hand side (LHS) of P(n) continue till 
3х1-2, ie, 1. So, P (1) will have only one term in its LHS, i.e., the first term. 


zl 


Ix Gx1-1 
Also, the right hand side (RHS)of P(1)- 221—0 
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Therefore, P(1)is1 1. 


Replacing n by 2, we get 


2х(3х2-1) . 


Р(2):1+4= 2 ела 5 


Replacing пђу Капа k+ 1, respectively, we get 


k(3k -1) 
PO) CUP e OECD) т 


P(k+1):14+4+7+.... + Gk-2)- [3 (6+1) -2] 


(GC DG D - 1] 
2 


(k+ DIGk +2) 


ће. „1+4+7 +... - Gk = 5 


а CHECK YOUR PROGRESS 8.1 


Determine which of the following are statements : 
(а) ОА 2S 20 (БЕД У +10=99 
(с) Chennai is much nicer than Mumbai. (4) Where is Taj Mahal ? 


n 
(е) па И) Лоа а совесб «1 


Given that P(n) : 6 is a factor of из + 5n, write Р(1), P(2), P(k) and P(k+1) where kis 
anatural number. 


Write P(1), P(k) and P(k-- 1); if P(n) is: 
(а) 2'>п + 1 (b) (I xy > 1 + nx 
(c) n (n +1) (n * 2) is divisible by 6. (d) (x" — y”) is divisible by (x-y). 


nion In 
(e) (ађу = a" b" (f) ri x 3 T 15 Jisanatural number. 


Write P(1), P(2), Р(К) and P(k--1), if P(n)is : 


1 Ме ЖҮЗ, 
(а) 1х2 7 nn«l) nel 


(b) 143454... *(2n-1)- 


М | 268 | 242222724 ATIS 
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(с) (1x 2)+(2x3)4+....4n(n +1) « n(n +1)? . Algebra 


1 Т 1 п 
(а) + +... = 
156c30035c5 (2п-1(2п-1) 2н-1 


Now ,when youare given a statement like the ones given in Examples 2 and 3, how would you 
check whether it is true or false ? One effective method is mathematical induction, which we 
shall now discuss. 


Notes 


8.2 THE PRINCIPLE OF MATHEMATICAL INDUCTION 


In your daily life, you must be using various kinds of reasoning depending on the situation you 
are faced with. For instance, if you are told that your friend just had a child, you would know 
that it is either a girl or a boy. In this case, you would be applying general principles to a 
particular case. This form of reasoning is an example of deductive logic. 


Now let us consider another situation. When you look around, you find students who study 
regularly, do well in examinations, you may formulate the general rule (rightly or wrongly) that 
“any one who studies regularly will do well in examinations”. In this case, you would be formulating 
a general principle (or rule) based on several particular instances. Such reasoning is inductive, 
a process of reasoning by which general rules are discovered by the observation and 
consideration of several individual cases. Such reasoning is used in all the sciences, as well asin 
Mathematics. ? | 


Mathematical induction is a more precise form of this process. This precision is required because 
astatement is accepted to be true mathematically only ifit can be shown to be true for each and 
every case that it refers to. The following principle allows us to check if this happens. 


Note that condition (ii) above does not say that P(k) is true. It says that whenever Р(К) 
is true, then P( k + 1) is true’. 

Let us see, forexample, how the principle of mathematical induction allows us to conclude that 
P(n) is true for n= 11. 

By (i) P(1) is true. As P(1) istrue, we can put k = 1 in (ii), So P(1 + 1), i.e., P(2) is true. As 
P(2) is true, we can put k = 2 in (ii) and conclude that 
P(2+ 1), i.e., P(3) is true. Now put k= 3 in (ii), so we get that P(4) is true. It is now clear that 
if we continue like this, we shall get that P(11) is true: 


It is also clear that in the above argument, 11 does not play any special role. We can prove that 
Р(137) is true in the same way. Indeed, itis clear that P(n) is true for all n > 1. 


иши — — — E 
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MODULE - | | Let us now see, through examples, how we can apply the principle of mathematical induction to 
Algebra prove various types of mathematical statements. 


Ехатріс8.4 Prove that 


1+2+34---+n= 7 (11), wherenisa natural number. 


Solution: We have 


Po) 1+2+3 +. en пп +1) 


1 
Therefore, Р(1)18 ‘1 = 2 (1+1)’, which is true,. 


Therefore, P(1) is true. 
Let us now see, if P(k+ 1) is true whenever Р(Х) is true. 


Let us, therefore, assume that P(K) is true, i.e., 


k 
18243. k= 84) 440) 


k- 2 
Now, Р + 1)is 1+2+3 +.. +Е + (Е + ре £362 


It will be true, if we can show that LHS=RHS 
The LHS of P(k + 1)=(1+2+3..+% + (k+1) 


k 
= 2033) + (k* 1) ...[From (i)] 


= Б + ) 
= (6+1) (5 
_ (k+1\(k+2) 
li 2 
= RHS of P (k +1) 
So, P(k + 1) is true, if we assume that Р(Х) is true. 


Since P(1) is also true, both the conditions of the principle of mathematical induction are fulfilled, 
we conclude that the given statement is true for every natural number п 


b | 270 | MATHEMATICS 
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As you can see, we nave proved the result іп three steps — the basic step [i.e., checking (1)], 
the Induction step [i.e., checking (ii)], and hence arriving at the end result. Algebra 


Example 8.5 Prove that 


1.242.224+3.23+ 4.244... n2^ = (n-1)27*1 +2, 


where п is a natural number. 
Solution : Here P(n) is 1.2! + 2.22 + 3.2 + 1.. n2^  (n- 1) 27 42 
Therefore, Р(1) is 1.2! 2 (1— 12! *! +2,1е.,2 =2. 
So, P (1) istrue. 
We assume that P(A) is true, i.e., 

КЕ oe (Ж =Луд 72 RE CY 
Now will prove that P(k + 1) is true. 
Now Р(К + 1) is 

12) 222-413, 03 н RACE ЕЛ2 е [+ 1)-112 61") +2 

! =К2"2+2 
LHS оЁР(К-1) = (1.2! +2.22 +3.23 +... + k2k + (k + 1) 27" 


= 20 (4-2 


= 22h) +2 [Using (0) 
=k? +2. 


= RHS of P (К+ 1) 


Therefore, P(k + 1) is true. 


Hence, by the principle of mathematical induction, the given statement is true for every natural 
number n. 


|Ехашріе B or ever natural number n, prove that (e зу! ) is divisible by (x + y), 

where x, y е М. 

Solution: Let us see if we can apply the principle of induction here. Let us call Р(т)ће statement 
f (x зу" Jis divisible by (х + у)”, 

Then P(1) is * (x^^ y^" Jis divisible by (x + y)',i.e., “(x + y) is divisible by (x +y)’, which is 

true. 


Therefore, P(1) is true. 
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Let us now assume that Р(1) is true for some natural number К, i.e., (ха + у!) is divisible 
by (x * y). 


This means that for some natural number, х2! + у! = (x 4. y); 
Then, x? = (x 4 уугу 


We wish to prove that P (k+1) is true, i.e., * [x *9-1 + уй) ]is divisible by (x--y) is true, 


Now, 


! xxm 2(k+1)-1 2541 2k+1 


+y -х ty 


. = 2-19 зул" 


= Ху зуд" 

2x [x y)t-y ну 
зх(хжуу-хул" + yt | 
sx (x+y у“ зуу 
=х\(х+ у)!- у ot - у?) 


= (x y)[x7t-(x-y) y*] 


2-1 жн [From (1)| 


which is divisible by of (x + y). 
Thus, P (k+1) is true. 


Hence, by the principle of mathematical induction, the given statement is true for every natural 
number л. 


[oor TU Prove that 2” > n for every natural number n. 


Solution: We have P(n) : 2^ > л, 
Therefore, Р(1): 2!> 1, i.e.,2> 1, which is true. 


We assume P(k) to be true, that is, 
2-4 (i) 


We wish to prove that P(k + 1) is true, 1.6.25 1» 4-1, 
Now, multiplying both sides of (i) by 2, we get 
251525 
= 2'*'>k+1,sincek> ]. 
Therefore, P(k + 1) is true. 


Hence, by the principle of mathematical induction, the given statement is true for every natural 
number 7. j 


mmm 
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Sometimes, we need to prove a statement for all natural numbers greater than a particular 
natural number, say a (as in Example 8.8 below). In such a situation, we replace Ра уђу . 
P(a + 1)in the statement of the principle. 


Algebra 


Example 8.8 Prove that 


n^» 2(n + 1) for all n > 3, where п is a natural number. 


Solution: Боги > 3, let us call the following statement 
Рт):т>2(п+1) 


Since we have to prove the given statement for » 3, the first relevant statement is P(3). We, 
therefore, see whether P(3) is true. 


P(3):3?22 x 4,1е.9>8. 
So, P (3) is true. 
Let us assume that P(A) is true, where k 23, that is 
Е>2( НЕ У apto C SR ВУ DA NO d 0) 
We wish to prove that Р (k + 1) is true. 
P(k+1):(k+ 19» 2(k 2) 
LHS of P (К+ 1) = (k + 1? 
=h+2k+1 
>2(k+1)+2k+1 .. [By (0) ] 
>3+2k +1, since 2 (k + 1)>3. 
=2 (k+ 2), 
Thus, (k + 1)? > 2(k 2) 
Therefore, P(k + 1) is true. 


Hence, by the principle of mathematical induction, the given statement is true for every natural 
number n> 3. 


|Ехашрево Т principle of mathematical induction, prove that 


п п) 7п 
E + 3 яд 15 is anatural number for all natural numbers n. 


Solution : 


5 3 


Пе По ТИ 
Let P(n) : 573 15 be anatural number. 


MATHEMATICS | 273 | 


Binomial Theorem: 


MODULE - | 117 
Algebra «P: ii isanatural number. 
5.53 ES 
ly. dd nes Eo У 
+= += = = =] whichi ber. 
or, з 15 15 , Which is a natural number. 
P(1) is true. 


5 3 


k 
Let P(A): Е T 3 + Еј is апайга! number be truc __... (i) 


di (k 41) “бу .70+1) 


New ig 3 15 


213 5E ОР +10? єв +302 ма (Le) 


5 3 
2 ERES +2К° 43€ ю 160) 


=|—+—+— HK 42k? 43k? +2 )+1 t 
441) 


Wk i 7k. 
—+—+— : 
Ву (), ES + 15 is a natural number. 


also д^ +2k3 +34? + 2k isa natural number and 1 is also а natural number. 
(ii) being sum of natural numbers is a natural number, 
P(k + 1) is true, whenever Р(Е) is true. 
P(n) is true for all natural numbers 7. 


nm m 7n 
Hence, (% % EI * 15 is a natural number for all natural numbers л, 
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"| CHECK YOU 


R PROGRESS 8.2 


Using the principle of mathematical induction, prove that the following statements hold for 
any natural number n: - 


(a) МЫНЕ Же ои er =©(я+1)(2л+1) 


(5) I? 23 База он + =(1+2+...+п) 
(c) 143454... Qn-1)2 m 


(d). ЕТЕ AR +(31-2)= 2 (9n-1) 


Using principle of mathematical induction, prove the following equalities for any natural 
number n: 


М SRM PAEAN КҮ. г 
@ 1x2 28. 1 аа) ИЧА 

ИЛЧ ҮН 1 п 
(Б) вв 

ҮЗ; 550287 (2n—1)(2n+1) | 2n41 
(Суын (1x2) Qx3) s... enn = DD 


For every natural number л, prove that 

(а) n°+5n is divisible by 6. (b) 6 — 1) is divisible by (x — 1). 
(c) 07 -2n)isdivisibleby3. ^ (d)4 divides (n*-- 213 т). 
Prove the following inequalities for any natural number n: 

(а) 3" >28 +1. (5) 49 > 15 п 


(с) 162.61 уби 


Prove ће following statements using induction: 


(a) 2^» n forn > 5, where п is any natural number. 


1 1 17843 
— + — +. +—=> —= Ї 
(b) ҮКЕ ЯЗ 2n" 24 for any natural number n greater than 1 


Prove that n(n? — 1) is divisible by 3 for every natural number n greater than 1. 


To prove that a statement P(n) is true for every n € N, both the basic as well as the induction 
Steps must hold. 


If even one of these conditions does not hold, then the proof is invalid. For instance, if P(r) is’ 
(a+b)" <a" +ђ"' forall reals а апа b, then P(1) is certainly true. But, P(K) being true does 
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not imply the truth of P (k + 1). So, the statement is not true for every natural number n. (For 
instance, (2-3) $ 2? +37). 


n 

As another example, take Р(п) to be n > 8 +20. 

In this case, P(1) is not true. But ће induction step is true. Since P(A) being true. 
=>k> 5. 20 


р(к+1):к+1>+20+15 К+20+ 1. k+1 20 
2 2 2,172 


=> P(k +1) 1зїгце. 


8.3 THE BINOMIAL THEOREM FOR A NATURAL EXPONENT 


You must have multiplied a binomial by itself, or by another binomial. Let us use this knowledge 
to do some expansions. Consider the binomial (x + y). Now, 


(х +у) =x+y 

(зуг = (къу) (к + у) = + 2ху + у 

(x *yy =(х+у)(х+уў= py зур у? 

(жуу T Gy) (х +) = x + Фу + Oy  Axy + y! 

(к + уу#= (х + y) (х + yo x+ $6 + 100y? 108) + 5ху!+ ys 


and so on. 


| 


In each of the equations above, the right hand side is called the binomial expansion of the left 
Бапа side. 


Note that in each of the above expansions, we have written the power ofa binomial in the 
expanded form in such a way that the terms are in descending powers of the first term of the 


binomial (which is x in the above examples). If you look closely at these expansions, you 
would also observe the following: 


1. The number of terms in the expansion is one more than the exponent of the binomial. For 
example, in the expansion of (x + у)*, the number of terms is 5. 


2. The exponent of x in the first term is the same as the exponent of the binomial, and the 
exponent decreases by 1 in each successive term of the expansion. 
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The exponent of y in the first term is zero (as у“ = 1). The exponent of y in the second Шан 
9 


term is 1, and it increases by 1 in each successive term till it becomes the exponent of the 
binomial in the last term of the expansion. 


4. The sum ofthe exponents of x and y in each term is equal to the exponent of the binomial. | 
For example, in the expansion of (x + y)’, the sum of the exponents of x and y in each 
termis 5, 


If we use the combinatorial co-efficients, we can write the expansion as 
к +P oreo x ЕСИН СА ТАС у 

(ct yy text РАСУЛУ НОРИС Gays 

(x t yy m Cue Сри Суу ЖС SO хуульгүй 
and so on. 


More generally, we can write the binomial expansion of (x + y)", where n is a positive 
integer, as given in the following theorem. This statement is called the binomial theorem 
for a natural (or positive integral) exponent. 


Theorem 8.1 


(x ry) eter nC y riy BEAC ENEY аир сее ул) 
where n e N and x, y e R. 
Proof: Let us try to prove this theorem, using the principle of mathematical induction. 
Let statement (A) be denoted by Реп), i.e., | 
Р(п): (у) = ат IC ЛУ Coo Aye ta a ey tose 
TRG xy or Gy" EO) 
Let us examine whether P(1) is true or not. 
From (i), we have 
РО) :(х фу) o Са +!С, y= Їхх-їху 
ће. (х фу) =х+у 
Thus, P(1) holds. 
Now, let us assume that P(A) is true, i.e., 
Pt Geta C E Ox E Ly BC x by 2 p ЕАУ Ра 
CT ee ...(ii) 
Assuming that Р(Е) is true, if we prove that P(k+ 1) is true, then P(n) holds, for all л. Now, 
(x+y) =(х+ у)(х+ yy = (х+ y) Ср +*С,х!у+*С ху m 


wt Cay" e Cy) 
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= Ж Ek kl 2 k kA 2k 5-2,3 
Algebra e Ox ул Cx y! C x y! eO x y! +" С“ + 


WEG Sx Ун лс IE POY Een 


іе. (y= IC + C e C) y CC I Сух ty? + 


wot Cu EQ ју жс, у“ ENS 
From Lesson 7, you know that *C.=1 ="'C, (іу) 
and кран 
Also, CHC m PIC, 
Therefore; | Сиа (v) 


18) oat С, 
од са 24 


не 


_ Using (iv) and (v), we can write (iii) as 
(x+y)" 22 Шон + PIC x y су? Хү 


СОН Obes ie Ч: Fe Ceo. 
which shows that P(k -1) is true. 
Thus, we haye shown that (a) P(1) is true, and (b) if. P(k) is true, then P(k+1) is also true. 


Therefore, by the principle of mathematical induction, P(n) holds for any value of n: So, 
we have proved the binomial theorem for any natural exponent. 


This result is supported to have been proved first by the famous Arab poet Omar 
Khayyam, though no one has been able to trace his proof so far, 


We will now take some examples to illustrate the theorem. 


Write the binomial expansion of (x + Зуу. 


Solution : Here the first term in the binomial is x and the second term is Зу. Using the binomial 
theorem, we have 


Œ+ 39! = "Со ҮС Gy) + Сао Gyy + С yy + °C,x(3y)' + °C, By)’ 
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= Lx x? + 5x4 x3y410x* x Oy?) +10x? x (27?) + Sxx (81*) 1x 2435 
= x +15х"у +90%7 у? + 270х2 у" + 405ху“ +2435? 


Thus, (х+3у) = х? -15x*y 490x3 y? +270x2y? + 405ху* +243у“ 


Expand (1 *ay in terms of powers of a, where a is a real number. 

Solution : Taking x = 1 and y= а in the statement of the binomial theorem, we have 
(Lt ay = ^C) € "C" ax" C) а жа "Ci (atit Coat. 
їе, (1+ а)" =14+"C,at"C,a? +...+" С, а" +"С,а" a (В) 

(B) is another form of the statement of the binomial theorem. 


The theorem can also be used in obtaining the expansions of expressions of the type 


(в) Жил (2+2) (2-2) etc 
XJ E уул дела ТЕЛ es ри 


Let us illustrate it through an example. 


4 
у А 
Ехаштрс 8,12 Write the expansion of ЕР „ућегех у > 0. 


Solution : We have : 


The population ofa city grows at the annual rate of 3%. What percentage 
increase is expected in 5 years 7 Give the answer up to 2 decimal places. 
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Solution : Suppose the population is a at present. After 1 year it will be 
a+ 3 а=а 2) 
.100. 1100 
it wi Ша 5111,3. 
Айег2 years, it willbe 9 “100 "100 100 
=а +) +) =а ОЛ 
100A 100 100 


3 5 
Similarly, after 5 years, it will be а ( a: x) 
Using the binomial theorem, and ignoring terms involving more than 3 decimal places, 
we get 


5 
(12) ~ ај + 5(0.03) +10(0.03)"] = „1 159 


So, the increase is 0.159x100% = 159 Т =15.9% in 5 years. 
1000 100 


ЭТЭ ЕЙ Using binomial theorem, evaluate 
(i) 1024 (ii) 97) 


Solution : 
(0 1024 -(100-2) 
; = 'C, (100) + *C (1007.2 + 4C,(100)2,2? + "С. (100),23 «C, .2* 

= 100000000 + 8000000 + 240000 + 3200 + 16 
= 108243216 

(4) (97 -(100-3) 
= °C, (100) = °C, (100)?.3 + `C, (100).3: — 2043) 
= 1000000 — 90000 + 2700 - 27 


= 1002700 – 90027 
= 912673 
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Ммй CHECK YOUR PROGRESS 8.3 

1. Write the expansion of each of the following : 4 2 
(а) (atb) (Б) @-3y)  (с)(4а-5Ь) (а) (ах + Бу)" 

2. Write the expansions of: Notes 


7 
(a) (1 — x Ды) (©) (1+ 25) 


3. Write the expansions of: 


E Ё v (++) р 
ө3%2 ООО 


4. Suppose I invest Rs. 1 lakh at 18% per year compound interest. What sum will I get 
back after 10 years? Give your answer up to 2 decimal places. 


5. The population of bacteria increases at the rate of 2% per hour. If the count of bacteria 
at 9 a.m. is 1.5 105, find the number at 1 p.m. on the same day. 


6. Using binomial theorem, evaluate each ofthe following : 
(i) (101)* (ii) (99)* (1) (1.02) ^ (iv)(0.98y 


GENERAL AND MIDDLE TERMS IN A BINOMIAL EXPANSION 


Let us examine various terms in the expansion (A) of (x + у”, i.e., in 
(x + Уу = "С + "Cx" y "бржу 3 RC ћу 5 З Ез + Tuy" 


- We observe that 


the first term is "Cox" i.e., "C, ix^ y^; 


n-l.l. 


the second term is Cx ys ie," C; x" ys 


the third term is "C, x"? y^ „ће. "C, ix"? y^; 
and so on. 


From the above, we can generalise that 


the (r+ 1)"termis "Слух" y" ie. лаларға 


If we denote this term by 7... , we have 


rat 
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т" =/Сх у у x 
Т. is generally referred to as the general term of the binomial expansion. 


Let us now consider some examples and find the general terms of some expansions, 


1 п 
ТИТОВ ЕЙ Find the (r + 1)'" term in the expansion of (е Sy 1) , Where и is a natural 


number. Verify your answer for the first term ofthe expansion. 


| Solution : The general term ofthe expansion is given by : 


s 


Ta сеу (1) 


х 


eu от — 


x 
ER CI XU 0) 


Hence, the (r + 1)th term in the expansion is құймақ 


гү 
On expanding | + 2) , ме note that the first term is (х2)" or x”. 


Using (i), we find the first term by putting = 0. 
Since T, = T, 


0-1 


Яо 20-0 _ _2п 
Т "Сух =x 


This verifies that the expression for T, (18 correct for + 1 = 1, 


Find the fifth term in the expansion of 
Ў 6 
өз 

3 


Solution : Using here Т, = T, which givesr +1 = 5, i.e r= 4. 


, 


Also п = 6 and let a= Ze. 


xT °° °° an 
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Notes 


80 
Thus, the fifth term in the expansion is 22. a 


ғы 
CHECK YOUR PROGRESS 8.4 


1. Foranatural number 7, write the (r + 1)" term in the expansion of each of the following: 


(a) (2х-5)7 €) (24-1) 


” 1 К 
(с) (1-а) (9) ЕЭ 
2. Find the specified terms in each of the following expansions: 


(а) (42): бетт. (b) (2x +3) 4th term 


6 
(c) (2a-b)';7thterm (0) | + : ; 4th term 


1 T. 
(e) (е 2 i) ; Sth term 


Now that you are familiar with the general term of an expansion, let us see how we can obtain 
the middle term (or terms) of a binomial expansion. Recall that the number of terms ina 
binomial expansion is always one more than the exponent of the binomial. This implies that ifthe 
exponent is even, the number of terms is odd, and if the exponent is odd, the number of terms 
is even. Thus, while finding the middle term in a binomial expansion, we come across two 
cases: 


‘Case 1: When n is even. 


To study such a situation, let us look at a particular value of n, say n = 6. Then the number of 
terms in the expansion will be 7. From Fig. 8.1, you can see that there are three terms on either 
Side of the fourth term. 
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3 terms 3 terms 


Fig. 8.1 


n 1 
In general, when the exponent nof the binomial is even, there are 2 terms on either side of the 


n n | 
(% + ) th term. Therefore, the E Ж ) th term is the middle term. 


Case 2: When n is odd 


Let us take п = 7 as an example to see what happens in this case. The number of terms in the 

expansion will be 8. Looking at Fig. 8.2, do you find any one middle term in it? There is not. 

But we can partition the terms into two equal parts by a line as shown in the figure. We call the’ 

terms on either side of the partitioning line taken together, the middle terms. This is because 
| there are an equal number of terms on either side of the two, taken together. 


С) 3 terms 


O 
middle terms 
О 


О 
(7) 3 terms 
О 


Fig. 8.2 


Thus, in this case, there are two middle terms, namely, the fourth, 


7-1 7-3 
ie., (=) and the fifth, i.e., ЕЗ terms 
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2 2 
are two middle terms, as is evident from Fig. 8.3. 


ОО ОО ОООО 0O 


Fig. 83 


Ж 1 1341 1343 
Similarly, ifm = 13, then the thand the th terms, i.e., the 7th and 8th terms 


From the above, we conclude that 


: nil 
When the exponent п of a binomialis an odd natural number, then the (=) th and 


n+3 
| 2 је terms are two middle terms in the corresponding binomial expansion. 


Let us now consider some examples. 


Joe TOES Wal Find the middle term in the expansion of (x*+y”)* 


Solutuion : Here n = 8 (an even number). 


8 
"Therefore, the (5 * ) th, i.e., the 5th term is the middle term. 


Putting =4 in the general term Т, , = *C (оу, 


T, 2, (ху (у? y es 70x*y* 


1 9 
PRET NCEA EA Find the middle term(s) in the expansion of ( 2x? + : y 


9-1 9-3 | 
Solution : Here л = 9 (an odd number). Therefore, the| 75 hand | —> — th are middle 


terms. 1.6. Т, and Т, are middle terms. 


For finding T; and T, putting r= 4 and r=5 in the general term 


1, 
T,,-'CQxy* СУ. 


4 
nca" 
xX 
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_ -9x8x7x6 
| 4х3х2 


4 
х(З2х")х B = 4032 x6 
х 


ту 
and T, = °C, (2325 B =2016x 


Thus, the two middle terms аге 4032 x^and 2016 x3. 


PN 
6. CHECK YOUR PROGRESS 8.5 


Ї. Find the middle term(s) in the expansion of each of the following : 


8 
e ee» (eie) 


2. Find the middle term(s) in the expansion of each of the following : 


(a) (a b) () ` Qa-by 


Зх 4у \ jo. 
(с) Е Ч 2 (d) [x % 5) < 
8.5 BINOMIAL THEOREM FOR RATIONAL EXPONENTS 


So far you have applied the binomial theorem only when the binomial has been raised to a 
power which is a natural number. What happens if the exponent is a negative integer, or if it is 
a fraction? We will state the result that allows us to still have a binomial expansion, but it will 
have infinite terms in this case. 


The result isa generalised version of the earlier binomial theorem which you have studied. 


ПОТЕР Тһе Binomial Theorem Гог а Rational Exponent. 


т S і / : 
Ifr is а rational number, and x is a real number such that |] < 1, then 


(елу бна 0а. . (D) 


We will not prove this result here, as it is beyond the scope of this course. In fact, even Sir 
Issac Newton, who is credited with stating this generalisation, stated it without proof in two 
letters, written in A.D. 1676. The proof was developed later, by other mathematicians, in 
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СА 
stages. Among those who contributed to the proof of this theorem were English mathematician 
Colin Maclaurin (A.D. 1698-1746) for rational values ofr, Giovanni Francesco, M.M. Salvemini | Algebra | 
(A.D. 1708-1783) and the German mathematician Abraham G. Kasther (A.D. 1719 - 1800) i | 
for integral values ofr, the Swiss mathematician Leonhard Euler (AD 1767-1783) for fractional 
exponents and the Norwegian mathematician Neils Henrik Abel (1802-1829) for complex 
exponents. Let us consider some examples to illustrate the theorem. 


[OST TOREM Write the expansion of (1 +x)", when |x| < 1. 


Solution : Here г =—1 [with reference to (D) above]. 
Therefore, 
(5 E 2) 24C CS DM 


ie., (еј! = 1 -x * x - x * x3 - X 4... 


(1+ х) 214 (-Dx 4 5—S5— 


Similarly, you can write the expansion (1 —x)'!— 1 +x + x^* x* t x! x5 .... 


Note the above expansions. In case of (1 +x) ‘all the terms have positive and negative 
signs alternate, while in the case of (1 —x)"' all the terms have positive sign. 


You may have also observed the following points about the binomial expansion (D) in 
general; 


l. Ifris anatural number, then (C) and (D) coincide for the case |x| <1. 


Ч 51 5 rt 
2. Notethat С, =1, "C, - r, "С, = = ) etc. Thus, the coefficients 1, цас 2 


in (D) look like combinatorial coefficients., 


However, recall that "C. 18 defined for natural numbers r and whole number s only. 
Therefore, 


"Cy "Ср "С etc. have no meaning in the present context. 


3. Theexpression (D) will have an infinite number of terms. 
4. Тһеѕит of the series on the RHS of (D) may not be meaningful х > 1. 
For example, if we put x = 2 in Example 1, we have 


(1+ 2)1=1-214-8+16-32+.. 


=(1–2)+(4–8)+(16–32)+... 


ie, ==-1-4-16-..., 


wo | = 
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which is clearly false. 


Therefore, for (D) to hold, it is necessary that |x| 21 


Let us look at some more examples of this binomial expansion. 


! р 22 
ОРОЙ Expand (x + уу, where r is a rational number and | 


<1. 


| 3 
Hence expand (3 + 5p)”5, when |p| < г 


Solution : (x+y) =х'|1+= 21201) 
х 


РА 
х 


<1, wehave 


(2y ан( 02) eea), 
х х 21:00 3! Sa 


Therefore, from (1), we have 


eio) а ю( 52171 4706-06-21 уү 1 
X 2! x 3! х m 


ТӨ АТА О r(r-Y(r-2) ,. 
ИЛЖ Woke оти трае ЗУ? e... (2) 


Since it is given that | 


ie, y) =x" их“ 


Now, to solve the second part of the question, note that 12 « : | 


5р 
| 3 


: 2 
<1 then putting x 23, y =5р, r= 5 1102), we get 


32 
(8) (бр) + 


А 23 | 
à 225 
5р)? «3^ ау Gp) +5 > 


ЕШ ~E 
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2 5 
2 25 + 3)35(2p) 4.3 37 (3) "525 p? + 


Зр 3053700) 335p 24 


The result we have just obtained in Example 8.20 is another form of the binomial theorem fora 
rational exponent. Let us restate it formally. 


Ifr is arational number and 5 «1, 


1 үн 1 r(r -V(r -2) ху Ын 


(x+y) =x" их Лу » Ч (Е) 


> 1 were true. In this 


Note that you could have expanded (x + y) differently if 2 


case, you would һауе had y 


up 1, and (x yy zur) zy try uu 
Ж 


Consequently, we have the following result: 


For a rational number г, an expression like (ax + by)" can be expanded in two different 
ways, depending on whether 


УТ wae Expand (x + y)? when 


#1 


(i Р «1 and (i) 


«1 using (E) we have 


Solution: (i) Since р 


(r+ yma aspx y ӨСӨ на ICID ва, 


2 3 
ul Зу 1597 30 
х х х' х 
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x 
Gi) Since М <1, we have to write (x + y)? in the form (у+х)7. 


Using (E), we can write 
(уља = у“ (5) а 


(-5Х-6) у E 5Х-6Х-7) фа 
2! 3! Ü 


1°. 5x 15x! 35 


РТ 580716) ig M 


- + 
УУ У 


Note that in (i), we have obtained the expansion in ascending powers of y while in (ii), we have 
obtained the expansion in ascending powers of x. 


CHECK YOUR PROGRESS 8.6 
1. . Expand each of the following : 


(а) 1-ру for | p| «1 (b) (1 + 3x)" for |x| «i 


6 1 
(© (01-55) 2| сс 


2. Expand each of ће following : 


«I 


4 2 
(а) (27-6x) „г = 


x 
<l (b) Qa * x)*, for|5- 


1 2 
(с) Q«3yy ЦЭР 


3. (а) State the condition under which the expansion of (x + 2у) 5 will be validin 
(i) ascending powers of x. 
(ii) ascending powers of y. 


Also, write down the expansion in each case. 


3 
(b) Expand, (3 + 6y) 3 , stating the range of values of Y for which the expansion is valid. 
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8.6 USE OF BINOMIAL THEOREM IN 


As you have seen, t the binomial expansions sometime have infinitely many terms. In sucli cases, 
for further calculations; an approximate value involving only the first few terms may be enough 
forus. Letus illustrate some situations in which we find the approximate values. 


EE Find thecube root of 1.03 up to three decimal places. 


1 
Solution : We want to find (1.03)3 up to three decimal places. 


: 1 
Now (1.03)? = (1+0.03) 


Since (0.03| « 1, from (E), we have 


1 ( 1 ) 
1 bad рутди: и $ 
(1+0.03)3 =1+ 5003) + ЗЭ 0.037 от 
Now, we need to approximate the value up to three decimal places. Since a non-zero digit in 
the fourth decimal place may affect the digit in the third place in the process of rounding off, we 
need to consider those terms in the expansion which produce a non-zero digit in the first, 
second, third or fourth decimal place. 


Therefore, we can take the sum of the first three terms in the Expansion (2), and ignore the rest. 


| У 
2. 
(1.03)? «140.014.534 (00009) 


Ш 


1+ 0.01 — 0.0001 
1.0099 
~ 1.010, taking the value up to three decimal places. 


| 


Now, the digit after the third decimal place is greater than 5, so we have increased the third 
decimal place by 1. 


ЕТЕГІ 
Thus, the сиђе root of 1.03, up to three decimal places, is 1.010. 


Example 25 ЖИД y to be so small that y and higher powers of y can be neglected, 
2 Єз i 
find the value of (1 — 2 у): (4 + 5y) ? 


5 1 l КЕ 
Solation : Note that yis very small. So, we can assume that | y | < > Тһеп, using the binomial 


theorem, we get 


Binomial Theorem 


MODULE - | ` 
` Algebra 5 2021) 
1-25)? 2142 24257 


(-2уу +... 


Notes 3 x ae Jum 4| > 
(4+5y)? зас (er (5у) 2 "um “(буу ile 
Since we can neglect terms containing y? and ia powers of y, we have 
2 2 4 
(1- 2p) w1+3(-2y) slag and 


25 


(4+5y)? «(03 эн 6») 


8 64^ 


(-4 (н Hrs D$ Si 
378-647) & ^ 76475 167 


тұс M. У , again neglecting the term containing y?. 


E477 
So, (1-2y) 3 (4+5у) з E isz 8 192 тоз У » if we neglect the terms involving у? and higher 


powers of y. 


CHECK YOUR PROGRESS 8.7 
1.  Findthevalue of each of the following up to three decimal places: 
(a) (1.02) (b) (1.01)? (с)(0.97) 
(9) 27.60 [Hint : (7.60)? = (8-0.4)'7] 


(е) 4/82 (ніш: (82): - (81-1) EEA 


-1 E M. 
(0 (24) 2 [Hint : (24) 2 = (25-1) 2 | 
2. Assuming 210 ђе so small that 22 and higher powers of z can be neglected, find the 
value of 


() 85205. (90133203 (1-52) 
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1 
(a-z) +(11-5z)? 


8 67: 


LET US SUM UP 


e  Thestatement of the principle of mathematical induction namely. 


P(n), a statement involving a natural number п, is true for all n > 1, where nis a fixed 
natural number, if 


(i) P (1) is true, and 
(ii) Whenever Р(Е) is true, then P (К+ 1) is true for ke N. 

e  Foranatural number п, 
(x+y) = "Су x" &"C x" ye "C x"? y e..." C, xy" "C, y" 
This is called the Binomial Theorem for a positive integral (or natural) exponent. 

e Another form of the Binomical Theorem for a positive integral exponent is 
(1 * ap = "С *"C a "C, d + "C, d FC d 

• — The general term in the expansion of (x+-y)"is"C,x” Ty “and in the expansion of (1 + a)" 
is"C.a’, where nis a natural number and 0 <r < n. 

e Ifnis an even natural number, there is only one middle term in the expansion of 
(x + y)". Ifnisodd, there are two middle trems in the expansion. 

“6 The formula for the general term can be used for finding the middle term(s) and some 

other specific teris in an expansion. 


*  Thestatement 


(1 *x)-14 mi. 


where, r is a rational number and |x |< 1 iscalledthe Binomial Theorm for a rational 
exponent. In this expansion, the number of terms is infinite ifr is not a whole number. 


r=) a rrr Do, 
! 3 


r(r-ir-2) г-3,3 
? (e+ yy ex жұлу Ga ty OT y ды. 
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where is arational number and В <1, isanother form of the Binomial Theorem fora 


rational exponent. 
Expressions like (ax +byY ,where ris a rational number, сап be expanded in two different 


by 
ways, depending on whether | — <l. 


ax 
ре гт 


e 


SUPPORTIVE WEB SITES 


E 


http://www. wikipedia.org 


http://mathworld.wolfram.com 


TERMINAL EXERCISE 


Verify each of the following statements,using the principle of mathematical induction: 


(a) The number of subsets ofa set with n elements is 2". 


(b) (a+ by а" b" Vn > 2, where a and b are positive real numbers. 


(c) a ar t ar? 4... ar = where т > 1 and a isa real number. 


a(r” —1) 
r-i 


(d) (x?" —1) is divisible by (x -1) vx e М. 

(е) (10? + 1) isa multiple of 11. 

[Hint: 10%! + 1 = 10?[10? +1) – 99] 
(f) (4.107 + 9.102"! +5) is a multiple of 99, 
(в) n (0—1) is a multiple of 24, when л is odd. 


[Since / is odd, assume that P(2k + 1) is true, as Ci + 3) is always odd. Then try to 
prove that P(2k + 3) is true.] 


(h) (1 +x)" > 1 + nx, where x > 0. 


(i) Iffand g are polynomials in x with real coefficients and + + 0, then (f+ а) divides 
(ual doge )vne N. 


Write the expansion of each of the following : 


(а) (3х + 23) (6) (р)  (c)(-»* 
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3 2х ») 


2 4 7 9 
кој 22) 0) Б -i) of? +3) 
(ан 
os ғ) 


3. Write the (r+ 1) term in the expansion of each of the following, where ne N : 


(a) (3x – у 2)" (5) (ғ 23 


4. Find the specified terms in the expansion of each of the following : 


1 6 
(a) (1 2x) : 3rd term [Hint : Here "= 2] (е) : middle term (s) 


1 n 
(c) (зх—Аује : 4th term (d) (у z 2) : middle term (s) 


(е) G3 — у"): 4th term (f (1 3x2)" : middle term (s) 
(в) (-3х-4у): 5th term (h) Write the rth term in the expansion of (x—2y)°. 
(i) Write the (r — 1) th term in the expansion of (1 + 2x). 


5. ЕТ, denotes the rth term in the expansion of (1 +x) in ascending powers of x (n being 
anatural number) , prove that 

r(r* 17, „=(п=7+1) (п-т T, 
[Hint : T,="C,, x ^ and T, "С," 

6. kisthecoefficientofx ^" in the expansion of (1 22)" in ascending powers of x and 
к= 4k. Find the value ofr. 
[Hint : К, == "Ca 2 r and (29 = CER 221 

7. The coefficients of the 5th, 6th and 7th terms in the expansion оЁ(1+ау' шаах 
natural number) are іп А.Р. Find n. 
[Hint : "С, – "С, = "C, - "C;] 


$. Expand(pey*yY. — [Bint: 182222) ={a+y+y"}'| 


міі 
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(а) (17x), !x|«1 (b) (xy 


1 І 
(с) (3-2), |2|<3 @ Gray? 15153 


10. State the condition under which the expansion of (x—2y)> will be valid in ascending 
powers of y. Also write the expansion. : 


л у 
11. State the condition under which the expansion of (x-3y) 2 will be valid in ascending 


powers of x. Also write the expansion. 


12. Expand the following, stating the condition of y under which the expansion will be valid : 


1 2 
GO бұр © 0» 


13. Find the value of each of the following up to three decimal places, using the necessary 
number of terms in the expansion: 


(а) (0.99) (b) (1.03)? 

(с) 3/26 [Hint : Q6) -(27 1] 
@ Лот, [Hint : (127 =(128-1)7] 
(е) 435 [Hint: (35)5 = (32..3)5] 
(0 V31 | [Hint : (31); - 82-15 ] 


(0 40001 [Hint: (1001): -00041)1 


14. Assuming y to beso small that y? and higher powers of усап be neglected, find the value 
ofeach ofthe following : ; 


(!–4у) (1 -2у 


2 3 
(a) (1+5у) (1+2у)2 (b) TEE 


41-3у +(I-y)3 


2 
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15. A student puts n = 0 in (eap tem D уул Зан obtains Algebra 


(Lex =1+0+0+...+х°, Le. 1=1+1=2. Can you detect ће error in this solution? 


16. Assuming that the expansionsare possible, find the coefficient of? in (1 — 4 y (i-2y’}”. 


17. Prove that (+х+х? +? +..)ф=х+? ie pz) -016Х ex +х +... 


[Hint : LHS = (1 – х) (1x)! =(1 -)"] 
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7 CHECK YOUR PROGRESS 8.1 


1. (6), (e) and (f) are statements; (a) is not, since we have not given the range of values ofn, 
Notes and therefore we are not in а position to decide, if it is true or поі. (с) is subjective and 
hence not a mathematical statement. (d) is a question, not a statement. 


Note that (f)is universally false. 
2. P(1):6isafactorof 13 + 5.1 
Р(2) : 6 іѕа factor of 23+ 5.2 
P(A) : 6 is a factor of 2+ 5k 
P(k+1) : біз a factor of (k+ 1)- 5(К + 1) 
3o (а) Р(1):2»2 
Р():2»К-1 
Р(Е + 1):2! > Е+2 
(b) Pl): 1 +x'> 1 +x 
Р(Ю (1 +x} > 1+ 
РК + 1): (1 +x} ")> 14+ (K+ Dx 
(с) P(1): 6 is divisible by 6. 
P(k) : КЕ + 1)(k + 2) is divisible by 6. 
P(k + 1): (k + 1) (k+ 2) (k + 3) is divisible by 6 
(d) P(1): (x — y) is divisible by (х— у). 
РСК): (6-7) is divisible by (x — y) 
P(k + 1): (x+! у 1) is divisible by (x-y) 
(e) P(1): ab = ab 
P(k): (ађу= a* b* 
P(k+1): (ab)! = g **!, Ье! 


ЕЕ MATHEMATICS | 


MODULE - I 
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(f Р(1): 4 *is z isanatural number. Algebra 
p pep 
Р(Ю: = њи я 


kl kl -7(k+1 
rag D: a хан 4 Е ) (Б IUE notar auniber, 
5 3 15 
1 1 
207 (а) Р: а 
1 re 
P(2): жы ЖЫ 
2) 1X2” 2Х3528 
ҮЛЕН а 
P taxd ЖА +) k+l 
1 __ КЕ 


1 ду 
E eae "ке tUr k+2 


(b РО): 1= 0 
P(2): 14322 
Р(Ю::14345-.244(28-1)-8 
Р(К+1): 1433454. Qk D) « [Ic -1] Gc D* 


(c) P():1x2 «12 
P(2): (1x2)4- 2x3) « 20) 
P(k): (1x2) (2x3)*- ца) e ke Ty. 
P(k +1): (1x2)+(2x3) +.. (ce D 2) «(c DO 2 


12:52) 
d) РО:——== 
(0), „ЕН 1х3 


3 
1:82 
PQ): —+—== 
(2: тз 35575 
қ-а ы es ae 
E 345 7028-0054) жы 
1 к 


e q—— 
Ede | A *3xs 7 ОЕ+ОК+3) 2+3 
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- Algebra 


CHECK YOUR PROGRESS 8.3 
1. (а) 8а? +12a*b + 6ab? +b? 
(b) x" —18х y -135x5 y? —540x*y? £1215x*y* —1458x2y5 + 729 y 


(с) 256a* —1280a?b + 2400a7b? — 2000ab? + 6255“ 
(d) a^ x" * na" x" by + € 1) а“ -2 ХЭРЭ” ob" y" 


2. . (a) 1—-7x421x? -35x? +35х* 218 «7x5 - x? 


pi |355) 388 И 
yy yr EL 


(c) 1--10x - 40x? -- 80x? +80х* +32x° 


а“ Sa'b 545) „3а , Sab bi 
+ + + 


(b) 21875 —25515х* +127575х – 24275 , 590625 590625 
х? 


328125 78125 


4 2 4 1 
X +4Х +6+—+— 
(c) x’ х! 


х 


REPRE *107 57.0 
| ее? Yo 


4.  Rs4.96lakh 
5. 162360 
652210) 104060401 


(ii) 96059601 
(iii) 1.061208 


(v) 0.941192 
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Binomial Theorem 


CHECK YOUR PROGRESS 8.4 
L (а) "Cs УДЫ. КОЙУ 1 
(6) "C.D а = 
(c) "C(-)iae 
(d) ICh ya 
(a) 1792)" 


(9) 15120x* 


(c) 14784a'b*. 
(d) 20 
(e) 35x 
CHECK YOUR PROGRESS 8.5 


L. (a) 8064ху” 


1120 ; 
(b) 81 x 
(c) 20 
(d) –252%“ 


2. (а) 35448), 35a! b 
(b) 4032a5b*,-2016a*b* 


-105 yy ey 


(c) 1 
462 462 
(4) 5676 
Хы Ақ 
CHECK YOUR PROGRESS 8.6 


l. (а) 1 + 3p + бр: + 10р' + .... 


(5) 1 + 4x+2x?+.... 


(с) 1-62 + 322+ 422+... 


“MODULE - | 
Algebra 
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MODULE - | 


Binomial Theorem ! 


p^^4y 728 d 


Algebra 24 (a) 3 243 6561 
1 3x 3x? 
©) За? 16a' 166 
Баас: а POS e MN 
€ зу! 2 1477! 
Eu» is 
з. ө @ 2у|  32y 64 128у ^ 
2у 1 10у 60у? 
ааа 
@ ete 22-3 
(b) | «23^ -89)^ y « 569) "^ ул... 
CHECK YOUR PROGRESS 8.7 
) 1. () 1.041 
(b 097 
©) — 1130 
(d 1.968 
(e) 3.009 
(f) 0.204 
e102 
2 === 
@ 243 729 
(5) 1412: 
52 
p 
(c) 6 
10409 
6---- 
(d) 192 
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Binomial Theorem 


TERMINAL EXERCISE 7 | MODULE - | 
C Algebra 


2, (а) 243° 810x у 108023? + 72027 y? +240ху* 32 


(b) p! - 8p'q-- 28 pq? —56p^q^ + 70p'q^ -56р "4 -28p'q5 -8pq' +q° 


(с) 1- 8x - 28x? — 56x +70х* — 56x? + 28x°-8x’ +x° 


20 ., 16001,0800] о 
ІЗЕТТІ ІХ 6 
(4) 32-27) 27 8! 29 


15775 a 
XÉ +3x +x? +=—+ x Хү 
©) 4^ “2 16x 16x. 64х° 


(f) 243x° — 405x* y! +270x° у“ –90х?у* +15xy* — у" 


35: 35702] T 
(h) x^—73 $2157 Uy uen RETI 


1 
(i) х" + 5x! - 10x pies тесі 
ое 


1-4 
0) х= + 6x? –4х7 +x 
БЭР 


3. (а) ly "Cam бүт гу? 
(0) "Coes - 4r 
^ (а) 84x? 


5 
(b) 2 
() | -34560 ху 
(d ^ -462y, 462) 
(e) -220х?у” 
(f -61236 x" 


(е) 34560х2у* 
(h) 2s болн 
0) азс 
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5 7.7, 14 
1 + 4y + 10? +167 +19у + 165 +10 + ду! + yë 

(a) 1+ 4x + 10x?+... 

(b) 1 = 3x/+ 6x? – 102 +... 
ur PARETA 

© 17243 729 

а 922155 TIELE 8 

ш) ЦОРФГҮЖ 7 ГА 

2у 1 бу 24y? 

ree stat ар 

х 1 Ж x 

RS ње т=н тэл 

3y 4-3у буј-Зу 24y?/-3y 
Еу бу 
—-=+=—-==+.. 2 

@ 16787 32 327795 
1 2х 5x? 

(b) 35 9.3 * gr gs * bl<3 

(a) 1.041 

(b) 0.915 

(c) 2.833 

(d) 1.998 

(e) 2.037 

(f) 1.987 

(g) 10.003 

(a) 1-13y 

84 99y 
(b) 
1-33 
(07 


15. Expansion is valid when n is a natural number. Here, л = 0 
16. 8. 
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SENIOR SECONDARY COURSE 
MATHEMATICS 


Questions For Practice - Algebra 


1 
Maximum Marks :50 ` ue Time: i Hours 


Instructions 


1. Answer all questions on a separate sheet of paper. 


2. Give the following information on your answer sheet: 


Te Name 
e Enrolment Number 
• Subject 
• Assignment Number 
P Address 


3. Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


l. Find the values of x and y if 
(x-iy)«7-2i29-i 0) 
2 Prove that the quadratic equation x^ + ру—4 = Q has real and distinct roots for all real values 
i Q) 
1252 0.3 
3v If 44, | and z | 
find AB and BA. Is AB = BA? Is it true in general? 0) 
% с = "Сабаа bs 
a-b-c 2a 28 3 
2b Бан, |= (а+5с) (8) 
5. Show that 7 b 
2c 2c EH 


NSZZLLL— и. ооо... 


ATHEMATICS 


Questions For Practice -Algebra 


ЕД = 


6. Using the principle of mathematical induction ,prove that 


3"22n+1 У 
for any natural number п. (3) 
76 If a, Bare the roots of the equation 2х° — 6x +5 = 0, find the equation whose roots are 
4*7. and B+ 
g % A 0) 
8. Assuming that the expansions are possible, determine the coefficient of у? in 
i 1 
(1-4у) (1–2у'):: 0) 
9, Using Cramer's rule, solve the following system of equations: 
х-2у-3-2 
2х+2=у (4) 
3-х -22-3у 
10. — Solve: 
1 5 “ра 4 
3-2х” 542x 2 0) 
ll. . 4boysand3 girls are to be seated in 7 chairs such that no two boys аге together. In how many 
ways can they be seated? (4) 
2 -1 1 
5 s 113 0 -1 : 5 
12. Епа the inverse of A= and verity that 44" = /,. (6) 
2 6 0 | 


19: Ina small scale industry, a menufacture produces two types of book cases. The first type of book case 
requires 3 hours on machine A and 2 hours on machine B for completion, whereas the second type of 
book case requires 3 hours on machine A and 3 hours on machine B. The machine A can run at the 
most for 18 hours while the machine B for at the most 14 hours per day. He earns a profit of Rs 30 on 
each book case of first type and Rs 40 on each book case of the second type. 


How many book cases of each type should he make each day so as to maximise profit? What is the 
maximum profit? 


14. — Assuming у to be so small that у? and higher powers of y can be neglected, find the value of the 
following: Е 


(1-45) (1-22) 


(4-5) Ч 


қ MATHEMATICS 


“МОР(ЛЕ-П 


COORDINATE GEOMETRY 


9. Cartesian System of Coordinates 
10. Straight Lines 

11;. „Circles 

12. Conic Sections 


MODULE - II 
Coordinate 
Geometi 


CARTESIAN SYSTEM OF 
COORDINATES 


You must have searched for your seat in a cinema hall, a stadium, or a train. For example, 
seat H-4 means the fourth seat in the Н row. In other words, Hand 4 are the coordi- 
nates of your seat. Thus, the geometrical concept of location is represented by numbers 
and alphabets (an algebraic concept). 


Also a road map gives us the location of various houses (again numbered ina particular 
sequence), roads and parks ша colony, thus representing algebraic concepts by geo- 
metrical figures like straight lines, circles and polygons. 

The study of that branch of Mathematics which deals with the interrelationship between 


geometrical and algebraic concepts is called Coordinate Geometry or Cartesian Geom- 
etry in honour of the famous French mathematician Rene Descartes. 


In this lesson we shall study the basics of coordinate geometry and relationship between 
concept of straight line in geometry and its algebraic representation. 


EN 
Quma 


After studying this lesson, you will be able to: 

• define Cartesian System of Coordinates including the origin, coordinate axes, 
quadrants, etc; 

e — derive distaríce formula and section formula; 

e — derive the formula for area ofa triangle with given vertices; 

e verify the collinearity of three given points; 

state the meaning of the terms : inclination and slope ofa line; 


ТАТНЕМАТІСЅ 


MODULE - 11 
Coordinate 
Geometry 


Notes 


Cartesian System Of Coordinates 


e — find the formula for the slope ofa line through two given points; 

e state the condition for parallelism and perpendicularity of lines with given slopes; 
e пае intercepts made by a line on coordinate axes; 

e define locusas the path ofa point moving ina plane under certain conditions; and 
e бп the equation of locus under given conditions. 


EXPECTED BACKGROUND KNOWLEDGE 


е Numbersystem. 
e Plotting of points in a coordinate plane. 


e Drawing graphs of linear equations . 


e Solving systems of linear equations . 


9.1 RECTANGULAR COORDINATE AXES 


Recall that in previous classes, you have learnt 
to fix the position of a point in a plane by draw- 
ing two mutually perpendicular lines. The fixed 
point O,where these lines intersect each other 
iscalled the origin О as shown in Fig. 9.1 These 
mutually perpencular lines are called the 
coordinate axes. The horizontal line XOX' is 
the x-axis or axis of x and the vertical line YOY' 
is the y- axis or axis of y. 


9.1.1 CARTESIAN COORDINATES OF 
A POINT 


To find the coordinates of a point we proceed 
as follows. Take X'OX and YOY' as coordinate 
axes. Let P be any point in this plane. From 


point P draw РА | YOX and РВ | yoy’, Then y 
the distance OA = x measured along x-axis and the 
distance OB = y measured along y-axis determine 
the position of the point P with reference to these 
axes. The distance OA measured along the axis of x 
is called the abscissa or x-coordinate and the 
distance OB (=PA) measured along y —axis is called 
the ordinate or y-coordinate of the point P. The 
abscissa and the ordinate taken together are called 
the coordinates of the point P. Thus, the coordinates 
of the point P are (x and y) which represent the 
position of the point P point in a plane. These two 
numbers are to form an ordered pair beacuse the Fig. 9.2 
order in which we write these numbers is important. 


у 


ша. MATHEMATICS 


С artesian System Of Coordinates 


MODULE - II 


In Fig. 9.3 you may note that the position of the ordered - 
pair (3,2) is different from that of (2,3). Thus, we can say Coordinate 


that (x, y): and (у,х) are two different ordered pairs Geomel 


representing two different points ina plane. 


9.1.2 QUARDRANTS 


We know that coordinate axes XOX' and YOY' divide 
the region ofthe plane into four regions. These regions are 
called the quardrants as shown in Fig. 9.4. In accordance 
with the convention of signs, fora point P (x,y) in different 
quadrants, we have i 


i 
Quadrant Quadrant 


I — quadrant : x>0,y>0 
II drant : <0,y>0 
тва pos Fig.9.4 
Ш quadrant : x«0,y«0 
ТҮ quadrant : х>0,у<0 


"E BETWEEN TWO POINTS 


Recall that you have derived the distance formula 
between two points P (хуу) and О (xV) in the 
following manner: 


Let us draw a line / ll ХХ” through P. Let R be the 
Point of intersection of the perpendicular from Q to 


the line /. Then A POR isaright-angled triangle. 


Also PR = M,M, 


! 
© 
қ 
e 
х 


| 
к 
S 
! 
к 


and OR = ОМ, - КМ, 


ГТС cw" 


THEMATICS А 


-Cartesian Syste m 


MODULE - II m. 
Coordinate = "ОМ, — PM, 
-Geometry -ОМ,-ОХ, 
ES x Y) 
Ф 
Now РО? = PR? + OR? (Pythagoras theorem) ~ 


= (4-4) +(% =) 


. PQ = „бо 73) * 05 7X7 


à 


Let us illustrate the use of these formulae with some examples. 


СТД Find the distance between the following pairs of points : 


(4) A(14,3) and B(10,6) (i) _ M(-1,2) and N(0,-6) 
Solution : 
(i) Distance betweentwo points = J(x,—x y -(у,-у) 


Негех = му =з 10, = 6 

х Distance between AandB — — (10:14) «(6-3 
= cos 
= 41649 
25155 


=5 
Distance between A and Bis 5 units. 


(i) Here x, =—1, y, = 2, x, =0 and y, =-6 


Distance between M and N = Jo -(-0) +(-6-2) 
= 1+8) 


| e 
N EUN MATHEMATICS. 
| 


“Cartesian System Of Coordinates 


yas | MODULE - I 
=vi+64 = /65 | Coordinate 


Distance between M and N=,/65 units Geomar 


Show that the points P(-1, —1), 0(2, 3) and R (-2, 6) are the vertices ofa 
right-angled triangle. қаш; 
Solution: 
РО? = (2+ 1) + (3+1). 
= 32 + 42 
9+16= 25 
Ою = (4) + BY 
=16+9=25 

and RP? = 12 +(–7): 

=1+49 

=50 


| 


PQ? + QR? = 25+25=50= RP? 
= A PORisaright-angled triangle (by converse of Pythagoras Theorem) 


Show that the points A(1, 2), B(4, 5) and C(-1, 0) Не on a straight line. 


Solution: Here, 


АВ- (4-1) +(5-2) units 
= (18 units 


= 3,/2 units 


BC= Саў 0-5) units 
= ү50 units 


= 5,/2 units 


and АС- (1-1) +(0-2) units 
= /444 units 
= 24/2 units 


a COC а 
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ЖЫ : Cartesian System Of Coordinates 


MODULE - || 
Coordinate 
Geometry 


Now AB + AC = (3v2+ 242 ний = 5/2 units = ВС 


i.e. BA + AC = BC 
Hence, A, B, C lieona straight line. In other words, А,В,С are collinear. 


IO eT TUE Prove that the points (2a, 4a), (2a, ба) and (2a + 3a, 54) are the vertices of 


an equilateral triangle whose side is 2a. 


Solution: Let the points be A (2a, 4a), B (2a, 6a) and C (2a + За, За) 


AB=,/0+(2a)? =2а units 


BC=,/(/3a)? «(-а) units 
= За" +а? 


= 2a units 


andAC =, (Ba? +(+а)> = 2а units 


=> AB + BC > AC, BC + AC > AB and 
AB + AC > BC and AB = ВС = АС = 2a 


A, B, C form the vertices of an equilateral triangle of side 2a. 


Find the distance between the following pairs of. points. 


(a) (5, 4) and (2, 3) (b) (a, -a) and (b, b) 
2. Prove that each ofthe following sets of points are the vertices of a right angled-trangle. 
(а) (4, 4), (3, 5), C,-1) (b) (2, 1), (0, 3), (-2, 1) 


3. Show that the following sets of points form the vertices ofa triangle: 
(а) (3, 3), (3, 3) and (0,0) (b) (0, a), (a, b) and (0, 0) (if ab = 0) 

4. Show that the following sets of points are collinear : 
(a) (3, –6), (2, –4) and (4, 8) (Ы) (0,3), (0, —4) and (0, 6) 

5. (а) Show that the points (0, –1), (2, 3), (6, 7) and (8, 3) are the vertices of a rectangle. 
(b) Show that the points (3, —2), (6, 1), (3, 4) and (0, 1) are the vertices of a square. 


\ |512 | MATHEMATICS 


‘Cartesian System Of Coordinates 


9,3 SECTION FORMULA ! MODULE - I 
Coordinate 


9.3.1 INTERNAL DIVISION Geome 


Let P(x,;y,) and Q(x,, у,) be two given points on a line / and R(x, y) divide РО 
internally in the ratio m, : m, 


To find : The coordinates x and y of point R. 


Construction : Draw PL, QN and RM perpendiculars to XX from P, Q and R respectively 
апа L, Mand N lie on ХХ. Also draw RT.LON and PVLON . 


Method : R divides РО internally in the ratio m, : m,. 


PR m 
— Rlieson PQ and RO UR 
E 2 


Also, in triangles, RPS and ORT, 
Z RPS = ZORT (Corresponding anglesas PS| RT) 


and ZRSP = ZQTR = 90 
ARPS ~ AORT (AAA similarity) 


=e | оф 


Ба РО ОТ RT 

Also, PS = LM =OM-OL=*-%, 
RT = MN =ON-OM 2x,-X 

RS =RM-SM=y-), . 


QT-QN-TNzyi-Y- 


From (i), we have 


Qm х-д 2 
mi х-х m 


=> m(x, —x) =m,(x-%) 
and т(у,—у)= т.(у-у) 


mx; + тух, » 
(= — апа = 
=> х y m, +m; 


m, +m, 


MA THEMATICS Цог. ------- ҥтНЕ 


Cartesian System Of Coordin 


Thus, the coordinates of R are: 

т+т mm, 
Coordinates of the mid-point of a line segment 
If R is the mid point of PQ, then, 
m, =m, =1 (as R divides РО inthe ratio 1:1 

X +x - 
Coordinates of the mid point are [s : шэн 
9.3.2 EXTERNAL DIVISION 
Let A divide PQ externally in the ratio т „т, 

To find : The coordinates of R. 


Construction : Draw PL, ON and RM perpendiculars 
to XX" from Р, Qand R respectively and PS | RM and 
ОТ | RM. 


Clearly, д RPS~ д ROT. 


Зогс 


->т(х-х,)-т,(х-х) 


and m,(y—y.)=m,(y—y,) 


These give: 
тух = тх, -т 
[X2 — HX, па у = 1 “њу, 
т,-т, т,-т, 


Hence, the coordinates of the point of external division аге. 


(за -т,х, ту; mai 
SSS 205 
m =m, m = m, 


Let us now take some examples. | 


> Р EUN MATHEMAT, 


‘ind the coordinates of the point which divides the line segment joining the — LEN 


points (4, —2) and (—3, 5) internally and externally in the ratio 2:3. Geometry 
- 


Solution: ж ) 


(i) Let P (x, y) be the point of internal division. Есе 


ха 293300 76 Суна) 24 Notes 
| 2-3. ни та 4 

" НИ 

Р has coordinates 55 


If O(x', у) is the point of external division, then 


2.0Х-3)-39) (4 ang y 209-362) үс 
2-3 2-3 


Thus, the coordinates of the point of extemal division are (18, -16). 


and У 


Example 9.6 @ what ratio does the point (3, –2) divide the line segment joining the points 
(1,4) and (-3, 16) ? 
Solution : Let the point Р(3,-2) divide the line segement in the ratio ЕГІ, 


-3k«l 16k +4 
Then the coordinates of P are eel , ШЕРҮ? 


But the given coordinates of Pare (3, -2) 


-3k4l T 
k+l 
=> -3k.4+1=3k4+3 
WT Spo 
0259 


>P divides the line segement externally in theratio 1:3. 
The vertices of a quadrilateral ABCD are respectively (1, 4), (-2,1), (0,—1) 
and (3,2). If E, E G, Hare respectively the midpoints of AB, BC, CD and DA, prove that the 


quadrilateral EFGH is a parallelogram. 
Solution : Since E, Қ G, and H, are the midpoints ofthe sides AB, BC, CD and DA, therefore, 
the coordinates of E, Е б, and H respectively are : 


1-2 4-1) (=240 іші 22:51 | 55 
CRDI 21:12 1122 2 2 2 


a e ТИИ 
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Cartesian System Of Coordinates 
MODULE - || as эж 
Coordinate => 4 А ) F(-1,0), 4 : 3 апа Н(2, 3) are the required points. 
Geometry 22 2 
ар Also, ће mid point of diagonal EG has coordinates 
ENS m ЭЭ 

Notes 272 2*3 - 3) | 

РА Е) 272 | 


Coordinates of midpoint of FH are 


-1%2 0-3 - У 
DUO 299 
Since, the midpoints of the diagonals are the same, therefore, the diagonals bisect each | 
other. р 


Hence EFGH isa parallelogram. 


CHECK YOUR PROGRESS 9,2 
1,  Findthemidpoin of each of the line segements whose end points are given below: 
(a) (-2, 3) and (3,5) (Ы) (6,0) and (-2,10) 
2. Find the coordinates of the point dividing the line segment joining 
(-5,-2) and (3, 6) internally in the ratio 3:1. 
3. (a) Three vertices ofa parallelogram are (0,3), (0,6) and (2,9). Find the fourth vertex. 


(b) (4, 0), (—4, 0), (0—4) and (0, 4) are the vertices ofa square. Show that the quadrilateral 
formed by joining the midpoints of the sides is also a square. 


4. The line segement joining (2, 3) and (5,—1) is trisected. Find the points of trisection. 


5. Show that the figure formed by joining the midpoints of the sides of a rectangle is 4 


rhombus. 


9.4 AREA OF A TRIANGLE 


Let us find the area ofa triangle whose 


vertices are A(x, у), В(х,,у,) апа С(х,, уу) С(х,у)) 


Draw АГ, BM and CN perpendiculars to ХХ". 
area of A ABC х! 


| BG.) i 


! 


У Fig. 9.8 
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= Area of trapzium. BMLA + Area of trapzium. ALNC— Area oftrapzium. BMNC | MODULE - I 
Coordinate 


1 1 E Geomet 
= (BM + AL)ML +5 (AL CN)LN — (BM +CN)MN 
4 1 1 
= 20% + y) -x)*z0i 226 75) 550% + y3)(%3 =) Notes 
1 
275: (су; -х,у,)%(ху,- му) % 05, -x,y;)] 


[x Gs = y) *x105 — У) +301 -»)] 


This can be stated in the determinant form as follows : 


1 zu 
Areaof ДАВС- 2/2 92 ! 
x у 1 


Ехашрїе 9.8 Find the area of the triangle whose vertices аге A(3, 4), B(6, -2) and 
C(- 4, —5). 


i 37:44:41 
Solution: The area of ААВС-2 М 2 i 


= ез +5)–4(6+4)+1–30–8)] 


= 219-40-38|--2- 
As the area is to be positive 
г. Area of A ABC -2 square units 
It the vertices ofa tangle are 0 0, 3) and (79, 7) and its area із 15 
Square units, find the value(s) of k. 


D WU 
Soluti iangl 23 ее 
ution: Area of triangle 2| 9 7 1 


МА THEMATICS кокк ыы л 


Cartesian System Of Coordinates 


MODULE - II ) 
Coordinate = =[-3-7-k(4+9)+1(28-27)] 
Geometry 2 
= SH 10-134 +1] 
2 1Eo-134] 
2 


Since the area ofthe triangle is given to be15, 


у ZB as 
ог, -9-13к = 30 
-13k- 39 
ог, k=-3 


ға” 
е. CHECK YOUR PROGRESS 9.3 


1. Find the area of each of the following triangles whose vertices are given below: 
(1) (0, 5), (5, —5), and (0,0) (6) (2, 3), (-2,-3) and (-2, 3) 
(с) (a, 0), (0, — а) and (0, 0) 


2.  Theareaofatriangle ABC, whose vertices are A (2, -3), BG, -2) and C Р , 2 18 


3 
254 unit. Find the value of k 
3. Find the area of a rectangle whose vertices are (5,4), (5,— 4), (-5, 4) and (-5,-4) 


4. Find the area of a quadrilateral whose vertices are (5, 2), (4, —7), (1, 1) and (3, 4) 


9.5 CONDITION FOR COLLINEARITY OF 


THREE POINTS 


The three points Аба, у), В(х;,у;) and C(x,, y,) are collinear ifand only if the area of the 
triangle ABC becomes zero. 


1 
Le: 21%» —JXJy t X104 — ху, *xy-x] =0 


ie. 3) у + XY 7 Xy; Xy, 7x y, =0 
In short, we can write this result as 
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Х, у 1-0 Сеоте! 


Let us illustrate this with the help of examples: 


КЕТТІ Show that the points A(a, b +c), B(b,c+a)and С(с,а +b) are collinear. 


a b«c 1 
=—ђ с+а 1 


Solution : Area of triangle ABC у 
с а+ђ 1 


ТЕТЕ b+c 1 
=—la+b+c с+а 1 
а+р+с a+b 1 


1 b+c 1 
2) cra 1-0 
| a+b 1 


Hence the points are collinear. 


Ехаəріс 9.11 For what value of аге the points (1, 5), (k, 1) and (4, 11) collinear? 
Solution : Area of the triangle formed by the given points is 


= [-10-5k+20+11k—4] 
2 


=1164+6]=3k+3 
2 
Since the given points are collinear, therefore 
3k+3=0 2 k7-1 


Hence, for k=—1, the given points are collinear 
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Show that the points (-1,-1), (5, 7) and (8, 11) are collinear. 
2. Show that the points (3, 1), (5, 3) and (6, 4) are collinear. 


- 


Је] 
3. Prove that the points (a, 0), (0, b) and (1, 1) are collinear if ПЕ GR b zl. 


4. Ifthe points (a, b), (a,,5,) and (а-а, b — b) are collinear, show that a,b — ab, 


5. Find the value of k for which the points (5, 7), (k, 5) and (0, 2) are collinear. 


6. Find the values of k for which the point (k, 2-20), (— &-- 1, 2k) and (- 4 — k, 6— 2k) аге 
collinear. 


9.6 INCLINATION AND SLOPE OF A LINE 


Look at the Fig. 9.9. The line AB makes an angle œ or n+ with the x-axis (measured in 
anticlockwise direction). 


The inclination of the given line is represented by the measure of angle made by the line with 
the positive direction of x-axis (measured in anticlockwise direction) 


Ina special case when the line is parallel to x-axis or it coincides with the x-axis, the inclination 
of the line is defined to be 0°. 


y 
р ! 
2 
2 Or 
aS 
(a) (b) 
Fig. 9.9 


Again look at the pictures of two mountains given below. Here we notice that the mountain in 
Fig. 9.10 (a) is more steep compaired to mountain in Fig. 9.10 (b). 
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(a) Fig. 9.10 (b) Notes 


How can we quantify this steepness 7 Here we say that the angle of inclination of mountain (a) 
is more than the angle of inclination of mountain (b) with the ground. 


Try to see the difference between the ratios of the maximum height from the ground to the base 
ineach case. 


Naturally, you will find that the ratio in case (a) is more as compared to the ratio in case (b). 
That means we are concerned with height and base and their ratio is linked with tangent of an 
angle, so mathematically this ratio or the tangent of the inclination is termed as slope. We define 
the slope as tangent of an angle. 


“Те slope of a line is the the tangent of the angle Ө (say) which the line makes with the positive 
direction of x-axis, Generally, itis denoted bym tan 0) 


à ONT BT 


Ехашре9,12 Fig. 9.9 find the slopes of lines AB and ВА. ! 
Solution : Slope of line AB = tan 0 


у ot, 


Slope of line ВА = tan (n +4) = tang. 
tes From tinet imple | 
ection of the line segeme Mu ea св 
[Example 9,13 | Find the slope of a line which 

m akesan angle of 30° with the negative direction of 
X-axis, 


Solution : 


Here 0= 180°— 30° = 150° 
7  m-slopeofthe line 
= tan (1809—30) 
=- tan 30° 


zo |  ҙ24. 
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Find the slope of a line which makes an angle of 60° with the positive 
direction of y-axis. ў 
Solution : 

Неге 9 = 909-609. 

т = slope of the line 
tan (90°+ 60°) 
= – cot 60° 
--(ап 30° 


Fig. 9.12 


Solution : Let a line AB be equally inclined to the axes and meeting axes at points А and Bas 
shown in the Fig. 9.13 


(a) 
Fig. 9.13 
In Fig 9.13(a), inclination of line АВ = 7 Y4p = 45° 
Slope of the line AB = tan 45' = 1 
In Fig. 9.13 (b) inclination of line AB = / Y4B =180° — 45° =135° 
5 Slope of the line AB = tan135? = tan (180°-45°) = — tan 45° = —1 
Thus, ifa line is equally inclined to the axes, then the slope of the line will be +]. 
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% "4 CHECK YOUR PROGRESS 9,5 eome 
1. FindtheSlopeofaline which makes an angle of (1) 60° (ii)150° with the positive direction 

of x-axis. 


2. Find the slope ofa line which makes an angle of 30° with the positive direction of y-axis. | Notes 
3. Find the slope ofa line which makes an angle of 60° with the negative direction of x-axis. 
9.7 SLOPE OF A LINE JOINING TWO DISTINCT POINTS 


Let А(х\, уу) and В(х,,у;) be two distinct points. Draw а line through A and В and let the 
inclination of this line be @ . Let the point of intersection ofa horizontal line through А and a 
vertical line through B be M, then the coordinates of M are as shown in the Fig. 9.14 


В(х,, 5) 


292) 


y d Нр.914 y 


(А) InFig9.14 (а), angle of inclination MAB is equal to Ө (acute). Consequently. 


MB y-A 
t = tan / MAB =— = 2——— 
d ( ) АМ х,-х 


(8) In Fig. 9.14 (5), angle of inclination 6 is obtuse, and since Ө and / МАВ are 
supplementary, consequently, 


MB 
tan 0 = —tan(ZMAB)=-—— -— == 
Hence іп both the cases, the slope т of a line through A(x у) and В(х,,у;) 18 given by 


313] 
т = 
х-Х 
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Is there а line whose slope is 1? Yes, when а line is inclined at 45° with the positive direction of 
x-axis. 


Is there a line whose slope is ,/3 2 Yes, whena line is inclined at 60° with the positive direction 
of x-axis. 


From the answers to these questions, you must have realised that given any real number m, 
there will be a line whose slope 15 m (because we can always find an angle а, such that 
tan а =m). 


| Example 9.16 IE the slope of the line joining the points A(6, 3) and B(4, 10). 


Ут 
х-Х 


Solution : The slope of the line passing through the points (х, y,) and (% Yo) = 


Here, X =O, у =3; x, 34, У =10. 


за 10-3 7 
Now substituting these values, we have slope = 77525 


Determine х, so that ће slope of the line passing through the points (3, 6) 
and (x, 4) is 2. 


Solution : 


e YES == АНЕ АТА (Given) 


1l. Whatis the slope of the line joining the points A(6, 8) and B(4, 14)? 
2. Determine x so that 4 is the slope of the line through the points A(6,12) and B(x, 8). 


4 
3. Determine y if the slope of the line joining the points 4(-8, 11) and B(2, y) is - 37 


4. А(2,3) (0, 4) and C( —5, 0) are the vertices of a triangle ABC. Find the slope of the 


line passing through the point B and the mid point of AC 
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5. А(–2,7), B(1, 0), C(4, 3) and D(1, 2) are the vertices of a quadrilateral ABCD . Show 2 
that Coordinate 
Geomet 
(i) slope of AB = slope of Ср + (ii) slope of BC = slope of AD „| 
9.8 CONDITIONS FOR PARALLELISM AND 2 
PERPENDICULARITY OF LINES. Notes 


9.8.1 Slope of Parallel Lines 
Let/,, /,, be two (non-vertical) lines with their slopes m, and m, respectively. 
Let Ө, and Ө, be the angles ofinclination of these lines respectively. 


Case I : Let the lines /, and1,be parallel у 


Then Ө, = Ө, = гапд, = (ап, 


= m, =m, 
Thus, if two lines are parallel then their 
slopes are equal. 


Case П: Let the lines 1, and/, have equal 
slopes. 


ie. m, =m, =>!апб, —tan0, 

=>0,=6, (0 << 180) 

maa 

Hence, two (non-vertical) lines are parallel if and only if m, =m, 
9.8.2 SLOPES OF PERPENDICULAR LINES 


Let /, and /, be two (non-vertical)lines with their slopes m, and m, respectively. Also let 
0, and 0, be their inclinations respectively. 


га e Oe 


MODULE -1I | Case-1 : Let 411, 


Coordinate : 
Geometry = 0, =90° 4.0, or 0, 290? +0, 
=> tan, = tan(90° +0, ) ог — tanO, = tan(90° +0,) 
Nots| . = тапд, = —cot(0,) or tan, --со(6,) 
= tan0, = tan 0, = — І 
ма. tan@, За j tan 0, 


= In both the cases, we have 
tan@, tan, --1 
or m,.m, =—1 
Thus, if two lines are perpendicular then the product of their slopes is equal (0-1. 


Case II : Let the two lines / and /, be such that the product of their slopes is —1. 


16. тут, = –1 


=> tan б, tan 0, = –1 


— tan, == = -cot6, = tan (90° +6,) 
2 


= Either 0, =90" +0, ог 0, =90° +0, 
=> In both cases / | 1. 
Hence, two lines аге perpendicular ifand only if тт,==1. 


|Елашріе9.18 Say that the line passing through the points A(5,6) and 82,3) is parallel о 
the line passing, through the points С(9,-2) and Г(6,-5). 


3-6 -3 
ion: i === =1 
Solution : Slope of the line AB 5-4 23 
ES I COS =з 
and slope of the line CD = 6-9 5830 


As the slopes are equal 


~ AB || CD. 


Y ЕЛИ MATHEMATICS 
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ТТ БАРИ Show that the line passing through the points А(2,-5) and В(-2,5) is 
perpendicular to the line passing through the points L(6,3) and М(1,1). 


Solution : Here 


= поре of the ME 
m, = slope of the lineAB= "72-25-2554 
1-3 2 
and т, = slope of the line LM = 1-6 = 5 
ere 1 
Now m,.m, = Eur 


Hence, the lines are perpendicular to each other. 


190111: 2291 Using the concept of slope, show that A(4,4), B(3,5) and С(-1,-1) are the 
vertices of a right triangle. 


5-4 
Solution : Slope of line AB =m, = eu. 
У ШЕ У 
Slope of line BC =m ced 
-1-4 
and slopeoflineAC =m = —— =! 


Now mxm,--l 
= АВ| АС 
— /\ABCisaright-angled triangle. і 


Hence, А(4,4), B(3,5) and С(-1 ,—1)are the vertices of right triangle. 


DENT Cy Ml What is the value of, Ax that the line passing through the points A(3,y) and 
B(2,7) is perpendicular to the line passing through the point C (—1,4) and D (0,6)? 


TI 
Solution : Slope ofthe line AB=m,= 2 egy ox 7 


6-4 _ 


Slope of the line CD = т, = 041 


Since the lines are perpendicular, 
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1. Show that the line joining the points (2,3) and (—4,1)is 
(i) parallel to the line joining the points (7,1) and (0,3). 
(ii) perpendicular to the line joining the points (4,5) and (0-2). 
2. Find the slope ofa line parallel to the line joining the points (— 4,1) and (2,3). 


3. The linejoining the points (55,7) and (0,-2) is perpendicular to the line joining the points 
(1,3) and (4,x). Find x. 


4. А(-2,7),В(1,0), C(4,3) and D(1,2) are the vertices of quadrilateral ABCD. Show that 
the sides of ABCD are parallel. 


5. Using the concept of the slope of a line, show that the points A(6, — 1), B(5,0) and 
C(2,3) are collinear.[Hint: slopes of AB, BC and CA must be equal.] 


6.  Findkso that line passing through the points (9) and (2,7) is parallel to the line passing 
through the points (2,-2) and (6,4). 1 


7. Using the concept of slope of a line, show that the points (-4,-1), (-2-4), (4,0) and 
(2,3) taken in the given order are the vertices of à rectangle. 


8. The vertices ofa triangle ABC are A(3,3), BC-1,—4) and C(5,-2). M and N are the 


midpoints of AB and AC. Show that MN is parallel to BC and MN = 5 ВС. 


9.9 INTERCEPTS MADE ВУ A LINE ON AXES 


If a line / (not passing through the Origin) meets x-axis at A and y-axis at B as shown in 
Fig. 9.17, then 


0) OAiscalled the x-intercept or the intercept made by the line on x-axis. 


(i) OB is called y-intercept or the intercept made by the line on y-axis. 
f 
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(ii). OA and OB taken together in this order are MODULE “ІІ 
called the intercepts made by the line Гоп the, oe 


axes. 


(iv) АВ is called the portion of the line intercepted 
between the axes. 


(V) Тһе coordinates of the point A аге (a,0) and 
those of point B are (0,5) 


To find the intercept of a line in a given plane on 
x-axis, we put y= 0 in the given equation ofa line and 
the value of x so obtained is called the x intercept. 


To find the intercept of a line on y-axis we put x=0_ 
and the value of y so obtained is called the y intercept. 


d 7A ге * en itt 2672 у Су 
Ifa line is represented by 2x --3y = 6, find its x and y intercepts. ( 
Solution : The given equation of the line is 9 
2х+3у=6. 210) 
Putting x = 0 in (i), we get 
Y | 
Thus, y-intercept is 2. 
Again putting y= 0 in (4), we get 
2x26 => x=3 


Thus, x-intercept is 3. 


eT caro уол ocr] 


Find x and y intercepts, if the equations of lines аге: 


КЕ цг-/Ӛ7 


2x 
(v) $e 8 en з= 
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9.10 LOCUS OF A POINT 
9.10.1 DEFINITION OF THE LOCUS OF A POINT 


Locus ofa point is the path traced by the point when moving under a given condition or 
conditions. Thus, locus ofa pointis a path of definite shape. It may be a straight line, circle or 
any other curve. 


For Example : (i) The locus of a point in a plane which moves such that it is at constant 
distance from a fixed point in the plane is a circle as shown in Fig. 9.18 (a). 


(a) (b) (с) 


Fig. 9.18 
(1) The locus ofa point which moves such that it is always at a constant distance from x-axis 
is apair of straight lines parallel to x-axis. [See Fig. 9.18 (b)] 


(iii) The locus ofa point in a plane which moves such that it is always at a constant distance 
from the two fixed points in the same plane is perpendicular bisector of the line segment 
joining the two points. [See Fig. 9.18(c)]. 


From the definition and the examples ofa locus, we observe that 
(a) Every point which satisfies the given condition or conditions is a point on the locus. 
(b) Every point of the locus must satisfy the given condition or conditions. 
9.10.2 EQUATION OF LOCUS 


The equation of locus of a moving point (x,y) is an algebraic relation between x andy 
satisfying the given conditions of motion ofa point. 


The coordinates (х,у) ofthe moving point which generates the locus are called current 
coordinates. The point covers all the positions on the locus and is called the general 
point. 


Let us take an example : 


Let P(4,3) and Q(7,11) be two points. Let us try to locate а point R which is equidistant 
from both the points P and Q. 


Let the Coordinates of R be (x,y). 
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Then РЕ = 1-4) +(у–зу = |x? + у -8x-6y +25 Coordinate 
ок = J(x-7) +(y-11F = yx? + у -14x-22y+170 
2 PR=QR 


x? + у -8x-6y425 = |x? + у? -14x—22y+170 


Squaring, we get 


x! + y! -8x-6y 425 2 x! +у - Mx -22y +170 


= 6х+16у-145=0 
This is called the equation of the locus ofa point R which is equidistant from the points P 
апа 0. 1 
From the above, we observe the following working rule: 
9.10.3 WORKING RULE TO FIND THE EQUATION OF THE LOCUS OF A POINT 


(i) Take any point (x,y) on the locus. 

(i) Write the given geometrical form in the terms ofx and y and known constant or constants 
and simplify it, if necessary. 

(ШІ) Express the given condition in mathematical form in the terms of x and y and known 
constant or constants and simplify it, if necessary. 


(iv) The equation so obtained is the equation of the required locus. 
[Example 9.23 Ш the equation of locus of points which are thrice as far from (-0,0) as 


from (a,0). 
Solution : Let P(x,y) be any point on locus. Also let A(-a,0) and В(а,0) be the two given 
points. 
Then by the given condition. 
UE P(x, y) 
РА-3РВ 
i.e. PA? = 9 РВ: 
i.e. PA B(@,0) 
A (-a, 0) 
Fig. 9.19 
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RN => x +Зах +а" +y’ -9[x! – даха «y | 


=> 8x’ -20ax - 8a? -8y! =0 


Thus, 2x? - 2y? – Sax 2a? = 0 isthe required equation of the locus. 
iv 


evi) (eee Find the equation ofthe locus ofa point such that the sum of its distances 
from (0,2) and (0,-2) is 6. 


P(x, y) 


A(0, 2) B(0,—2) 


Fig. 9.20 
Solution : Let P(x,y) be any point on the locus. Also let А(0,2) and B(0,—2) be the given 


points 
) From the given condition, we have 
РА-РВ-6 


зүүх? (у-2) «4x +(y +2) -6 
ог x? +y?-4y+4 =6– ју ty +4у+4 


Squaring both sides, we get 
x! « y! -4у+4 = 3643 +y? *t4y4-124x? + у? +4 у 4 


or -8у-36 = -12 x! y! +4у+4 


or 2У%9- 34x! e y! e 4y 4 


Squaring both sides again, we get 


(2у + 99 2 9 (xà + y! +4y+4) 
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or 4y? +36y+81 = 9x? +9у: +36у+36 Coordinate 


Сеотеј 


or 9х+5у =45 


which is the required equation of the locus. 


192110 А(3,1) and 82,4) are the two vertices ofa triangle ABC. Find the equation || 
of the locus of the centroid of the triangle, ifthe third vertex С is a point of the locus whose | 
equation is3x — 4y — 8. || 
Solution : Let C(a,b) be the third vertex of the triangle ABC. Since С(а,0) lies on the locus ||| 
whose equation is 3x —4y — 8. || 
:За-45-8 0 | 

Let G(h,k) be the centroid of the triangle ABC. || 


јан на __1+4+6 || 


oA and k 


=> a=3h-1 and b-3k-5 


Substituting these values of a and b in (i), we get 
3(3h-1)-4(3k-5) =8 | 
=> 3h-4k+3=0 

Hence, the locus of the point G (h,k) is 3x-4y*3 = 0 

ТТ (2,2) is a point of the locus whose equation is y? = ах. If (8,5) is also a 

point of locus, find b. | 

Solution : Since (2,2) isa point ofthe locus whose equationis у? = ax 

(52): = 20 => а-2 
2. The equation of the locusis у“ = 2x. 


As (8,5) is also a point of this locus 


42 b? =2x8 
=> b? =16 > 55-14 
Hence, the value of b= +4 


ummm 7 7 ми 


АТНЕМАТЇС5 


ђ 


х 


ED 


MODULE - I 
Coordinate 


Cartesian System Of Coordinates 


CHECK YOUR PROGRESS 9.9 
Find the locus ofa point which is equidistant from the points (3,4) and (-4,6). 


Find the locus ofa point equidistant from the points (4,2) and the x-axis. 


Find the equation of locus ofa point which moves so that the distance from the point 
(4,1) is twice its distance from the point (1,5). 


A (2,3) and B (0,2) are the coordinates of the two vertices of a triangle. Find the locus 
ofa point P such that the area of the triangle PAB = 3 sq. units. 


Find the equation of the locus ofa point which moves so that the sum of the squares ofits + 
distances from the point (2,3) and (—3,4) is 16. 


Find the locus ofa point which moves such that the sum of its distances from the points 
(3,0) and (-3,0) is less than 9. 


If (h,0) is a point of the locus whose equation is x? + y! - 6x -8y —36 = 0, find A. 


3 
If G ә) is a point of the locus whose equation is y = ах find b if (b,6) is alsoa 


point ofthe locus. 
D 
LET US SUM UP 7 


Distance between any two points (x,,y,) and (х,,у,)іѕ V(x, =x) +(y,-y,) 


Coordinates of the point dividing the line segment joining the points (x,, y, Jand (x3, y.) 
internally in the ratio т,:т, are 
mx, + тх my, +m, y, 
mom, m+ m, 
Coordinates of the point dividing the line Segment joining the the points (x, 57 ) and 


(x,, у, ) externally are in the ratio m, :m, аге. 


mx,—m,, ту, – ту; 
5 
т,-т, т,-т, 


Coordinates of the mid point of the line segment joining the points (x,y,) and (x,, y,) are 


PS Xt» 
Pi 
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The area ofa triangle with vertices (x,, y, ) and (x,, y, ) and (x,, y,) is given by Coordinate | 


Geomet 


[о хр) + ys xy) + Q5, 7x1)] б 
Three points A, B, and C are collinear if the area of the triangle formed by them is zero. e| 
If 0 isthe angle which a line makes with the positive direction of x-axis, then the slope 


of the line ism=tang. 


Slope (m) of the line joining A(x,, у) and В(х,, ») is given by 


X=% 


A line with the slope т, is parallel to the line with slope m, if m, = m,- 


A line with the slope ту is perpendicular to the line with slope m, if m xm,--1. 


Ifa line / (not passing through the origin) meets x- axis at A and y- axis at B then OA is 
called the x- intercept and OB is called the y- intercept. 


Locus ofa point isthe path traced by it when moving under given condition or conditions. 


http://mathworld.wolfram.com 


Find the distance between the pairs of points: 


(а) (2,0) and (1, cot 0) (b) Csin A, cosA) and (sin B, cos B) | 


2.  Whichofthe following sets of points form a triangle? 
(а) (3, 2), (-3, 2) and (0, 3) (b) (3, 2), (3, 2) and (3,0) 
3. Find the midpoint of the line segment joining the points (3.—5) and (-6, 8). 
4. Find the area of the triangle whose vertices are: 
(а) (1, 2), 2, 3), C3, 4) (Буе, a), (с + а, а), (с - а, -а) 
5. Show that the following sets of points are collinear (by showing that area formed is 0). 
(а) (-2,5),(2,-3) and (0,1) (b) (a, b +c), (b, c + a) and (c, a+ b) 
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if (3, 12), (7, 6) and (x, a) are collinear, find x. 

Find the area of the quadrilateral whose vertices are (4,3) (-5,6) (0,7) and (3,-6). 
Find the slope of the line through the points 

(а) (1,2), (4,2) (b) (4, -6), (2, -5) 


What is the value of y so that the line pasing through the points (3, y) and (2,7) is parallel 
to the line passing through the points (-1, 4) and (0,6)? 


Without using Pythagoras theorem, show that the points (4, 4), (3, 5) and (-1,—1) are 
the vertices ofa right-angled triangle. 


Using the concept of slope, determine which ofthe following sets of points are collnear: 
()€2,3),(8,—5)and(5,4), (11) (5, 1), (1, —1) and (11, 4), 
If A (2, 23) and B (3, 5) are two vertices ofa rectangle ABCD, find the slope of 

- GBC (Ср (іш) DA. 


A quadrilateral has vertices at the points (7, 3), (3, 0), (0, —4) and (4,-1), Using slopes, 
show that the mid-points of the sides of the quadrilatral form a parallelogram. 


Find the x-intercepts of the following lines: 


() 2x-3y=8 (й)3х-7у%9-0 (iii) х-2-3 


Find the equation of the locus ofa point equidistant from the points (2,4) and y-axis. 


Find the equation of the locus of a point which is equidistant from the points 
(a+b, a-b) and (a-b, a+b). 


IfA(a,0), В(-а,0) are two fixed points, find the locus ofa point P which moves so that 
3| PA|=2| PBI. 


Find the equation of the locus of a point P if the sum of squares ofits distances from (1,2) 
and (3,4) is 25 units, 
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Cartesian System Of Coordinates 


CHECK YOUR PROGRESS 9.1 
(a) V58 (0  J2(ad +b) Notes 


CHECK YOUR PROGRESS 9.2 
1 
1. (а) (4) (b) (2,5) 2. (1,4) 
5\( 1 || 
3. (а) (2,6) 4. (4414) | 
CHECK YOUR PROGRESS 9.3 


25 { ! a А 
1. (а) 7j Sq units (b) 12 sq. units (c) 2% units 


41 : 
2, k=? 3. 80 sq. units 4. 7 sq. units 


CHECK YOUR PROGRESS 9.4 


5. k=3 6.К-0,-1 


! 
2 , 
CHECK YOUR PROGRESS 9.5 

1 
L G3 0 "Wis Т -43 3. -J3 


CHECK YOUR PROGRESS 9.6 


- 7 5 | 
1. —3 2.5 8: Е 4. 3 || 
CHECK YOUR PROGRESS 9.7 
1 14 vei CO 
2: - oy 6. к=— 
3 3. 3 3 
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Cartesian System Of Coordinates 


MODULE -II | CECK YOUR PROGRESS 9.8 


Coordinate 
Geometry 2 : 
са 1. (i) x-intercept=6 (ii) x-intercept = c (iii) x-intercept = 2a 
: 2 : 
y-intercept - 2 y-intercept = = y-intercept = 2b 
Notes 3 
с д -21 
(іу) x-intercept = 22 (у) х-іпіегсері= -4 (vi) x-intercept = m. 
y-intercept = y-intercept= 16 y-intercept = 21 
CHECK YOUR PROGRESS 9.9 
l. 14x- 4y+27=0 2: x – 8х – 4y+20=0 
3.  3х:+3у—38у+87=0 4. х-2у-2 
5 хљ+у+х–7Ту+П=0 6. 20x? + 36у? < 405 
27 
7. 3+35 | ll 


TERMINAL EXERCISE 


A 
1. (а) cosec Ө (5) 2 sin ua 


2. None of the given sets forms atriangle. 


3. ЕР 4. (а) 11 sq. unit (b) а: sq. unit. 


51-5а 3 1 
6. 3 7.29 sq. unit, 8. (a)0 (9-5 
s 1 1 
9. y-3 11. Only (ii) 12. (i) zi 098 (i)-; 
14. (4 (0-3 (iii)3 15. y! -8y-4x 420-0 
TE 17. 5x*- 5y! —. 2бах + 522 = 0 


18. 29 *2y — 8x – 12y+ 5-0 
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STRAIGHT LINES 


We have read about lines, angles and rectilinear figures in geometry. Recall that a line is 
the join of two points in a plane continuing endlessly in both directions. We have also 
seen that graphs of linear equations, which came out to be straight lines 


under different conditions, in a plane. The analytical geometry, more commonly called 
coordinate geomatry, comes to our help in this regard. Inthis lesson. We shall find equations 
ofa straight line in different forms and try to solve problems based on those. 


EN 


After studying this lesson, you will be able to : 


Interestingly, the reverse problem ofthe <i the equations of straight lines, 


e дегіуе equations ofa line parallel to either of the coordinate axes; 


e derive equations in different forms (slope-intercept, point-slope, two point, intercept, 
parametric and perpendicular) ofa line; 


e  find'the equation ofa line in the above forms under given conditions; 
e state that the general equation of first degree represents a line; 
e express the general equation ofa line into 
(i) slope-intercept forth (11) intercept form and (iii) perpendicular form; . 
» derive the formula for the angle between two lines with given slopes; 
• find the angle between two lines with given slopes; 
e derive the conditions for parallelism and perpendicularity of two lines; 


• determine whether two given lines are parallel or perpendicular; зол 
e — derivean expression for finding the distance ofa given point from a given line; 


e — calculate the distance ofa given point from a given line; 


MATHEMATICS | 339 | 


Straight lin | 


e (егіуе the equation ofa line passing through a given point and parallel/perpendicular toa 


MODULE - || 
Coordinate given line; 
Geometry 


e уте the equation ofa line passing through a given point and: 


(i) parallel or perpendicular to a given line (ii) with given x-intercept or y-intercept 
(ili) passing through the point of intersection of two lines; and . 


e prove various geometrical results using coordinate geometry. 


EXPECTED BACKGROUND KNOWLEDGE 


e  Congruence and similarity of traingles 


10.1 STRAINGHT LINE PARALLEL ТО АМ AXIS 


Ifyou stand in aroom with your arms stretched, we can have a line drawn on the floor parallel 
{о one side. Another line perpendicular to this line can be drawn intersecting the first line between 
your legs. 


In this situation the part of the line in front of you and going behind you is the y-axis and the one 
being parallel to your arms is the x-axis. 


The direction part of the y-axis in front of you is positive and behind you is negative. 
The direction of the part x-axis to your right is positive and to that to your left is negative. 


Now, let the side facing you be at b units away from you, then the equation of this edge will be 
y=b (parallel to x-axis) 


where b is equal in absolute value to the distance from the x-axis to the opposite side. 
If b> 0, then the line lies in front of you, i.e., above the ion. 
If b « 0, then the line lies behind you, i.e., below the x-axis. 
If = 0, then the line passes through you and is the x-axis itself. 


Again, let the side ofthe right of you is at c units apart from you, then the equation of this line will 
be x = c (parallel to у - axis) 


wherec is equal in absolute value, to the distance from the y-axis on your right. 
If c 0, then the line lies on the right of you, i.e., to the right of y-axis, 
Ifc <0, then the line lies on the left of you, i.e., to the left of ‘y-axis 


Ifc=0, then the line passes through you and is the y-axis, 


УТТУ ЯО Find the equation of the lines passing through (2, 3) and is 


(i) parallel to x-axis. (ii) parallel to y-axis. 


EE ссн 


Straight lines mee 


Solution : MODULE - || 
4 е Уз Coordinate 
(i) The equation of any line parallel to x-axis is y= b беоте 
Since it passes through (2, 3), hence 5-3 "2 
The required equation of the line is y=3 / 
(ii) The equation of any line parallel to y-axis isx = с Notes 


Since it passes through (2, 3), hence c= 2 
D. The required equation ofthe line is x - 2. 
Find the equation of the line passing through (-2, -3) and 
(i) раг: Пе! to х-ахіѕ (ii) parallel to y-axis 


Solution : 
0) The equation of any line parallel to x-axis isy=b 
Since it passes through (-2, -3), hence-3 = b 
The required equation of the line is y=—3 
(i) The equation of any line parallel to y-axis isx = с 


Since it passes through (—2, -3), hence 2 = c 


The required cquation of the line is x =—2 


РА 
Ul CHECK YOUR PROGRESS 10.1 
l. Ifwe fold and press the paper then what will the crease look like 
2. Find the slope of a line which makes an angle of 


fa) 45? with the positive direction of x-axis. 


(b) 45° with the positive direction of y-axis. 
(c) 45° with the negative direction of x-axis. 
3, _Find the slope ofa line joining the points (2,-3) and (3, 4). 
4. - Determine x so that the slope of the line through the points (2,5) and (7, x)is3. 
5. Find the equation of the line passing through (-3,-4) and 
(a) parallel to x-axis. (b) parallel to y-axis. 
6. Find the equation of a line passing through (5, —3)and perpendicular to x-axis. 
Р 7. Find the equation of the line passing through (-3,-7) and perpendicular to y-axis. 
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OF STRAIGHT LINE IN VARIOUS 


So far we have studied about the inclination, slope of a line and the lines parallel to the axes, 
Now the questions is, can we find a relationship between x and у, where (x, y) is any arbitrary 
point on the line? 


The relationship between x and у which is satisfied by the co-ordinates of arbitrary point on the 
line is called the equation ofa straight line. The equation of the line can be found in various 
forms under the given conditions, suchas 


(a) When we are given the slope of the line and its intercept on y-axis. , 
(b) When weare given the slope of the line and it passes through a given point. 
(c) When the line passes through two given points. 

(d) When weare given the intercepts on the axes by the line. 


(e) When weare given the length of perpendicular from origin on the line and the angle 
which the perpendicualr makes with the positive direction of x-axis. 


(f When the line passes through a given point making an angle ог with the positive direction 
of x-axis. (Parametric form). 


We will discuss all the above cases one by one and try to find the equation of line inits 
standard forms. 


(A) SLOPE-INTECEPTFORM 


Let AB bea straight line making an angle 0 with x-axis and cutting off an intercept = 
c from OY 


As the line makes intercept OD =c on y-axis, it is called y-intercept. 
Let AB intersect OX’ at T. 
Take any point P(x, У) оп АВ. Draw РМ | OX. 
The ОМ-х, MP = у, 
Draw DN L МР 
From the right-angled triangle DNP we have 


_ NP MP- MN 


tan Ө DN "ONE 


Fig. 10.1 Үү 


MATHEMATICS 


y=xtanOt+e 
tan Ө = т (slope) 
у= тх+с | 


Since, this equation is true for every point on AB, and clearly for no other point in the piane, 
hence it represents the equation ofthe line AB. 


e coincide 


ПИТИ S ШЕ Find the equation ofa line with slope 4 and y-intercept 0. 
Solution : Putting m=4 and с = 0 in the slope intercept form of the equation, we get y — 4 x 
This is the desired equation ofthe line. 


196111: ОК Determine the slope and the y-intercept of the line whose equation is 
8x + 3y- 5. 
Solution : The given equation of the line is 8x + 3y—5 - 


8 5 
or, yr EE 


Comparing this equation with the equation 
_ У тх + c (Slope intercept form) we get 


8 5 
22 == ас-- 
mccum 73 


8 ; 
Therefore, slope of the line is — 3 and its 


. 5 
y-intercept is 3 


[Example 105 | Find the equation of ће line cutting off ап intercept of length 2 from the 
negative direction of the axis of y and making an angle of 120° with the positive direction x-axis 


Solution : From the slope intercept form of the line 


y=x tan 120° + (-2) 
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о, y+ 4/3 х+2=0: 


Here m = tan 120°, and с =—2, because the intercept is cut on the negative side of y-axis. 


--2 (b) POINT-SLOPE FORM 
Notes 


Here we will find the equation ofa line passing . 
through a given point A(x,, y,) and having the 
slope m. 

Let Р(х, y) be any point other than A on given the 
line. Slope (tan@) of the line joining 
Аб y) and Р (x, y) is given Бу 


12-37 


т = (ап 0 = х-х 


The slope of the line АР is given to be m. 


Ry JE у Ғір. 103. y 
Шараны s 
The equation of the required line is 


Уу-у = т(х-х) 


|Example 10.6 termine the equation of the line passing through the point (2,— 1) and having 
2 
slope 3 


: : 2 р 
Solution : Putting x, =2,у, —— 1 апат= 3 in the equation of the point-slope form of the line 
we get 

е i 


2 
y-CD= 5 (5-2) 


Straight lines 


: | MODULE - II 
х-- Coordinate 
3 Geomet 


which is the required equation of the line. V 
(c) TWO POINT FORM 
Let A(x,, y,) and В(х,, y,) be two given distinct points. Notes 


Slope of the line passing through these points is given by 


Уә И 


т= x, X, “он булаан) 


From the equation of line in point slope form, we get 


VM == шү 
Х,-3 


which is the required equation of the line in two-point form. 


Example 10.7 Find the equation of the line passing through (3, — 7) and (— 2,— 5). 
Solution : The equation ofa line passing through two points (x,, у) and (х„ y,) is given by ( 


Y 5 
(х -х Шық (1) 
1 
Since x, = 3, y, -— 7 and x, —-2, and y, =- 5, equation (i) becomes, 


-547 
у+7= 2223 (х-3) 


2 
о; у + =й (х—3) 


о, 2х+5у+29=0 
(4) INTERCEPT FORM 


We want to find the equation ofa line which 
cuts off given intercepts on both the 
Co-ordinate axes. 


Let PQ bea line meeting x-axis in A and 
y-axis in B. Let OA =a, ОВ =. · 


Then the co-ordinates of A and В are 
(a,0) and (0, b,) respectively. 


mm, I 0205 cM ИШИ 


OO 


2” “Straight lines 
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The equation of the line joining A and B is 


5-0 
у-0 = oca (x—a) 


I MT. 
о, y = ae a 
y x 
Е | 
о, % 3 
у x y 
= + =] 
95 аур 


ДЕ па the equation of a line which cuts off intercepts 5 and —3 on x and yaxes 
respectively. 


| Solution : The intercepts аге 5 ad 


-3 on x and y axes respectively. і.е.,а-5,5--3 | 
The required equation of the line is 


жазуы 
5 -3 
3х-5у-15-0 


|Example 10.9 [I the equation ofa line which passes through the point (3, 4) and makes ” 
intercepts on the axes equl in magnitude but opposite in sign. 


Solution : Let ће x-intercept and y-intercept be a and 


-arespectively 
The equation ofthe line 15 


х-у=а ... (і) 

Since (i) passes through (3, 4) 
3-4-аог 

ог, --1 

Thus, the required equation of the line is 

x-y--1 


огх-у+1=0 


Ч MATHEMATICS 


Straight lines ; 
"ПОЕНИ П 0] Determine the equation of the line through the point (— 1,1) and parallel to 
x - axis. ~ 


Solution : Since the line is parallel to x-axis its slope ia zero. Therefore from the point slope 
form of the equation, we get 


y-1=0[x-C))] 

y-1=0 
which is the required equation of the given line 
| Example 10.11 1551 the intercepts made by the line 

Зх -2y + 12 = 0 on the coordinate axes 

Solution : Equation of the given line is 

3x -2y = 12. 
Dividing by — 12, we get 


LENA | 
-4 6 


Comparing it with the standard equation of the line in intercept form, we find a=—4 and b= 
6. Hence the intercepts on the x-axis and y-axis repectively are—4. and 6. 


ЕТТ ТИИ The segment ofa line, intercepted between the coordinate axes is 
bisected at the point (x,, y). Find the equation ofthe line 


Solution : Let Р(х,у) be the middle point or the 
segment CD ofthe line АВ intercepted between the 
axes. Draw PM 1 OX 


OM = x, and MP =y, 
OC = 2x, and OD = 2y, 


Now, from the intercept form of the line 


оа 
2x, * 2y ) 
х y 

02: — ===> 
217 MP 


which is the required equation of the line. 


MODULE - Il 
Coordinate ` 
Geome 


Notes 


MATHEMATICS 


тоот" 


M 


MODULE - || |) PERPENDICULAR FORM (NORMAL FORM) 
Coordinate 


We now derive the equation ofa line when p bethe length of perpendicular from the ori gin on 
the line and а, the angle which this perpendicular makes with the positive direction of 
x-axisaregiven. | 


Fig. 10.6 


() LetA Bbe the given line cutting off intercepts a and b on x-axis and y-axis respectively. 
Let OP be perpendicular from origin O on A Band Z POB= а (See Fig. 10.6 (i)) 


= = сова =>а = р seca 


Sls als 


=sina=>b=pcoseca 
The equation of line AB is 


Ell y 


рзеса рсоѕеса 


or, хсов а + у совес и =р 


T P 
@ 2 —eos(180- æ )- соу а [From Fig. 10.6 (ii)] 
> а=-рѕеса 
similary, b = p cosec а; 
The equation ofthe line AB is 2 + 2 =1 


xcos а +ysin а =p 
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Ехашр 10. ТЕЙ Determine the equation ofthe line with c = 135? and perpendicular distance 
p= /2 from the origin. 


Solution : From the standard equation of the line in normal form have 


x cos 135? + y sin 135? = |2 


= -p 


о, -x*y-2-20 
о, х-у%2-0 
which is the required equation of the straight line. 


Example 10.14 [929] theequation ofthe line whose perpendicular distance from'the origin is ( 
6 units and the perpendicular from the origin to line makes an angle of 30? with the positive 
direction of x-axis. à 
Solution : Here а —30*, p -6 
The equation of the line is 


x cos 30° + y sin 30? = 6 


x КЕ) - ВЕ 
ог, 2 У 2 
о, /3х+у=12 


(f) PARAMETRIC FORM 


We now want to find the equation ofa line 
through a given point Q (x,, y,) which makes 
an angle œ with the positive direction of 
x—axis in the form 


х-х У-у 
соза sing 


=; 


MATHEMATICS 


Straight lines 
фе 


2 Желден “ІІ where r is the distance of any point P (x, y) on ће line from Q (x... 
oordinate Es : E 
Саву Let AB be a line passing through a given point O (x, y,) making an angle сс with the positive 


direction of x-axis. 


q 
Q 


Let РХ, y) be any point on the line such that ОР =r (say) 
Draw QL, PM perpendiculars to x-axis and draw ON LPM. 
From right angled A PNQ 


ON. PN 
Sa гэг 
cos а Q in a QP 


But QN-LM-OM-OL-x-x,. 5 
and PN - PM- MN - PM - QL - y - y, 


х х-Х. уљу 55815 З 8 
----- =>, ў 
ог, он umm which is the required equa tion of the line 


Find the equation of a line Passing through А (-1 


;-2) and making an angle 
of 30° 


with the positive direction of. x-axis, in the parametric form, Also find the coordinates of 
a point P on itat a distance of 2 units from the point A. 


Solution : Here x, ——1, y, - —2 and а; = 309 
The equation ofthe lineis 


айл A у+2 
соѕ 30° сіп 30° 


eet уж? 
ог, 43 1 
2 2 


MATHEMATICS 
...ПП ——— 


Straight lines 


Since AP = 2, r=2 


хатта а 
2 уутан 
» Oa 2 


= х= уЗ = Буле: 
Thus the coordinates of the point P are (Уз == 1) 


| Example 10.16} 7 the distance of the point (1, 2) from the line 2x-3y + 9 = 0 
measured along a line making an angle of 45° with x—axis. 
Solution : The equation of any line through A (1, 2) making an angle of 45° with x-axis is 


x-l 66 28 
cos45? sin 45° 


r r 
Any point on it i 128255) 
у point on it «[ 2 2 


It lies on the given line 2х—3у+9=0 


if Хн: ]-з(2+- ]+9=0 


0. 2—6+9— = 26 


v2 
о,: r= 5/9 


Hence the required distance is 5,/2 - 


Coordin; 
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13. 
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Coordinate Су 
Geometry 2 4| CHECK YOUR PROGRESS 10.26 
it 


(a) Find the equation ofa line with slope 2 and y—intercept is equal to 2. 
(b) Determine the slope and the intercepts made by the line on the axes whose equation 
is 4x + 3y 7 6. 


1 
Find the equation of the line cutting off an interecept p” negative direction ofaxis of 
yand inclined at 120° to the positive direction of x-axis. 
Find the slope and y-intercept of the line whose equation is 3x — бу = 12. 


Determine the equation ofthe line passing through the point (-7, 4) and having the slope 
3 


2: 
Determine the equation ofthe line passing through the point (1, 2) which makes equal 
angles with the two axes. 


Find the equation of the line passing tlirough (2, 3) and parallel to the line joining the 
points (2, –2) and (6, 4). 

(a) Determine the equation of the line through (3, —4) and (4, 3). 

(b) Find the equation of the diagonals of the rectangle ABCD whose vertices are 
A (3, 2), B (11, 8), C (8, 12) and D (0, 6). 

Find the equation of the medians ofa triangle whose vertices are (2, 0), (0, 2) and (4, 6). 
Find the equation of the line which cuts off intercepis of length 3 units and 2 units on 
x-axis and y-axis respectively. 

Find the equation ofa line such that the segment between the coordinate axes has its mid 
point at the point (1,3) 

Find the equation of a line which passes through the point (3, 2) and cuts off positive 
intercepts on x and y axes in the ratio of 4 : 3. 


Determine the equation of the line whose perpendicular from the origin is of length 2 units 
and makes an angle of 45° with the positwe direction of x-axis. 


Ifp is the length of the perpendicular segment from the origin, on the line whose intercept 
on the axes are а and b, then show that 


lo welt ul 
eae om, Na 


разара 
Find the equation ofa line passing through A (2, 1) and making an angle 45? with the 


positive direction of x-axis in parametric form. Also find the coordinates of a point Pon 
itat a distance of 1 unit from the point A. : 


БЕ e =н 


Straight lines 


10.3 GENERAL EQUATION OF FIRST DEGREE 
You know that а linear equation in two variables x and yis given by Ax+B у+С=0..(1) 
Inorder to understand its graphical representation, we need to take the following thres cases. 
Case-1: (When both A and B are equal to zero) 

Inthis case C is automaticaly zero and the equation does not exist. 

~ Case-2: (When А = 0 and B > 0) 

In this case the equation (1) becomes By + C = 0. 


С 
оу--ҙ and is satisfied Бу all points lying оп a line which is parallel to x-axis and the 


y-coordinate of every point on the line is -£ . Hence this is the equation ofa straight line. The 
case where В = 0 and A + 0 can be treated similarly. 

Case-3: (When A z OandB 0) 

We can solve the equation (1) for y and obtain. 


у=—— X3» 


B «EH 
A 2 С; 
Clearly, this represents a straight line with slope CB and y—intercept equal to TUE 
10.3.1 CONVERSION OF GENERAL EQUATION OF A LINE INTO VARIOUS 


FORMS 


If we are given the general equation ofa line, in the form Ax + By + C — 0, we will see how this 
can be converted into various forms studied before. 


10.3.2 CONVERSION INTO SLOPE-INTERCEPT FORM 
We are given a first degree equation in x and y as Ax + By + C=O 
Are you able to find slope and y-intercept ? 


Yes, indeed, if we are able to put the general equation in slope-intercept form. For this purpose, 
let us re-arrange the given equation as. 


Ax + By+C=0as 
Ву--Ах-С 


А С 
ог же и Дин 1 8-0 
y B x B (Provided B » 0) 


» А К E 
Which is the required form. Hence, the slope = За »y— intercept 7p 
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MODULE - || Reduce the equation x + 7y —4 = 0 to the slope — intercept form. + 
Coordinate 


Geometry Solution : The given equation is 


Ч x+7y-4=0 
or Ту=—х+4 


Notes 1 


б =——х+— 
хэ MAT АЛ 


which is the converted form of the given equation їп slope-intercept form 
Find the slope and y intercept of the line x + 4y—3 = 0. 


Solution : The given equation is 
х+4у-3=0 
or 4у=-х+3 


27862 
nc ae A 


Comparing it with slope-intercept form, we have 


1 : 3 
slope = 49- intercept = 4: 


10.3.3 CONVERSION INTO INTERCEPT FORM 
Suppose the given first degree equation in x and yis 
Ax + By + C=0. 0) 


In order to convert (i) in intercept form, we re arrange it as 


: Ах Ву 
Ax + Ву = Сог Bir zd ар 


BUE 
х үк ROSS 

or (С) (С) (Provided A + OandB ,0) 
еер 


which is the requied converted form. It may be noted that intercept on x — axis - = апі 


intercept on y—axis = = 
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ТЕТУ UB Reduce 3x + 5 y=7 into the intercept form and find its intercepts on the үзсэн ! 
axes. с 
Solution : The given equation is Я T 
% 
ЖТ 5у--7 
8: л 5 i Notes 
EU jc 
O 
m У 
ЕЕ = 1 
nel 7 
Bh 5 


7 7 
The x- intercept = 3 and, y — intercept = n 


15611112 (19112 Find x and y-intercepts for the line 3x -2y = 5. 


Solution : The given equation is 


3х-2у-5 
Of, E =] 
ae 

ену 

grrl 
m? 55 

3 Л 


5 
Thus, the required x — intercept = 3 


у 5 
and y-intercept =— 2 


10.3.4 CONVERSION INTO PERPENDICULAR FORM 
Let the general first degree equation in x and уђе 
Ax + By+C=0 BIO) 


Wewill convert this general equation in perpendicular form. For this purpose let us re-write the 
given equation (i) as Ах + By =—C 


Multiplying both sides of the above equation by 2, we have 
Ax + Ву - - AC 0 
Let us choose A such that (1.4)? + (АВ) = 1 


in ae. ww 


MODULE - II 
Coordinate 
Geometry 


ОР" dE, (Taking positive sign) 


Substituting this value ofA in (ii), we have 


Ax D By i C UN 

Jo? +B?) КА? +B?) МА? +B?) . (iii) 
This is required conversion of (i) in perpendicular form. Two cases arise according as Cis 
negative or positive. 

@ ^- IfC<0, the equation (ii) is the required form. 

(ii) IfC> 0, the R. H. S. of the equation of (iii) is negative. 

We shall multiply both sides of the equation of (iii) by-1. 

The required form will be 


Ax i By үн C у 
Joe + В?) (А? + В?) їе + В?) 


ІСІ 
Thus, length of perpendicular from the origin = (4? + p?) 


Inclination of the perpendicular with the positwe direction of x-ax is 
Л А 


is given by cos 0-7 Га? + В? 


M 
ог sin@= (A? + В?) 


where the upper sign is taken for C> 0 and the lower sign for C <0, If C — 0, the line 
passes through the origin and there is no perpendicular from the origin on the line. 


With the help ofthe above three cases, we are able to say that 


Is the converse ofthe above statement true? The converse ој the above statement is that 
every straight line can be expressed as a general equation of first degree in x and y. 


Y : EN : MATHEMATICS 


ў 
MODULE - Il. 
Coordinate 
x 
let us take some of them as y= mx + c, 2 T 5 =landxcosa+ysina=p. Obviously, all Geometi 


In this lesson we have studied about the various forms of. equation of straight line. Forexample, 


are linear equations in x and y. We can re-arrange them as y — mx — c = 0, bx + ay- ab =0 
and x cos о. + у sin a —p = 0 respectively. Clearly, these equations are nothing but a different 
arrangement of general equation of first degree in x and у. Thus, we have established that Notes 


» 


jos TOC ПУЛ Reduce the equation x + 43 y * 7 — 0 into perpendicular form. 


Solution : The equation of given line is x + 45: y +7=0 (D 
Comparing (1) with general equation of straight line, we have 
А=1апіВ = J3 


y£ +P =2 


Dividing equation (i) by 2, we have 


Xe nl 4 

= +— —=0 

33 20 

Е EE 
M 2 21772 
ог 28 in ва 

х соз —- +ysin 3 72 


(совб and sino being both negative in the third quadrant, value of will lie in the third quadrant). 
This is the representation of the given line in perpendicular form. 

Find the perpendicular distance from the origin on the line 
43 х -y +2=0. Also, find the inclination of the perpendicular from the origin. 


Solution : The given equation is уз x-y*2-0 


Dividing both sides by J(4/3)? + (C1? or2, we have 


МАТНЕМА TICS миы Қ o 
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or, 


Notes ! Multiplying both sides by —1, we have 


хар 
uc vM 
25797 


5л 5 : 2 
ог, хсов ҮЕ, Жусіп T = 1 (cos 0 is—ve in second quadrant and sin 0 is +ve in seco nd 
quadrant, so value of lies in the second quadrant). 


Thus, inclination of the perpendicular from the origin is 150° and its length is equal to 1. | a 


the portion of the line 3x + 4y = 12 intercepted between coordinate axes. 


Solution : First we find the intercepts on coordinate axes cut off by the line whose equatioi i 
from. 3x + Ду = 12 


or 


Hence, intercepts on x-axis and y-axis are 4 and 3 respectively. 


Thus, the coordinates of the points where the line meets the coordinate axes are 4 (4, 0) and | 
`B (0,3). i 


{ : “ОЛС: 
Mid — point of AB is Е 2) i 


(0,3) 
Hence the equation ofthe line through (3, 1) 


Эзэд 


ааб 
52 224% 3) 


"Straight lines 
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o УЕ) Coordinate 
2 Geometi 
o 2(y-1)-*(x-3)-0 ж 
or 2у-2%х-3-0 
Notes 


or x+2y—5=0 

15011135) У УЖИ Prove that the line through (8, 7) and (6, 9) cuts off equal intercepts on 
coordinate axes. 

Solution : The equation of the line passing through (8, 7) and (6, 9) is 


9-7 
6-8 


y-T= (x-8) 


o у-7--(х-8) 


ог x+y=15 


72-25 05 


Hence, intercepts on both axes are 15 each. | 

Find the ratio in which the line joining (-5, 1) and (1,—3) divides the join of 
(3, 4) and (7, 8). 

Solution : The equation of the line joining C (5, 1) and D (1, 3) is 


3-1 
+5 
1+5 or 


у-1= 


ог у-1=-#(х+®) 


ог 3у-3--2х-10 
ог 2х+3у+7=0 0) 


Let те (i) divide the join of A (3, 4) and B (7, 8) at 
the point P 
If the required ratio is à : 1 in which line (i) divides 


the join of A (3, 4) and B (7, 8), then the coordinates 
of P are 


7А +3 81-4 
14173441 


ие — ЖЕ 
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Since P lies on the line (i), we have 


2 TA RS +3 заал +7= 
А + 1 4-1 


= 14\+6+ 24% +12 +7%+7=0 


Б 
= АБА НИ Вере 


Hence, the line joining (-5, 1) and (1, —3) divides the j join of (3, 4) and (7, 8) externally in the 
ratio 5:9. 


Unde what condition, the general equation Ax + By + C = 0 of first degree in x andy 
represents a line? 


2. Кейисе the equation 2x + 5у +3 = 0 to the slopei intercept form. 
3.  Findthexandy intercepts for the following lines : 
(a)y=mx+c (b) 3y = 3x + 8(c) 3x~2y+12=0 


4. Find the length of the line segment АВ intercepted by the straight line 3x — 2y + 12=0 
between the two axes. 


5. Reduce the equation x cos œ + ysin a =p to the intercept form of the equation and 
also find the intercepts on the axes 


6. Reduce the following equations into normal form. 
(а) зх –4у + 10=0 (0)3х-4у-0 
7. Which of the lines 2х –у +3 2 апах — 4y —7 — 0 is nearer from the origin? 
We will here. develop a formula for finding angle between two given lines 
10.4 ANGLE BETWEEN TWO LINES 


We will now try to find out the angle between the arms ofthe divideror clock when equation 
ofthe arms are known. Two methods are discussed below, 


10.4.1 When two lines with slopes m, and т, аге given 
Let AB and CD be two straight lines whose equations are 
y=m, x +c, and y=m, x + с, respectively, 

Let P be the point of intersection of AB and CD. 
Let 2XEB = 0, and ZXFD = 0,. Then 


MATHEMATICS 


‘Straight lines: > 


MODULE - II 


tan 0, =m, and tan 0, — m, 


Let be the angle ZEPF between AB and CD. кешелі 
Now 0, 20,0 2 
ог. 90.105 { 

tan Ө = tan (0, —0,) Rota 


tan 0, — tan 0, 


ог tano = 1+ tan Ө, tan 0, 
m = т 
Hence, tan 0 = lm, m, 


Fig. 10.10 


Which gives tangent ofthe angle 0 between two given 
lines in terms oftheir slopes. 


From this result we can find the angle between any two given lines when their slopes are given. 


Find the angle between the lines 7x — у = Тапабх-у=1. 


Solution : Let 0 be the angle betwen the lines 7x—y= 1 and бх— у= 11. The equations of 
these lines can be written asy-7x- l1 andy - 6x- И. 


Неге, — 7, m, — 6. where m, and m, are respective slopes of the given lines. 


тебе 
tanO 1242743 
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1 
The angle 0 between the given lines is given by tan 0 = 23 
Geometry 


ТОТО О ШУ Find the angle between the lines x + у + 1 = 0and2x—y— 1 =0, 


Solution : Putting the equations of the given lines in slope intercept form, we get y=-x-| 
eum and y=2x-1 


m, =- 1 and m, = 2 where m, and m, are respectively slopes of the given lines. 


Aposto 
pes DO 


The angle 0 between the given lines is given by tan 0 =3 
[Example 10.28 > the straight lines y= 3x — 5 and 3x + 4 = y, parallel or perpendicular? 


Solution : For the first line y= 3x – 5, the slope m, = 3 and forthe second line 3x+ 4=y, 
the slope m, = 3. Since the slopes of both the lines are same for both the lines, hence the 
lines are parallel. 


m NR. 1 
Ехатшрїе 10,29. Are the straight lines y = 3x and y= Ка X , parallel or perpendicular? 


Ї 


Solution : The slope m, of the line у= 3х 15 3 and slope m, of the second line y= – 3 is тү 


-8шсе, m, m, =—1, the lines are perpendicular. 
10.4.2 When the Equation of two lines are in general form 
Let the general equations of two given Straight lines be given by 
A х+Ву+С=0 0) 
апі A,x+B,y+C,=0 (ii) 


Equations (i) and (ii) can be written into their slope intercept from as 


A, €, 7) С. 
Ул---х--- У--іх--2 
В, B, and B, 7 


Let m and m, be their respective slopes and using the formula, we get. 


A, B, — А B, 


: tan 0 = 
ке» A, A, + B, В, 


Thus, by using this formula we can calculate the angle between two lines when they are in 
general form. 


ым EN — — — — — oii 
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EVAL Are the straight lines x — 7y-- 12 = 0 and x— 7 y+ 6 = 0, parallel? 
Solution : Here A = 1, B, ——7;A,- Land B =—7 


4, 8, 


5тсе А, B, 


5 


| EE 


[Example 10.31 Determine whether the straight lines 2x + 5y — 8 = 0 and 5x —2y —3 =0 аге 
parallel or perpendicular ? 


Here A, 72, B, 75 | 

A, 7 Sand B, -—2 | 
Solution : Here A, A, + B, B, = 2) х (5) + (5) x (-2) = 0. | 
Hence the given lines are perpendicular. 


N 
e CHECK YOUR PROGRESS 10.4 
1... What is the condition for given lines y =m, x +c, and Ax+ By +C=0 


(a) to be parallel? (b) to be perpendicular? 


2. Find the angle between the lines 4x +y=3 and z +y= 3 : 

3. (а) Write the condition that the two lines A, x +B, y+ C, =0 and A, x +B,y +C,=0 
are | 
(i) parallel. 
(ii) perpendicular. a | 
(b) Are the straight lines x —3y = 7 and 2x — 6y -16 — 0, parallel? | 
(c) Are the straight lines x = у + 1 and x =—у + 1 perpendicular? 
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10.5 DISTANCE OF A GIVEN POINT FROM A GIVEN LINE 


In this section, we shall discuss the concept of finding the distance of a given point from a given 
line or lines. 


Let Р(х,у) be the given point and / be the line Ax + By + С = 0. 
Let the liie / intersect x axis and y axis R and Q respectively. 
Draw PM L land let PM = d. 

Let the coordinates of Mbe (х„у,) 


4- (E F хў + (0 -»)] 40) 
Mlieson/ 
Ax, + By, + С=0 

or C=~—(Ax, + By) (ii) 


; С С 
The coordinates of R and О are | - ЭГ 0 | and | 0,- B respectively. 


C 
NU S 4 
TheslopeofQR- C AA and, 
A 
Way 
the slope of PM= "m 


Fig. 10.11 
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les =х, Қ *(n-» y] Geomet 


x 
From (iii) РА T (ғ х 8) ..(iv) 


(Using properties of Ratio and Proportion) 
Notes 
хуҗ RN A(x, —х,)+ B (y - у) 
A B А? (3 В?! (У) 


Also 


From (iv) and (v), we get 


fe а) (и =e) } 14 A(x, -х)% Ву тй») 
(4? + В?) A’ +B 


d d Ax, + By, – (Ах, + By, 


ог [424 ва ЕТТЕ [Using (1)] 


Ax, + By, +C - Қ 
ог (а +в) [Using (ii)] 


Since the distance is always positive, we can write 


Ax, + By, +С 
EP 


[Example 10.32 | Find the points on the x-axis whose perpendicular distance from the straight 
line Tb lisa. 
qb 


‘Solution : Let (x,, 0) be any point on x-axis. 


Equation of the given line is bx + ay — ab = 0. The perpendicular distance of the point (x,, 0) 
from the given line is 


MATHEMATICS 
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Coordinate а=: TRU UM 
Geometry (а +b?) 


x, = 


t + (а? + 2) 
Thus, the point on x-axis is Р (b # ја“ +b? ) à o) 


Ға” 
CHECK YOUR PROGRESS 10.5 


1. Find the perpendicular distance of the point (2, 3) from 3x + 2y + 4 =0. 


-із 


2.  Findthe points оп the axis of y whose perpendicular distance from the straight line 


Xy у 
educ A 
Agi lis b. 


3. Find the points on the axis of y whose perpendicular distance from the straight line 4x + 
Зу = 12154. 


4. Find the perpendicular distance of the origin from 3x + 7y +14=0 
5.  Whatare the points on the axis of x whose perpendicular distance from the straight line 


у : 
—+= = 9 
374 11832 


10.6 EQUATION OF PARALLEL (OR PERPENDICULAR) LINES 


Till now, we have developed methods to find out whether the given lines are prallel or 


perpendicular. In this section, we shall try to find, the equation of a line which is parallel or 
perpendicular to a given line. 


10.6.1 EQUATION OF A STRAIGHT LINE PARALLEL TO THE GIVEN LINE 
Ax + By+c=0 
Let Ax+By+C,=0 41) 


Беапу line parallel to the given line 
Ax + By+C=0 
The condition for parallelism of (i) and (ii) is 44) 


= A -4K, B, - BK, 


\ MATHEMATICS 


"Straight lines 


, with these values of A, and B,, (i) gives 
АКх + BK, y +C, =0 


С; : 
or Ax+ Ву+ K =0 


é 
or Ax+By+K=0, where K=% ...(iii) 
1 


This is a line parallel to the given line. From equations (ii) and (iii) we observe that 
(i) coefficients ох and y are same 


(ii) constants are different, and are to evaluated from given conditions. 


| Example 10.33 equation ofthe straight line, which passes through the point (1, 2) and 

which is parallel to the straight line 2x +3у +6 =0. ; 

Solution : Equation of any straight line parallel to the given equation can be written if we put 
(i) the coefficients оҒх and у as same as in the given equation. 


(ii) constant to be different from the given equation, whichis to be evaluated under given 
condition. 


Thus, the required equation of the line will be 
2x + Зу + K = 0 for some constant K 
Since it passes through the point (1, 2) hence 
2x1+3x2+K=0 
or K=-8 
Required equation of the line is 2x+ 3y=8. 


10.7 STRAIGHT LINE PERPENDICULAR TO THE GIVEN LINE 


Ax + By +C=0 

Let А х+Ву+С=0 

be any line perpendicular to the given line -0) 
Ах+Ву+С=0 

Condition for perpendicularity of lines (i) and (ii) is (ii) 
AA, * BB, - 0 

ES гы 288 Б =K, (say) 
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MODULE - || 


=  A,- BK, and B, =-АК, 
Coordinate AY 
Geometry With these values of. A, and B, (i) gives 


53 


+ 


2 
ог Bx—Ay+K=0 where К ... (iii) 


Hence, the line (iii) is perpendicular to the given line (ii) 


We observe that in order to get a line perpendicular to the given line we have to follow the 
following procedure : 


(i) Interchange the coefficients of x and y 
(ii) Change the sign of one of them. 


(iii) Change the Constant term to anew constant K (say), and evaluate it from given 
condition. 


Find the equation of the line which passes through the (1, 2) andis 
eee to the line 2x+3y+6=0, 


Solution : Following the procedure given above, we get the equation of line perpendicular to 
the given equation as 3x — 2y+K=0 440) 


(i) passes through the point (1, 2), hence 
3х1-2х2%К-0огК-і 
Required equation of the straight line is 3x—2y + 1 =0, 
Example 10.35 Find the equation of the line which passes through the point 
(х„ у,) and is perpendicular to the straight line y У, = 2а (xx Йй; 
Solution : The given Straight line is Jy, -2ax- 2ax,=0 40) 
Any straight line perpendicular to (i) is 2ay +xy,+C=0 
This passes through the point (х,у) 
24у, +х, у +С=0 
= С--2ау,-ху, 
Required equation of the spraight line is 
2a у-у) + у (х-х)=0 


MATHEMATICS 
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| Coordinate 
1. Епа the equation of the straight line which passes through the point (0, —2) and is parallel SF 

tothe straight line 3x +y=2. 7 | 
2. Find the equation of the straight line which passes through the point (-1, 0) and is parallel Not ы 


to the straight line у =2х +3. 


3. Find the equation of the straight line which passes through the point (0, —3) and is 
perpendicular to the straight line x + y+ ] — 0. 


4.  Findtheequation ofthe line which passes through the point (0, 0) and is perpendicular to 
the straight line x + y 23. 


5. Find the equation of the straight line which passes through the point (2, —3) and is 
perpendicular to the given straight line 2a (x +2) + 3y — 0. 

6. Find the equation of the line which has x - intercept—8 and is perpendicular to the line 
3x + 4y-17=0. \ 

7. Find the equation of the line whose y-intercept is 2 and is parallel to the line 
2x -3y € 7 — 0. 

8. Prove that the equation of a straight line passing throngh (a cos? 0, a sin? 0) and 
perpendicular to the line x sec Ө + y cosec Ө = ais x cos 0 — y sin Ө = a cos 20. 


10.8 APPLICATION OF COORDINATE GEOMETRY 


Let us take some examples to show how coordinate geometry can be gainfully used to prove 
Some geometrical results. 


150713 3 2 Prove that the diagonals of a rectangle are equal. 


Solution : Let us take origin as one vertex ofthe rectangle without any loss of generality and 
take one side along x-axis of length a and another side of length b along у-ахіѕ, as shown in 
Fig. 10.12. Then the coordinates of the points A, B and Care (a, 0), (а, b) and (0, 5) respectively 


Length of diagonal AC — (8-0) + (0-5) = fa? +B? 


DINEZ 
Length of diagonal OB = Ja E 0)? +(0 -,2 за +b 


АС-ОВ 
le, the diagonals of the rectangle OA BC are equal. Thus, in general, we can say that the 
length of the diagonals ofa rectangle are equal. 
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Fig. 10.12 


ШОШ АУД Prove that angle ша semi circle isa right angle, 


Solution : Let O (0,0) be the centre of the circle and (— a,0) and (а,0) be the end- points of 
one of its diameter. Let the circle intersects the y-axis аі (0, а) [see F ig. 10.13] 


а-0 
Slope of BQ = беде ат 


0-а 


Slope of AQ= apu bcm. 


As m,m,=-1>AQis perpendicular to BQ 
BQ А is aright angle. 
Again, let P (a cos 0, asin 9) bea general point on the circle. 


asin@ іп 0 
51 = —— z = 
ШЕШЕН acosO+a 1+с050 т, (бау) 


р(4со50 ,авіп0) 


В(а,0) (0,0) А(а0) 


Fig. 10.13 
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0-авіп0 _ =sind _ 
а-асо80 Ї-сов80 23 (say) 


Slope of PA= 


sing sing sin? 0 sin? 8 ” 
1 т.т,- = = l 


1+ соѕ0 )\ 1-сов0 A GRAN E One Lo 
Notes 
PAis perpendicular to PB. 
ZBPA isa right angle. 
(95111123 О Medians drawn from two vertices to equal sides of an isosceles triangle are 
equal. 


a 
Solution : Let OAB be an equilateral triangle with vertices (0,0), (a,0) and Ё 2d | 


Let C and D be the mid-points of AB and OB respectively. 


Fig. 10.14 


0 (0.0) 


ajg 

юа 

VS 
8 
с. 


Chas coordinates ( 


а а 
D has coordinates 22 


2 а,2 2 
. |( 3a а, (98: кже 
Length of OC= (=) TU Б qug 
a a 
"M Length of AD = ағы л 


Length of OC=length of AD 


Hence the proof. 
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Ехашрїс 10.39 The line segment joining the mid-points of two sides ofa triangle is parallel 
to the third side and is half of it. 


Solution : Let the coordinates of the vertices be O (0, 0), A (a, 0) and B (b,.c). Let C and р 
be the mid-points of OB and AB respectively 


be 
The coordinates of C are 272 B(b,c) 


a+b 3 


The coordinates of D are (‘= ts 


с с 


242 
Slope of CD= @+5 b =0 
2 2 


А(а,0) 
Fig, 10.15 


Slope of OA, i.e, x —axis = 0 
CD is parallel to OA 


b bY 8 у 
Length of CD = (25-2) 1 (8-2) -é 
Length ofOA =a 


1 
CDSs OA 


which proves the above result. 


Example 10.40 0 diagonals of a quadrilateral are perpendicular and bisect each other. 
then the quadrilateral is а rhombus. 


Solution : Letthe diagonals be represented along OX 
and OY as shown in Fig. 10.16 and suppose that the Y 
lengths oftheir diagonals be 2a and 25 respectively. 


OA = OC = а апа OD = ОВ = 
AD- Jog +0D – Маг 58 
АВ = JOB? +04: = ya? +2 


Fig. 10.16 


ШЕ ee ee | 
EL р 


Straight lines 


Similarly ВС = а“ +? =CD 
As AB=BC=CD=DA 
ABCD is a rhumbus, 


ға” 
Ul CHECK YOUR PROGRESS 10.7 


Using coordinate geometry, prove the following geometrical results: 


l. Iftwomedians ofa triangle are equal, then the triangle is isosceles. 

2.  Thediogonals ofa square are equal and perpendicular to each other. 

3. Ifthe diagonals ofa parallelogram are equal, then the paralle logram is a rectangle. 
4. If Dis the mid-point of base BC of A ABC, then AB? + AC?=2 (AD? + BD?) 
5 


In a triangle, if a line is drawn parallel to one side, it divides the other two sides 
proportionally. 


6. Iftwosidesofa triangle are unequal, the greater side has a greater angle opposite to it. 
7. The sum ofany two sides ofa triangle is greater than the third side. 

8. Inatriangle, the medians pass throngh the same point. 

9. Тһе diagonal ofa paralleogram divides it into two triangles of equal area. 

10. Ina parallelogram, the pairs of opposite sides are of equal length. 


LET US SUM UP 


e The equation ofa line parallel to y-axis is x= a and parallel to x-axis is y = Б. 


• The equation of the line which cuts off intercept с on y-axis and having slope m is 
y=mx+e : 

* The equation of the line passing through A(x,, y,) and having the slope m is 
У-у = (Хаад) 

• Тһе equation of the line passing through two points A(x, y,) and B(x, y,) is 


VU 
ру ауа хұ-х (хх) 


° — The equation of the line which cuts off intercepts a and b on x —axis and y—axis respectively 
пио 
–+== 
T 5 1 


.* The equation of the line in normal or perpendicular form isx cos о +y sin а =p 
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where pis ће length of perpendicular from the origin to the line and a is the angle which 
this perpendicular makes with the positive direction of the x-axis. 


: МЕА 3 Lee M арақ 
The equation ofa line in the parametric form is >= er 
сова sina 


where r is the distance of any point P (x, y) on ће line from a given point A(x,, y.) on the 
given line and q is the angle which the line makes with the positive direction of the 
x-axis. 


The general equation of first degree in x and y always represents a straight line provided 
A and B are not both zero simultaneously. 


From general equation Ах + Ву + C = 0 we can evaluate the following : 


: Ў А KNR С. С 
(i) Slope of the line = "UB (1) x-intercept = bi) (iii) y-intercept = — B 


(2) 
(іу) Length of perpendicular from the origin to the line = СА? + В?) 


(у) Inclination of the perpendicular from the origin is given by 
FA ) +В 


сов. а; = (А? +В?) ; sin g = (A? + В?) 


Where the upper sign is taken for С > 0 and the lower sign for С < 0; but if C= 0 then 
either only the upper sign or only the lower sign are taken, 


т,-т, 


If @ be the angle between two lines with slopes m, m, then tan = | VERS 
i 


(i) Lines are parallel if m =m, (ii) Lines are perpendicular if т,т,--і. 
(В) Angle g between two lines of general form is: 
A,B, — АВ, 


вв, 


А B, 
A, B, 
(ii) Lines are perpendicular if. А.А, +B, B,-0. 


(i) Lines are parallel if 4,8,-4,8,-0ог 


Ax, + By, + € 
(A? + В?) 
Equation ofa line parallel to the line Ax + By+C=OisAx+By+k=0 


Distance ofa given point (ку) from a giventineax + By tC-0isd- 


Equation of a line perpendicular to the line Ах + By + C = 0is Bx- Ay - k-0 


| ИЕ ыы 


Straight lines 
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^ 

| 
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http://mathworld.wolfram.com сс 
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l. Find the equation of the straight line whose y-intercept is—3 and which is: 
(a) parallel to the line joining the points (2,3) and (4, –5). 
(b) perpendicular to the line joining the points (0, —5) and (-1, 3). | 
2. Find the equation of the line passing through the point (4, —5) and | 
(a) parallel to the line joining the points (3, 7) and (2,4). | 
(b) perpendicular to the line joining the points (-1, 2) and (4, 6). 


| 
3. Show that the points (a, 0), (0, b) and (За, – 25) are collinear. Also find the equation of | 
the line containing them. | 

! 


4. А(1,4),В 2, 33) and С (-1, 22) are the vertices of triangle ABC. Find 
(a) the equation of the median through A. 
(b) the equation of the altitude througle A. 
(c) the right bisector of the side BC. 
5. A straight line is drawn through point A (2, 1) making an angle of % with the positive 
direction of x-axis. Find the equation of the line. 


6. А straight line passes through the point (2, 3) and is parallel to the line 2x + 3y + 7=0. 
Find its equation. 
7. Find the equation of the line having a and 5 as x-intercept and y-intercepts respectively. 


8. Find the angle between the lines у = (2 — ¥3)x+5andy=(2+ /3)х-4. 


9. Find the angle between the lines 2x + 3y = 4 and 3x -2y- 7 
10. Find the length of the per pendicular drawn from the point (3, 4) on the straight line 
12 (x + 6) = 5 (y-2). 
ll. Find the length of the perpendicula from (0, 1) on 3x +4 y+5=0. 
12 Find the distance between the lines 
2x + Зу = 4 and 4x + 6y = 20 
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Prove that the equation of the straight line which passes through the point (aco 
Sin? Ө) and is perpendicular to x sec0 + y cosec 0 = а is x cos - y совес Ө = a cos; 
15. Prove the following geometrical results : 


(a)  Thealtitudes ofa triangle are concurrent. 
(b) The medians ofan equaliateral triangle are equal. 


2 
(c) The area ofan equalateral triangle of side a is УЗа 


(d) If G is the centroid of A АВС, and О is any point, then OA? + OB? + О 2 = 
GA? + GB? + CG? + 3002, 7 


$3 
(e) The perpendicular drawn from the centre ofa circle to a chord bisects the chord. b. 


е! 


Straight lines 


MODULE - II 
А tisha 
а ANSWERS 2 
CHECK YOUR PROGRESS 10.1 / 
l. Straightline 2. (a) 1 (5-1 ()1 Nos — . — 
3. 7 4.20 5.(ају=-4 (Мх--3 
6 x-5 7.у+7=0 
CHECK YOUR PROGRESS 10.2 


ДУ 
1. ()у-2х-2 (0) Slope = 3° y - intercept = 2 


1 
2 By =-3x-1 3. Slope = > y-intercept --2 


4 3х+7у=7 5.у=х+Ццх+у-3=0 6.3х-2у-0 
Т(ајх +у=- (b) Equation of the diagonal АС-2х-у-4-0 

Equation of the diagonal BD 72x - Пу+66=0 
8. Хх-2-0,х-3у%6-9апа5х-3у-2-0 


9. 2х+3у=6 10.3х+у=6 П. 3х + 4у=1 12.х+у=2 
х-2 у-1 1 1 
ik 7 ay and the co-ordinates of the point are (85455) 
EN (Уча 
СНЕСК YOUR PROGRESS 10.3 
| -2 
> АапаВаге not both simltaneously zero 2. RE" Mud 
3 ( -с . dA 8 
(а) x-intercept- — ; y-intercept = c (b) x-intercept = га “шекер: 
m 


(c) x-intercept — 4; y-intercept = 6 


4 E 2 -1 
` 2/13 units 5. рзеса рсозеса 
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Notes 


"Straight line 


-3 4 
б. (8) yup 


7.  Thefirstline is nearer from the origin. 


4 
у-2=0 (2.5 y=0 


CHECK YOUR PROGRESS 10.4 
Da E ғ 
Ee) m= в (b) Am, = B 
==) 
2. 0- 6 
A, T ^ 
321 2) 0) mc B, ERN (ii) A, A, +B, B, -0 
(b) Parallel (c) Perpendicular. 
CHECK YOUR PROGRESS 10.5 
16 b TI | | 32 
=== Oat Ч +5 0, — 
Iud 43 2 ( 2 (a + ја ) 3. 3 
14 3 
-= —(4+5),0 
4. 458 с} E (4+5) ) 
CHECK YOUR PROGRESS 10.6 
1. 3x+y+2=0 2.у=2х+2 3.х-у=3 4.у=х 


5. 3х-2ау-6(а-1) 6.4х-3у%32-0 7.2х-3у+6=0 


TERMINAL EXERCISE 


1. (a) 4x+3y+9=0 (5)х-8у-24-0 7389! 
2. (а)3х-5у-37-0 (b) 5х-8у-60-0 
4. (а)13х-у-9-0 (6) 3x -y+1=0 
()3х-у-4-0 j 
5. ix- Yay 2 фу 6.2x + 3y +13 - 0 95) 
л л 98 к 
7. bx+ay=ab 8.2 9.5 10. 13 j 
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CIRCLES 


Notice the path in which the tip of the hand of a watch moves. (see Fig. 11.1) 


Fig. 11.2 


Again, notice the curve traced out when a па is fixed at a point and a thread of certain 
length is tied to it in such a way that it can rotate about it, and on the other end of the 
thread a pencil is tied. Then move the pencil around the fixed nail keeping the thread in a 


stretched position (See Fig 11.2) 


Certainly, the curves traced out in the above 
type of curve is known as à circle. 


The distance between the tipofthe pencil and the point, where the nail is fixed is known 


as the radius ofthe circle. 


examples are of the same shape and this 


We shall discuss about the curve traced out in the above examples in more details. 


EN 
SA 


After studying this lesson, 
e derive and find the equation ofa circl 


you will be able to : 
е witha given centre and radius; 
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e — State the conditions under which the general equation of second degree in two variables 
represents a circle; 


• 04 the centre and radius ofa circle whose equation is given in general form; 
e find the equation ofa circle passing through : 

— (2 three non-collinear points (ii) two given points and touching any of the axes; 

e derive the equation ofa circle in the diameter form; 

e ^ findthe equation ofa circle when the end points of any of its diameter are given; and 


e find the parametric representation ofa circle with given centre and radius. 


EXPECTED BACKGROUND KNOWLEDGE 


e  Termsand concepts connected with circle. 
e Distance between two points with given coordinates. 


e | Equation ofa straight line in different forms. 


11.1 DEFINITION OF THE CIRCLE 


A circle is the locus ofa point which moves ina plane in such a way that its distance from a fixed 
point in the same plane remains constant. The fixed pointis called the centre of the circle and the 
constant distance is called the radius of the circle. 


11.2 EQUATION OF A CIRCLE 
Can we find a mathematical equation fora given circle? 
Let us try to find the equation ofa circle under various given conditions. 


11.2.1 WHEN COORDINATES OF THE CENTRE AND RADIUS ARE GIVEN 


Let C be the centre and a be they radius of the 


circle. Coordinates of the centre are given to be (h, 
k), say. shi 


Take any point P(x, У) on the circle and draw 
perpendiculars CM and PN on x-axis. Again, draw 
CL perpendicular to PN, 


We have 
CL=MN=ON-OM - x-h 
апа PL-PN-IN-PN-CM -y-k 
In the right angled triangle CLP, CI24- PI? = CP 
= (x-A)r(y-kyzg 441) 


М” N x 
Fig. 11.3 


MATHEMATICS 


Р» 


This is the required equation of the circle under given conditions. This form of the circle is MODULE - II 


known as standard form of the circle. Coordinate 
беоте 


Conversely, if (x, y) is any point in the plane satisfying (1), then it is at a distance ‘a’ from (h, k). 
So it is on the circle: 


What happens when the 
Notes 
(i) circle passes through the origin? 
(ii) circle does not pass through origin and the centre lies on the x-axis? 
(iii) circle passes through origin and the x-axis is a diameter? 
(iv) centre of the circle is origin? 
(v) circle touches the x-axis? 
(vi) circle touches the y-axis? 
(vii) circle touches both the axes? 
We shall try to find the answer of the above questions one by one. 
(5) In this case, since (0, 0) satisfies (1), we get 
т +0 =a 
Hence the equation (1) reduces to | 
х? + y! —2hx —2ky =0 -0) 
(ii) In this case k=0 


Hence the equation (1) reduces to 


(x =h): ins y =á? (3) 
y ЈИ 
х! Х 29 х 
y y 
Fig. 114 


MATHEMATICS EN 


MODULE - II (i) Inthis case k=O and h= +a (see Fig. 11.4) 
Coordinate 
Geometry Hence the equation (1) reduces to x? + y? +2ax = 0 44) 


(ту) In this case h=0=k 


ЕЕЕ Hence the equation (1) reduces to х? + y? = а? 209) 
Notes 

(у) In this case k= a (see Fig. 11.5) 

Hence the equation (1) reduces to x^ + y? - 25x -2ay +k = 0 (6) 

y 

(vi) In this case h=a 

Hence the equation (1) reduces to x? + y? —2ax—2ky +k? =0 (7) 
(уп) In this case 1 = k = a. (See Fig. 11.6) 

Hence the equation (1) reduces to х? жу! -2ax -2ay +a? =0 48) 


dd 


Fig. 11.6 
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А | | т өгөж MODULE - I 
peru MM Find the equation of the circle whose centre is (3, —4) and radius is 6. Clos 
Solution : Comparing the terms given in equation (1), we have Geome 
һ-3,К--4апйда-6. ” 
(x-3) +(y+ 4) 26 ip _ 2 
Notes 


ог х жу”-бх-8у-11-0 
ТТУ Find the centre and radius of the circle given by (x +1)? +(y—1)? =4. 
Solution: Comparing the given equation with (x — A)? +(y—k)? =a’ we find that 
~h=1,-k=-1,a=4 
h=-1,k=1,a=2. 


So the given circle has its centre (—1,1) and radius 2. 


11.3 GENERAL EQUATION E CIRCLE IN SECOND DEGRE 


The standard equation ofa circle with centre (А, К) and radius r is given by 
(x-h) +(y-k} 2r? - (1) 
о y + y? -2ah-2k +h? +k? -r° =0 -0) 
This is of the form x? + y? +2gx+2 ју +с=0. 
x+y? +2рх+ 2 ју+с=0 (3) 


=> ОО e 


> Gy оз ју (Vetere) 
-eol +p-Cal -(487-/7-2) TO) 


= олут 


where h=-g, k=-f, г=је +f’ -c 


This shows that the given equation represents a circle with centre (е, -/) and radius 


MATHEMATICS ” 


U 


MODULE - || | 11.3.1 CONDITONS UNDER WHICH THE GENERAL EQUATION OF SECOND 


Circles 


Coordinate DEGREE IN TWO VARIABLES REPRESENTS A CIRCLE 
Geometry 7 у 


Let the equation be х? + y +22х +2 ју+с=0 
ВА 8х 


(i) It is a second degree equation in х, у in which coefficients of the terms involving 
х? and y’ are equal. 


(ii) It contains no term involving xy 


Find the centre and radius of the circle 
45x? +45у? - 60x -36y 419-0 


Solution : Given equation can be written on dividing by 45 as 


4419 
х'"+у:—-—х+—у+—=0 
55231175: Ager 


Comparing it with the equation 
x +y’ +2ex+2fyt+c=0 we get 


2 2 19 
B z = sand с= л; 


OLN МАЊА 
Thus, the centre is & -2) ana radiusis Jg? + f? -c = val 


15 
Find the equation of the circle which passes through the points (1, 0), (0,6) 
and (3, 4). 
Solution: Let the equation ofthe circle be 
x y +2рх+2ју+с=0 41) 


Since the circle passes through three given points so they will satisfy the equation (1). Hence 


1+2g+c=0 (2) 
КЁ 36-12/-с-0 43) 
25-68-8/-с-0 ““(4) 


Subtracting (2) from (3) and (3) from (4), we һауе 


26-12/-35 
and 6g+20f=11 


ЕЛИ MATHEMATICS 


Solving these equations for gand f we get 2 = E ‚ f= 47 


69 
Substituting g in (2), we get с = > 
and substituting 2, fand c in (1), the required equation ofthe circle is 


4x? + Ay? —142х +47у 4138-20 


Ехтарје ШЕСІ Find the equation of the circles which touches the axis of x and passes 


through the points (1,—2) and (3, 4). 


Solution : Since the circle touches the x-axis, put k = a in the standard form (See result 6) of 


the equation of the circle, we have 
x! + y! -2hx -2ay +h? 20 b) 
This circle passes through the point (1,2) 
k -2h-4a*520 (2) 
Also, the circle passes through the point (3, — 4) 
h! -6h+8a+25=0 --(3) 
Eliminationg ‘a’ Кот (2) and (3), we get 


> k +2h-15=0 
h=3 or һ--5. 


From (3) the corresponding values of a are—2 and —10 respectively. On substituting the values 


ofh and ain (1) we get 


215) 


x’ +y’ -6x +4у+9=0 


and x? + y? +10х+20у+25=0 


(4) and (5) represent the required equations. 


DIAMETERS ARE GIVEN. 


Let A(x,, y,) and B(x,, у, уђе the given end points of the diameter AB (See Fig. 11.7) 


Let P(x, y) be any point on the circle drawn on АВ as diameter. Join AP and BP. Since the 


angle in a semi-circle is a right angle. 


11.4 EQUATION OF A CIRCLE WHEN END POINTS OF ONE OF ITS 


~~ | MODULE - || 


Coordinate | 


беоте! 


Notes 
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E 
АРІ BP 
(slope of AP) x (slope of BP) --1. 


ГАР = УУУ) 

Now, the slope of AP = хх 
ЕВР- УУ; 

and the slope of ВР = х-х, 


gh AVES p Ao ТУРҒА, 
КОК, ТУК; 

ог (x—x,x-x,)+(y-y,Xy—y,)=0 -2(4) 

Since (1) is true for every point on the circle, and for no other point in the plane: 


(1) represents the equation of the circle in diameter form. 


-л 


15511113 гт the equation of the circle described on the line joining the origin and the 
point (2,—4) as diameter. ( | 


Solutoon: Here x, -0, у 20; х,-2,у,--4 

Using the Equation (1) required the equation of the circle is, 
(х-0)(х-2)-(у-0)у-(-4) -0 

ог х -2хњу +4у=0 


ог х +y?-2x+4y=0 
ЫТ ҰЙ The equation ofa chord ofthe circle x2 *y!-2ax =0 is y = тх. Find the 
equation of the circle described on this chord as diameter. 7 


Solution: The coordinates of the points of intersection of the circle and the given chord а 


( 2a ?та 
(0,0) and lm’ 14m? )' 


Now, for the required equation of the circle these 
by equation (1) 


2 
coe оору nee 


m 


points are the end points of the diameter, 80 


MATHEMA 


Circles 


2a 2ma 


2У-0 


“МАХ. 
po x tos ae 
l+m lem 


or (1+т°)х? + (1+m’)y? -2ax-2may =0 


This is the required equation of the circle. 


11.5 EQUATION ОКА CIRCLE WHEN RADIUS. AND ITS INCLINATION 
ARE GIVEN (PARAMATRIC FORM) 


In order to find the equation of the circle whose 
centre is the origin and whose radius is z Let 
P(x, y) be any point on the circle. Draw 


PM LOX 
OM =x, MP = y. Join OP. 
Let ^ Z XOP=0 and OP =r 


Now,x = ОМ =r cos 0 


and у= MP —rsin Q Fig. 11.8 У! 


Hence the two equations x =r cos 0 and y =r sing taken together represent a circle. These 
are known as parametric form of the equations of the circle, where 0 is a parameter. 


[Example 11.8 807 the parametric form of each of the following circles: 
(i) @-1P + *2y-9 (ii) (к + 2(х — 4)+ 9-3) (у + 1)=0 
Solution : (i) The equation ofthe circle is 
(х 1)2 + (у—2): 23 
Comparing 1 it with the ‘standard equation’ of the circle, we get centre (1, —2) and radius = 3 for 
the given circle. 


Parametric form ofthe equation ofthe circle is 
x —143cosg;y =-2 + 3 sin Ө 


(1) Equation ofthe circle can be written as 


x’ +y?—2x-2y-11=0 


| MODULE - I 
Coordinate 
беоте! 


Notes 
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Comparing it with the general equation of the circle and finding centre and radius, we get 
Coordinate 


Centre (1, 1) and radius = ,13 


Parametric form ofthe equation ofthe circle is 


х =1+ /13 созб, у =1+ 13 sin® 


l. Find the equation of the circle whose 
(a) centre is (0, 0) and radius is 3. (b) centre is (-2,3) and radius is 4. 
2. Find the centre and radius of the circle 
(a) x! +y?4+3x-y=6 (b) 4x? +4у? -2x+3y-6=0 
3. _ Find the equation of the circle which passes through the points (0, 2) (2, 0) and (0, 0) 
4. Біла the equation of the circle which touches the y-axis and passes through the points 
1, 2)and 
(2,1) 


5. Find the equation of the circle described on the line joining the points (2, 3) and (-2, 6)4s 
diameter. 


6. Find the parametric form of the equation of each of the following circles: 
(а) (x+1P «(y «1 -4 (b) 42-44)“ +2х+2у-3-0 


(с) &- DG D (y-D(y1)-0 


Standard form of the circle 
(2-4) + O-kP = а 


Centre is (A, К) and radius is a 


The general form of the circle is x? жу! %2 ха 2/0 ыс-0 


Its centre: (-g, —/) and radius = x g+ haa 


Diameter form of the circle 


Ifthe end points of a diameter are (x, y,) and (x, у, 
(6-3 )(x-x,)+(y—y, Ху-у,)=0 


MATHEMATIC 


: "ie circles 
), then the equation of the circle 
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x = acos@, у = а sin 0 represents the parametric equation of a circle whose centre Geome 

is at (0, 0) and radius =a 


Parametric form of the circle 


If the centre of the circle is at (h, k) then the parametric equation of the circle is 


x=h+acos Ө andy=k+asin Ө. s Notes 
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http://www.wikipedia.org 
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TERMINAL EXERCISE 


Find the equation ofa circle with centre (4, —6) and radius 7. 


Find the centre and radius of the circle x? + y^ - 4x —6y =0 


Find the equation of the circle passes through the point (1,0), (–1,0) and (0,1) 


Find the parametric form of the equation of circles given below : 


(a) x? * y? =3 (b) x! +y - 4x 6y 212 
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Geometry 5321| ANSWERS 


CHECK YOUR PROGRESS 11.1 
SUN. (ај су = (b) x! «y! -4x-6y-3-0 
3 437 1 3), 4109 
ЕЕЕ oleae 
З х*+уб—2х-2у=0 4. x? +y?+2x-2y+1=0 


5. x? +y?-9y4+14=0 


6. (а) x=-1+2cos@ and у= -14-2sin 0. 


(b) rents [Toso yah sno 


(c) x = /2 созд and у = 2 іп0. 
| TERMINAL EXERCISE 
l. x? +y?-8x4+12y+3=0 2. Centre (—2, 3); Radius= /13 
3, x+y =l. | 
4. PS у-У3віпӨ. 


(b) х=2+5с050, У--2--55іп0. 


ЕСЕ MATHEMATICS 


CONIC SECTIONS 


While cutting a carrot you might have noticed different shapes shown by the edges of the 
cut. Analytically you may cut it in three different ways, namely 


(i ^ Cutis parallel to the base (see Fig. 12.1) 
(ii) Cutis slanting but does not pass through the base (see Fig.12.2) 
(iii) Cutis slanting and passes through the base (see Fig. 12.3) 


Fig. 12.1 Fig. 12.2 Fig. 12.3 
The different ways of cutting, give us slices of different shapes. 

In the first case, the slice cut representa circle which we have studied in previous lesson. 
In the second and third cases the slices cut represent different geometrical curves, which 
we shall study in this lesson. 
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Conic Sections: 
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bs] OBJECTIVES 


After studying this leson, you will be able to : 


e recognise а circle, parabola and ellipse as sections of a cone; 
е recognise the parabola and ellipse as certain loci; 
e | identify tHe concept of eccentricity, directrix, focus and vertex ofa conic section; 


e identify the standard equations of parabola and ellipse; and 


• — find the equation ofa parabola given its directrix and focus. 


е Basic knowledge of coordinate Geometry 
e — Various forms of equation ofa straight line 
e — Equationofacircle in various forms 


12.Í CONIC. SECTION 


Inthe introduction we have noticed the various shapes of the slice of the carrot. Since the carrot 


is conical in shape so the section formed are sections ofacone. They are therefore called conic 
sections, 


Mathematically, a conic section is the locus of а point Р which moves so that its 


distance from a fixed point is always in a constant ratio to its perpendicular distance 
from a fixed line. 


The fixed point is called the focus and is usually denoted by S. 
The fixed straight line is called the Directrix. 
The straight line passing through the focus and perpendicular to the directrix is called the axis. 
The constant ratio is called the eccentricity and is denoted bye. 
What happens when 
() e«1 (i) e=1 (iii) e>1 


In these cases the conic section obtained are known 


: as ellipse, parabola and hyperbola 
respectively. 


In this lesson we shall study about ellipse and parabola only. 


12.2 ELLIPSE 


Recall the cutting of slices of a carrot. When we cut it obliquely, slanting without letting the knife 
pass through the base, what do we observe? 


| 392 | МАТНЕМАТІСЅ 


Conic Sections 


You might have come across such shapes when you cut a boiled egg vertically. 
The slice thus obtained represents an ellipse. Let us define the ellipse mathematically as follows: 


“An ellipse is the locus of a point which moves in a plane such that its distance 
from a fixed point bears a constant ratio to its distance from a fixed line and this 
ratio is less than unity”. 


12.2.1 STANDARD EQUATION OF AN ELLIPSE 


Let be the focus, ZK be the directrix and P be a moving point. Draw SK perpendicular from 
Sonthe directrix. Let e be the eccentricity. 


Divide SK internally and externally at А and А' (on KS produced) repectively in the ratio е: 1, 
аѕ е<]. 

54 = е.АК 2209) 

and S4'—e.A'K +++ (2) 


Since А and А' are points such that their distances from the focus bears a constant ratio е 
(e € 1)to their respective distances from the directrix and so they lie on the ellipse. These points 


are called vertices of the ellipse. 


Let 44' be equal to 2a and C be its mid point, іе. СА= СА'=а 
The point С is called the centre of the ellipse. 


Adding (1) and (2), we have 
SA+SA'=e.AK +е.А'К 
9t AA' = e(CK —CA+ A'C+CK) 


Оо 24-е2СК 
or CK == = 
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Geometry 84-84-6(АК-АК) 


ог (SC +CA')-(CA-CS)=e.A4'A 

== or 2CS=e.2a 

ог CS=ae -- (4) 

Let us choose C as origin, САХ as x-axis and CY, a line perpendicular to CX as y-axis. 


a 
Coordinates of аге then (ae, 0) and equation ofthe directrix is x — Е 


Let the coordinates of the moving point P be (x, y). Join SP, draw PMAZK. 
By definition SP => РМ 

or 5Р'=е', РМ? 

ог SN? + NP? =e? (МК)? 


ог (CN-CSy + МР? =e? (CK -CNY 
2 
or (х-ае +y -44-.) 
е 
ог х 1-6))ку!-а2 1-2) 


ue y "з EET 
је I [On dividing by a? (1. 2?) | 
Putting a?(1— e?) = b? , we have the Standard form ofthe ellipse as 


2 
4.2 


з] 
© 


Major axis : The line joining the two vertices 4! and A, i.e., A'A is called the major axis and 
its length is 2a. 


Minor axis : The line passing through the centre perpendicular to the major axis, i.e., 8В 18 
called the minor axis and its length is 25. 


Principal axis : The two axes together (major and minor) are called the principal axes ofthe 
ellipse. 
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Latus rectum : The length of the line segment 7.7. is called the latus rectum. 


4 а 
Equation of the directrices : Х--2-- 
e 


b? 
Eccentricity : e is given by e? =1—— Notes 
a 
| 1 
195611) SPAM Find the equation of the ellipse whose Госив18(1,-1), eccentricity е zF and 


the directrix is x — y —3. 


Solution : Let P (7,0) be any point on the ellipse then by the definition, its distance from the 
focus — e. Its distance from directrix 


or SP'-e PM: 
(Mis the foot of the perpendicular drawn from P to the directrix). 


1(һ-к-3 


2 
EY gu 
ог (h-D? e (1) Al E | 


ог (k? +k?) +2hk-10h+10k +7 =0 


The locus of Pis 
T(x? + у“) + 2xy-10x+10y+7=0 


which is the required equation of the ellipse. 


ТРУД Find the eccentricity, coordinates of the foci and the length of the axis of the 
ellipse 3x? +4y? =12 


Solution : The equation of the ellipse can be written in the following form 


On comparing this equation with that of the standard equation of the ellipse, we have q? = 4 


and 52-43, then 


(ii) coordinates of the foci are (1,0) and ( —1,0) 


[> The coordinate are (+ ае, 0)] 
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(iii) Length of the major axes =2 = 2x 2=4 and 


length of the minoraxis= 25 = 2x /3 = 245. 


52255 а CHECK YOUR PROGRESS 12.1 


Find the equation of the ellipse referred to its centre (0,0) 


2 
(a) whose latus rectum is 5 and whose eccentricity is 3 


(b) whose minor axis is equal to the distance between the foci and. 
4 whose latus rectum 18:10. 


1 
(с) whose foci are the points (4,0) and (— 4,0) and whose eccentricity is 3: 


2. Find the eccentricity of the ellipse, if its latus rectum be equal to one half its minor axis. | 


12.3 PARABOLA 


Recall the cutting of slice ofa carrot. When we cut obliquely and letting the knife pass through E 
the base, what do we observe? 9 
Also when а batsman hits the Бай in air, have you ever noticed the path of the ball? 


Is there any property common to the edge of the slice of the carrot and the path traced out Буг? б 
the Бай in the example cited above? 


Yes, the edge of such a slice and path of the ba 


ll have the same shape which is known аза | 
parabola. Let us define parabola mathematically. 


plane." 


12.3.1 STANDARD EQUATION OFA PARABOLA 


Let S be the fixed point and ZZ be the directrix ofthe parabola. Draw 
ZZ. Bisect SK at A. 


Since $4 — AK, by the definition ofthe 
ofthe parabola. 


Take А as origin, AX as the x-axis and AY perpendicular to АХ through A as the y-axis. 


SK perpendicular to ; 5 
4 
parabola А lies on the parabola. А is called the vertex ` 


Let 


Let 


or 


or 


or 


or 


KS =2a “. AS = AK =a 

The coordinates of A and S are (0,0) and (a,0) respectively. 
P(x,y) be any point on the parabola. Draw PN | AS produced 
AN =x and NP=y 

Join SP and draw РМ .LZZ' 

By definition of the parabola 

SP = РМ 

SP? = РМ? 

(x-ay +(y—0)? =(x+a)? 

1 PM = NK = NA+ AK =x+a] 


(x-ay - (xay) =-y? 


y! =4ax 
which is the standard equation of the parabola. 


M 
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MODULE - II | 12.3.2 OTHER FORMS OF THE PARABOLA 
Coordinate 


Geometry What will be the equation of the parabola when 


(i) focus is (—a,0) and directrix is х-а-0 


(ii) focus is (0,4) and directrix is y - a— 0, 
— (iii) focus is (0,—a) and directrix is y-a = 0? 


Itcan easily be shown that the equation of the parabola with above conditions takes the following 
forms: 


(0 y!z-4ax 
(ii) x! =4ay 


(iii) х? = -4ау 
The figures are given below for the above equations of the parabolas. 


(ii) 


X= day 
Fig. 12.6 


х--д4ау 


Corresponding results of above forms of parabolas are as follows: 


Coordinates of vertex 
Coordinates of focus . 
Equation of directrix 


Equation ofthe axis 


Length of Latus rectum 


Conic Sections 
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(96111153 РАСЕ ind the equation of the parabola whose focus is the origin and whose Coordinate 
directrix is the line 2x + y -1- 0. Geome! 
Solution : Let 5 (0,0) be the focus and ZZ be the directrix whose equation is 2x + y -1— 0 2 2 
Let Р(х, у) be any point on the parabola. zu 
Notes 


Let PM be perpendicular to the directrix (See Fig. 12.5) 
By definition SP = PM 


or | 6р? = РМ? 


БЭР, хуу! 


2 
ог ( 2 +1) 
ог 5х:+5у: =4x? + у: +1+4ху—ду—4х 
Or x? +4y? —4xy+2y+4x-1=0. 


het) (ol be Find the equation of the parabola, whose focus is the point (2, 3) and whose 
directrix is the line x — 4y +3 — 0. 


Solution : Given focus is S(2,3); and the equation of the directrix is x-4y+3=0. 


As in the above example 


2 
ues 


(x-2y +(у-3) = Баг 


=> 16х' + у: +8ху—74Х—78у+212=0 


f^. 

Ul CHECK YOUR PROGRESS 12.2 
? 25 Ж) 

1. Епа ће equation ofthe parabola whose focus is (a, b) and whose directrix is ЭГЭЛ 


2. Findthe equation of the parabola whose focus is (2,3) and whose directrix is 3x+4y =1. 


MATHEMATICS У 


Conic Sec 


f “ 

па 
"А conic section is the locus ofa point P which moves So that its distance froma fixed pointis 
always in a constant ratio to its perpendicular distance from a fixed straight line", 


(i) Focus : The fixed point is called the focus. 


• Conic Section 


(0) Directrix : The fixed straight line is called the directrix. Жж 
(iii) Axis : The straight line passing through the focus and pependicular to the directrixis 
called the axis. 1 


(iv) Eccentricity : The constant ratio is called the eccentricity. 


ү 
e (у) Latus Rectum : The double ordinate passing through the focus and parallel to the 
directrix is known as latus rectum. (In Fig.12.5 LSL'is the latus rectum). 


*» 

) У : 

Standard Equation of the Ellipse is : — + Br 1 m 
2 7 

(i) Major axis=2a (i) Minor axis = 25 m 
(iii) Equation of directrix is x = £7 (iv) Еос! : (+ ae,0) к. 


2 
(v) Eccentricity, i.e., e is given by e? -1- 5 


Standard Equation of the Parabola is : yl 


= 4ax 
(4) Vertex is (0,0) (1) Focus 18 (а,0) 
(iii) Axis of the parabola is У=0 (iv) Directrix of the parabola is y+ a=0 3 
(у) Latus rectum = 4а, J 
OTHER FORMS OF THE PARABOLA ARE | ( 
(i) у =-4ax (concave to the left). Е 
(ii) x! = day (concave upwards). Ч 


(iii) x'--4ay | (concave downwards). 


‘Conic Sections 


MODULE - | 
P. Coordinate 
| 2 SUPPORTIVE WEB SITES Geomet 
http://www.wikipedia.org » 
http://mathworld.wolfram.com Notes 


е 
МЕЙ TERMINAL EXERCISE 


1. Find the equation of the ellipse in each of the following cases, when 


5 |- 


(a) focus is (0, 1), directrix is x +y=0 and e = 


юре 


(b) focus is (-1,, 1), directrix isx—y+3=0 and e = 


ы 


Find the coordinates of the foci and the eccentricity of each of the following ellipses: 


(a) 4x? +9% =1 (b) 25x? +4 у: =100 u 


p? 


Find the equation of the parabola whose focus is (-8, —2) and directrix is y - 2x - 9 2 0. 


MATHEMATICS 2 


Conic Sections 


MODULE - Il == 
inat ies 
билиг ANSWERS 


CHECK YOUR PROGRESS 12.1 


І. (а) 20x? + 36y? = 405 (b) x? + 2y? =100 


(с) 8х + 9y? = 1152 


Da om 
2 


CHECK YOUR PROGRESS 12.2 

l. (ax—by)? -2a°x әв y-*a' cab! +b =0. 
2. 16x? +9у: -94x -142y –24ху +324 - 0 
TERMINAL EXERCISE 


17 (a) 7х? +7у? -2xy -16y 4820 


(b) 7x? +7y? +2xy 410x-10y4 7-0 


Ne 5 
2. "ES ) (0, zi); 21 


3. x? +4y? +Аху+116х +2 у +259 =0 


ee 
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‘Questions For Practice - Coordinate Geometry 
| Е 1 
Maximum Marks : 50 Time : МУ Hours 


Instructions 
1. Answer all questions on a separate sheet of paper. 


2. Give the following information on your answer sheet: 


• . Name 

• Enrolment Number 

e Subject 

. Assignment Number ( 
. Address 


3. Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance, 


Do not send your assignment to the National Institute of Open Schooling 


К Show that ће points (4,4), (3,5) and (- 14) are the vertices of a right angled triangle. (2) 


reet 
2. Determine y when the slope of the line joining the points. A (—8,11) and B (2,y) is Sx (2) 


3. Find the equation of the line passing through the points (2,1) and (7,3). (2) 
4. Find the centre and diameter of the circle 
xix y!-2x*4y-1120 Q) 
5. Find the value of зо that the line passing through the point (k,9) and (2,7) is parallel to the line 
passing through the points (2, —2) and (6,4). (3) 
6. Find the equation of a straight line passing through the point (3,—4) and perpendicular to ће. 
straight line 2х-5у%7-0. (3) 
a Find the equation of the circle passing through the points (0,2), (2,0) and (0,0). (3) 
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123 


15: 


Find the equation of the parabola whose focus is (2,3) and whose directrix is the line 3x +4 у =], 


0) 


Find the locus of point which moves such that the sum of its distances from the points (3,0) and 
(-3,0) is less than 9. (4) 


Find the area of a quadrilateral whose vertices, taken in order, are the points (5, -2), (4,-7), 
(1,1) and (3,4). (4) 


Find the equation of the line passing through the intersection of the lines х-3у-1-0 and 


2х--5у-9-0 and whose distance from the origin is Js units. (4) 


Using coordinate geometry, prove that if two medians ofa triangle are equal, then the triangle is 
an isosceles triangle. (6) 


Show that the point (a сова, asino) lies on the circle x? + y? =a’ for all values of а. Also 
show that the equation of the tangent at this point is x cosa + ysin æ = a and the equation of the 


normal is xsin æ – усова = 0. Further show that the line xsin а — y cosa = a is also tangent to 
the circle for all values of а. (6) 


Show that the line х+ y 22 touches the circles x? +y =2 and x! y? 43x «3y - 8 at the 
point where the two circles touch each other. Е (6) 


ee 
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MODULE-III 


SEQUENCES AND SERIES 


Arithmetic and Geometric Progressions 
Special Types of Series 


MODULE - III 
Sequences And 
Series | 


оо ад 


ARITHMETIC AND GEOMETRIC 
PROGRESSIONS 


Succession of numbers of which one number is designated as the first, other as the second, 
another as the third and so on gives rise to what is called a sequence. Sequences have 
wide applications. In this lesson we shall discuss particular types of sequences called 
arithmetic sequence, geometric sequence and also find arithmetic mean (A.M), geometric 
mean (G.M) between two given numbers. We will also establish the relation between 
A.M and G.M. ead 


Let us consider the following problems : 


(а) А man places a pair of newly born rabbits into a warren and wants to know how 
many rabbits he would have over a certain period of time. A pair of rabbits will 
start producing offsprings two months after they were born and every following 

-month one new pair of rabbits will appear. At the beginning the man will have in his 
warren only one pair of rabbits, during the second month he will have the same pair 
of rabbits, during the third month the number of pairs of rabbits in the warren will 
grow to two; during the fourth month there will be three pairs of rabbits in the 
warren. Thus, the number of pairs of rabbits in the consecutive months are : 


1/1 2737 oy Op kos Н: 


(b) The recurring decimal 0.3 can be written as a sum 


0.3 = 0.3 + 0.03 + 0.003 + 0.0003 ... 


(c) А man earns Rs.10 on the first day, Rs. 30 on the second day, Rs. 50 on the third 
day and so on. Гїе day to day earning of the, man may be written as 
10, 30, 50, 70, 90, --- 


We may ask what his earnings will be on the 10" day in a specific month. 


Again let us consider the following sequences: 
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(3) 0.01, 0.0001, 0.000001, ... 


(1) 2,4,8,16,.. (2) 


In these three sequences, each term except the first, progressess in a definite order but different 
“заран from the order of other three problems, In this lesson we discuss those sequences whose term 
progressess in a definite order. . 


SY 


LSJ] OBJECTIVES 


After studying this lesson, you will be able to : 


e | describe the concept ofa sequence (progression); 

e  defineanA.P. and cite examples; 

е — find common difference and general term ofa ANP: 

e — findthe fourth quantity of an A.P. given any three of the quantities a, d, n and t; 


e ` calculate the common difference or any other term of the А.Р. given any two terms of the 
AP; У 


e  derivethe formula for the sum of first ‘n? terms ofan A.P; 


е 


e calculate the fourth quantity ofan А.Р. given three of S, n, a and d; 
e. insert A.M. between two numbers; 
e solve problems of daily life using concept ofan A.P; 


e state that a geometric progression is a sequence increasing or decreasing by a definite 
multiple ofa non-zero number other than one; 


e — identify С.Р 5 from a given set of progessions; 
e find the commonratio and general term ofa G.P; 


e calculate the fourth quantity ofa G.P when any three of the quantities t» a, rand паге 
given; 


e calculate the common ratio and any term when two ofthe terms ofthe G.P. are given; 
write progression when the general term is given; 
derive the formula for sum of first n terms ofa GP; 
calculate the fourth quantity ofa GP. if any three of a, r, n and S are given; 


derive the formula for sum (S со) of infinite number of terms ofa GP. when А sls 


find the third quantity when any two of Sco, a and rare given; 
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e convert recurring decimals to fractions using G.P; 


1 Sequences And 
e insert G.M. between two numbers; and Series 
e establish relationship between A.M. and G.M. 6 
% 
EXPECTED BACKGROUND KNOWLEDGE Cro. 
Notes 


e  Lawsofindices 
e Simultaneous equations with two unknowns. 


e Quadratic Equations. 


13.1 SEQUENCE 


А sequence is a collection of numbers specified in a definite order by some assigned law, 
whereby a definite number a, of the set can be associated with the corresponding positive 
integer n. 


The different notations used for a sequence are. 


Јака, d; атак 

2, а,» п= 1 аи 

9: {a,} 

Let us consider the following sequences : 

l. 1, 2,4, 8, 16, 32, ... 2. 1, 4, 9, 16, 25, ... 
Же 25275 

In the above examples, the expression for n* term of the sequences are as given below : 
(l) а= әт (Әа,-т (3)а,= а (4) "E 

for all positive integer n. 


Also for the first problem in the introduction, the terms can be obtained from the relation 


а = ђа,=1, а, =а , +а, уп > 3 


A finite sequence has а finite number of terms. An infinite sequence contains an infinite number 
of terms, 


13,2 ARITHMETIC PROGRESSION 


Let us consider the following examples of sequence, of numbers : 


3i 22 
І 2 рь Spans 
() 2468. (05525 
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So Vibe ale] 
0) 108,64, (4)--h-5 72-5. 


Note that in the above four sequences of numbers, the first terms are respectively 2, 1, 10, and 


-5 . The first term has ап important role in this lesson. Also every following term of ће 


sequence has certain relation with the first term. What is the relation of the terms with the first 
term in Example (1)? 


First term = 2 

Second term -4 =2+1х2 
Third term кб 0-59 2x2 
Fourth term эс 29294352 
and so on. 


| The consecutive terms in the above sequence are obtained by adding 2 to its preceding term. 
i.e., the difference between any two consecutive terms is the same. 


A finite sequence of numbers with this property is called an arithmetic progression. 


A sequence of numbers with finite terms in which the difference between two consecutive 
terms is the same non-zero number is called the Arithmetic Progression or simply A. P. 


| The difference between two consecutive terms i is called the common defference ofthe A.P. — | 
and is denoted by '2. 


In general, an A. P. eique first term is a and common difference is d is written 45 
а а+а а+2а, а +3а, --. 


Also we use’, to denote the nth term of the progression. 
13.2.1 GENERAL TERM OF AN A. P. 
Let us consider A. P. 
| а а+а а+2а, а + За, ... 
Here, first term (4) =а 
second term (t,)=a+d=a+(2-1)d, 
third term (,) =а +2а = а +(3– а 
By observing the above pattern, n* term can be written as: 
„=а+(п–1)а 


Hence, if the first term and the common difference of an A. P. are known then any term of 
A. P. can be determined by the above formula. 


Sometimes, the 7^ term of an A. P. is expressed, in terms ofn, e.g. t, —2n-1. In that case, the 
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ЕТТ КАЯ Find the 10" term of the A. Р: 2, 4,6, ... 


Solution : Here the first term (а) = 2 and common difference d 7 4—22:2 


Using the formula / = a+ (n— 1) d, we have 
t= 2+ (10—1)27 250018500 
Hence, the 10th term ofthe given A. P. is 20. 


96111) 3 КУЛ The 10" term ofanA. Р. is- 15 and 31“ term is 57, find the 15" term. 


Solution : Leta be the first term and d be the common difference of the A. P. Then from the 
formula: 


t =a+(n—1) d, we have 
=а +(10–1)а=а+9а 
-at(31-1)d-a*30d 

We have, 


аж94--15 .4) 
аж304--57 ...(2) 
Solve equations (1) and (2) to get the values of a and d. 


Subtracting (1) from (2), we have 
214--57 + 15=—42 


Again from (1), а=—15–94=—15—9 (2) --15 +18 =3 
Now t, - a (15 -Dd 
-3414(-2)--25 


Which term of the A. P.: 5, 11, 17,... is 119? 
Solution : Here a=5, d= 11-576 
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à 62119 
We know that 
t,=at+(n-l1)d 
=> 119-5t(n-1)x6 
119-5 
= (п–1)= iy ep =19 


n=20 
Therefore, 119 is the 20th term of the given A. P. 
Is 600 a term of the A. P.: 2,9, 16,....? 
Solution : Неге, а = 2, and d=9-—2=7. 
Let 600 be the пе term of the A. P. We have t, =2+(n=1)7 


According to the question, 
2 +(п—1)7 = 600 
(n—1)7 = 598 
п= 208 +1 

or 7 
ee 

7 


Since nis a fraction, it cannot be a term of the given A. Р. Hence, 600 is not a term of the given 
А.Р. : 


СТТ КИ The common difference of an A. P. is 3 and the 15% term is 37. Find the first 
term. 


Solution : Here, 4-3, 1,737, and п = 15 
Let the first term be a. We have 


(-аз(п-)а 
37 =a+(15-1)3 

о, 37=a+42 
а--5 


Thus, first term of the given A. P. is—5. 
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| E 
EOMERI a+ b+e=0 ad = are. in А.Р, then prove that | Sequences And 
mes cta a+b Series 
нез ” 
57 ур arealso in А.Р. » 
а 5 Be Notes 
Solution. : Since ———, ——, —~= are in A. P., therefore 


ђ+с'с+а a+b 


5 а е 5 


са b+c a+b с+а 
Н 
Ч с+а b+c a+b c+a 


о, -<----------------- 


1 
-------------- +b+c + 0 
ог, са bre КОШКО (Sinceat+b+c #0) 


Ж 
, b+ aap Nein 


CHECK YOUR PROGRESS 13.1 

1. Ед the "Мегй ofeach of the following A. P's. : 
(a) 1,3, 5,7, «++ (b) 3, 5, 7; 9, «+ 

2. Ift, =2n+1, then find the A. P. 


3. Which term of the А.Р. 25, 4, 57 » .....18 317 Find also the 10" term? 


4. 18-292 aterm of the A. P. 7, 4, 1, 2, ...? 
5. The mterm ofan A. P. is nand the n term is m. Show that its (m+ n)" term is zero. 


6. Three numbers are in A. P. The difference between the first and the last is 8 and the 
product of these two is 20. Find the numbers. 


7. Then term ofa sequence is na + b. Prove that the sequence is an A. P. with common 
difference a. 
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13.3 TO FIND THE SUM OF FIRST л TERMS IN AN A. P. 


Leta be the first term and d be the common difference ofan 53 P. Let / denote the last term, i.e, 
the 7^ term ofthe A. P. Then, 


1=1 =а+(п- ђа р С 40) 
ER Let S, denote the sum of the first n terms of the A. P. Then 
5,=а+(а +) +(а +24) +... +(1–2а) + (1– а) +1 PSG) 
Reversing the order of terms in the R. H. S. of the above equation, we have 
S, =1+ (1-4) +(1-24) +... + (а +2d)+(a+d)+a ... (iii) 


Adding (ii) and (ii) vertically, we get 


28, = (а + ђ + (а + D) + (а + 1) +... containing n terms = n (а + I) 


п 
ie, б„=-—(а+1 
ће, 8, 24 ) 


АВ) 5,-2(244(7-1) 4] [From(i)] 


It is obvious that ¢ = Му 


ТӘСІЛ БАЙ Find the sum of 2+4+6+...nterms. 
Solution.: Here a=2.d=4-2=2 


Using the formula 5, = 5 ба + (n-1) d], weget 
5 -212х2%(в-1)2) 


-Эїрж2н|- 2n(n +1) 
2 2 


=n (n+ 1) 


Example 13.8 0) the sum of the sequence 2, 3, 5,9,8, 15, 11, ... to (2л + 1) terms 


Solution. Let S denote the sum. Then 
5=2+3+5+9+8+15+1 +... (2n + 1) terms 


712+5+8+ 1 +. (+ D terms] + [3 +9 + 15421 +... n terms] 


| 
= FP Bx2ee1- De Qx3«(n-1)6] 


ш _ ___ me 


Se ees 


Arithmetic And Geometric Progressions 


‚ MODULE - III 
= ты [4 + Зп] + 5 [6+6n-6] ` Sequences And 
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К a 


= 5 [30+ 70444677] 


= = [92 +71+4] 


The 35" term of an A. P. is 69. Find ће sum of its 69 terms. 
Solution. Let a be the first term and d be the common difference of the A. P. 
We have 

29+ (35-1) а=а + 34d. 

а + 34 а = 69 a(i) 


Now by the formula, 5, = * [2a (n-1) d] 


We have 
Ss ~ [2a + (69–1) d] 


= 69 (а + 34d) [using (1)| 
= 69 x 69 = 4761 
The first term ofan A. P. is 10, the last term is 50. Ifthe sum ofall the terms 
is 480, find the common difference and the number of terms. 
Solution : We have: а-10,/- 1,7 50, S, = 480. 
By substituting the values of a, t, and S, in the formulae 


Ку -2|2а4(п-1)| and f= а+(п–1)а we get 


480 = 7 [20+(n-1)d] e) 
50= 10+ (n—1)d е» (ii) 
From (ii), (n — 1) d = 50—10 740 +++ (iii) 
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From (i), we have 


ES 5 (20-40) using (i) 


on 60n - 2 x 480 


5 
SELL Шилу 
60 
From (iii), 
4-5 1-16 
һата (88-1-16-1-15) 


Example 13.11 ct the 7^ term and the sum of n terms of an A. P. be p and q respectively. 


m) 
n 


Prove that its first term is ( 


Solution: In this case, ¢ = p and 5,-4 
Let a be the first term of the А.Р. 


Now, 5,=5(a+4,) 


n 
—(а+р)= 
ог, 2 р)=9 


2 
ог, а+р= d 
п 
2 
ог, а= 4-р 
n 
а _ 24 pn 
п 


Find the sum of the following A. Р, 

(a) 8, 11, 14, 17,---up to 15 terms (b) 8,3,-2,-7,-12.... up to n terms. 
How many terms of the А.Р: 27, 23, 19, 15, ... have а sum 95? 

A man takes an interest-free loan of Rs, 1740 from his friend agreeing to repay in monthly 


MATHEMATICS 


Arithmetic And Geometric Progressions , 


instalments. He gives Rs. 200 in the first month and diminishes his monthly instalments by | MODULE - Il 
Rs. 10 each month. How many months will it take to repay the loan? veins And 
ries 


4. How many terms of the progression 3, 6, 9, 12, .. 
must be taken at the least to have a sum not less than 2000? 


5.  Inachildren potato race, n potatoes are placed 1 metre apart in a straight line. A competitor 
starts from a point in the line which is 5 metre from the nearest potato. Find an expression 
for the total distance run in collecting the potatoes, one at a time and bringing them back 
one at a time to the starting point. Calculate the value n if the total distance run is 162 
metres. 


Notes | 


6. Ifthe sum of first n terms of a sequence be an? + bn, prove that the sequence is an A. P. 
and find its common difference ? 


13.4 ARITHMETIC MEAN (A, М.) 


When three numbers a, A and bare in A. P., then A is called the arithmetic mean of numbers a 
and b. We have, A-a- b- A 


а+ђ 0 у 
Thus, the required A. М. of two numbers а and b is Eu. Consider the following A. P : 


3, 8, 13, 18, 23, 28, 33. 


There are five terms between the first term 3 and the last term 33. These terms are called 
arithmetic means between 3 and 33. Consider another A. P. : 3, 13, 23, 33. In this case there 
are two arithmetic means 13, and 23 between 3 and 33. 


Generally any number of arithmetic means can be inserted between any two numbers a and b. 
Let А А АНА А ben arithmetic means between а and b, then. 


ФА, Ay A, A, 5 isan А.Р. 
Let dbe the common difference of this A. P. Clearly it contains (п + 2) terms 


b=(n + 2)" term 


=а+(п+ Ша 
datza 
п+1 
b-a { 
Моу, д =а+а > A, =|а+— 44) 
1 n+l 
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качи And А,= 4+2d >A, -(„+2252) 448) 
~ Q 
= A,= a+nd= ћи („+ 0-2)) (п) 


These are required л arithmetic means between a and b. 
Adding (i), (ii), ..., (п), we get 
қр 5-а 
А, + А, +... +A, = nat oot > 12] 


ero (It (mt. nn (a b) 
n+l 2 2 2 


= п [Single A. M. between a and b] 


| Example 13.12 сес five arithmetic means between 8 and 26. 


Solution : Let А, А„ A,, A, and A, be five arithmetic means between 8 and 26. 
Therefore, 8, А „А, АДА, A, 26 are in A. P. with a=8, b=26,n=7 
We have 26 = 8 +(7—1)4. 

4-3 

A,=a+d=8+3=11,A,=a+2d=842x3=14 

A, = a+ 3d -17,А,-а%44-20 

Аг=а + 54 = 23 
Hence, the five arithmetic means between 8 and 26 are 11, 14, 17, 20 and 23. 
|Ехатріс 13.13 The ' А. M's between 20 and 80 are such that the ratio of the first mean 
and the last mean is 1: 3. Find the value of n. 


Solution : Here, 80 is the (n+2)" term of the A. P., whose first term is 20. Let d be the 
common difference. 


30 80-20-(ғ-2-1)4 
о, 80-20=(n+1)d 


or, mur? 


60 20 
The first A. M. = 204.9. = 20n* 20+ 60 
пк п+1 


ШЕ sdoOV ma 
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60 80n+20 
The last A: M: = 20+nx—— = 2 t ev 
п+1 n+l 
We have Notes 
20n+80 80n--20 
MMC Ин 
п+1 п+1 
п+4 E T 
P nii 


о, 4n+1=3n+12 
о, n-ll 


The number of A. M's between 20 and 80 is 11. 


[Example 13.14 | If x, y, z аге ПА. P., show that 


(e+ 2y-z) Qy + z— x) (Z+ xy) = Axyz 


Solution : x,y, z are in A. P. 


ју = 2 (i) 
(+ 2y -z) (2y+z—x) (z+x-y) 
—T(xtxtz-z)(xtzkz-x)Qy-y) [From (i)] 
= (2x) (22) (у) = Ах yz. 

= ВН 


Q CHECK YOUR PROGRESS 13.3 


Prove that if the number of terms of an A. Р, is odd then the middle term is the A. М. 
between the first and last terms. 


2. Between 7 and 85, m number of arithmetic means are inserted so that the ratio of 
(m —3)" and m" means is 11 : 24. Find the value of m. 


3, Prove that the sum of n arithmetic means between two numbers is n times ће single 


A. M. between them. 


4. Ifthe A.M. between p" and q" terms ofan A. P., be equal and to the A. M. between r^ 
and s" terms of the А, P., then show that p +q =r + s. 
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Let us consider the following sequence of numbers : 
dr 
952500 
(3) 1,-3,9,-27,... (4) x, ххх, 5.» 


1 
(1) 1,2,4, 8, 16, .- (2) 315, 


If we see the patterns of the terms of every sequence in the above examples each termis 
related to the leading term by a definite rule. 


For Example (1), the first term is 1, the second term is twice the first term, the third termis2? 
times of the leading term. 


1 о 
Again for Example (2), the first term is 3, the second term is 3 times of the first term, third term 


1 . 
18 y times ofthe first term. 
A sequence with this property is called a gemetric progression. д 


Aesequence of numbers in which the ratio of any term to the term which immediately precedes 


is the same non zero number (other than1), is called a geometric progression or simply GP. 5 
This ratio is called the common ratio. T" 


Second term _ Third term 


Thus, Firstterm ^ Secondierm ^ сэн is called the common ratio of the geometric 


progression. 
Examples (1) to (4) are geometric progressions with the first term 1, 3, 1, x and with common 


1 1 
ratio si 73 , and x respectively. 


The most general form of a G: P. with the first term а and common ratio risa, ar, ағ, 2 
4 


Let us consider а geometric progression with the first term а and common ratio у: Then its 
terms are given by 


It 
тарататтану s у 
In this case, t=a=ar"! 

Б anor 


,7 ar = apa 


t,= ar! = ar 


Arithmetic And Geometric Progressions 
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Sequences And 
On generalisation, we get the expression for the n term as Series 
= ары (A) 2 


2 


13.5.2 SOME PROPERTIES ОКА G. P. 


G) Ifall the terms ofaG. P. are multiplied by the same non-zero quantity, the resulting series | Notes 
is also in G. P. The resulting G. P. has the same common ratio as the original one. 


If a, b, c, а)... are in G. P. 


———— 


then ak, bk, ck, dk... are also in G. P. (k+ 0) 

(i) Ifall the terms ofa G. P. are raised to the same power, the resulting series is also in G. P. 
Let a, b, c, 4... are in G. P. 
еа“, b^ с“ d*, ... are also in G. P. (k#0) 


The common ratio of the resulting G. P. will be obtained by raising the same power to the 
original common ratio. 

ETT RM ЕУ Find the 6" term ofthe G. P.: 4,8, 16,... 

Solution : In this case the first term (а)=4 


Common ratio (r)=8+4=2 
Nowusing the formula t — ar^, we get 
t,=4 x 25'=4 x 32 = 128 
Hence, the 6" term of the G. P. is 128. 
The 4" and the 9" term ofa G. P. are 8 and 256 respectively. Find (һе G. P. 

Solution : Let a be the fine term and r be the common ratio of the G. P., then 

I, = ar = а 

ъ= ar! o агт 


According to the question, ar =256 ("О 


and : а?-% “> (2) 
ат 256 
ar 8 
ог 1532-2 
n2 


Again from (2), а x 22-8 
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Therefore, the G. P. is 
1, 2, 4, 8, 16, ... 


Notes ЕхатріІе 13.17 Which term of the G. P.: 5, —10, 20, — 40, ... is 320? 
H -10 
Solution : In this case, a=5; r= Shit 2 


Suppose that 320 is the n term of the С.Р. 
By the formula, I, = ar, we get 
© = 5. (C2) 
5. (-2)“! = 320 (Given) 
C2) = 64 = (52% 
п-1=6 
= 7 
Hence, 320 is the 7^ term of the С.Р. 
Ifa, b, c, and dare in О.Р, then show that (a + Ву, (b + су, and (c +d} 
are also in G. P. 


Solution. Since а, b, c, and dare in С. Py 


b= ac, 2 = bd, ad = bc 40) 
Now, (a+ by (e+ dP =[(a+b)(c+d)} = (ac + be + ad + bd)? 
=(P + с: boy [Using (1)] 
= [0+0] т 


(скау (вас) 
(bc) (a+by? 


Thus, (а + bY, (b + c}, (c+ dy are in G. P. 


4 
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е Зедиепсев Апс 
Ж CHECK YOUR PROGRESS 13.4 Series 
1 + 2 
1l. The first term and the common ratio ofa G. P. are respectively 3 and - 2 Write down 
the first five terms. Notes | 
2. Which term of the G. P. series 1, 2, 4, 8, 16, ... is 10247 Is 520 a term of the С. P. 
series.? 
3. Three numbers are in G. P. Their sum is 43 and their product is 216. Find the numbers in 
proper order. 
4. Then term ofaG. P. is 2 x3" for all n. Find (a) the first term (b) the common ratio of the 
G. P. 


13.6 SUM OF n TERMS OF A С.Р. 


Let a denote the first term and r the common ratio of а G. P. Let S, represent the sum of first 
nterms of the G. P. 


Thus, S, =a +ar + ar +... + ar? + ar"! 5201) 
Multiplying (1) by r, we get 
rS, = аг + ат +... + ar? + ar + an (2) 
(1)-(02)->5,-"5,-а-ағ” 
or 5(1-7)-а(01--8) 


5) SUR (A) 
l-r | 
2407-1) (B) | | 
r-1 | 


Either (A) or (B) gives the sum up to the ^ term when r # 1. It is convenient to use formula 
(A) when | г |< 1 and (B) when|r|>1. 


Ехатрје 13:19 Find the sum of the G. P.: 


1, 3, 9, 27, ... up to the 10^ term. 


3 
Solution : Here the first term (а) = 1 and the common ratio (7) = SUE а | 


а("- 
Now using the formula, 5, = | : ) (e r>1) we get 


:1435-1) 39-1 
324 2 
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Series 


1 
Solution : Неге, тел 43 and =1=81 


Notes 1 
Now f,= 81 = Л (43) = (зу? 
Gays? Ead = (43)? 
n-2=8 
or n-1C 
+, [¥3"-1] 
НЕМ МАРИНИ 
7 43-1 
OE 
3-43 
TREE нас sum of the с. P.: 0.6, 0.06, 0.006, 0.0006, to s terms. 
6 006 1 
Solution. Here, a= 0.6= — and r= —— = — 
j olution. Here, а = 0.6 10 and 7 06 10 
Using the formula S, — шан їнэн [ r«1] 
f$. 45) 
10 10 6 1 
ETUR 2! ^g 
10 


2 1 
. "We ] = == 
Hence, the required sum is 3 ( 10" ) 
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ШШЕ] How many terms ofthe following G: P.: 64,32, 16, — hasthe sum 127 i ? [Sequences And 


Series 


32:21 
Solution : Неге, а = 64, 7 = pnr (<1) and 5, = 1275 = = 
1-17 GL 
Using the formula S, — о : ) , we get Notes 
64 413 
5 2 
1-1 
2 
6441 – B | 
2 255 
и ГИТ WU ... (given) 


137112255 

128|1-| 2| |- 

«3-5 
ог zi 

« (5) 

Po A 


ү 

M CCP ED S 
п=8 

Thus, the required number of termsis 8. 


| Example 13.23 2 the sum of the following sequence : 


2,22, 22200 ин to n terms. 
Solution : Let S denote the sum. Then 
5=2+ 22 +222 +... 10 nterms 


=2(1+11+111 4 --- ton terms) 


2 
= 9 (9 + 99 + 999 +... tom terms) 


а — — — — "NH 
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MODULE - I 
Sequences And = 2(00-1) (10: = 1)+(10' –1)+ шю n terms)} 
Series " 


- 2 (104107 +10 + о n terms)- (1+1+1+ „юп terms)] 


- [710+10° +10° +... а ОР with r= 10>1] 


Example 13.24 Find the sum up to n terms of the sequence: 


0:7: 07T OTIT si 
Solution : Let S denote the sum, then 
5= 0.7 +0.77 + 0.777 + ... to n terms 
= (0.1 0.11 - 0.11 +... to n terms) 


7 
тб (0.9 +0.99+0.999+... to n terms) 

д ) 
gi (1-04) + (1-0.01) + (1 - 0.001) + т fo n terms) 


7 
emm (141414. п (егт) – (0.1 +0.01 *- 0.001 +... to n terms)) 


BEI Тулаң. 
9| 10 10: 10 Цаг 


Be 968 | (Since r< 1) 


-Arithmetic And Geometrie Progress ns 


| 424 | MATHEMATICS 


MODULE - III 


21 19n-1*107 Sequences And 
ЭЛЕН 9 ` Series 
7 Де » 
= 81 0л-1440 | 
Notes 


ы 
CHECK YOUR PROGRESS 13.5 


l. Find the sum of each of the following G. P's: 


1 
(а) 6, 12,24, ... to 10 terms (b) 25:5552 ... to 20 terms. 


2. How many terms ofthe G. P. 8, 16, 32, 64, ... have their sum 8184 ? 


bl- 
3. Show that the sum ofthe G. P. a+b +... - Lis gia 


4. Find the sum of each of the following sequences up to n terms. 
(a) 8, 88, 888, ... (0):200:2:0:22.0.222,.. 


13.7 INFINITE GEOMETRIC PROGRESSION 


So far, we һауе found the sum ofa finite number of terms ofa G. P. We will now learn to find 
out the sum of infinitely many terms ofa G P such as. 


00 


1. 248 
2 4 8А 


Nile 


1 
We will proceed as follows: Неге 4-1, r = y 


1 
The n^ term of the G. P. is ET and sum to л terms 


gi 
So, no matter, how large n may be, the sum of terms is never more than 2. 
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So, ifwe take the sum ofall the infinitely many terms, we shall not get more than 2 as answer. 
Also note that the recurring decimal () 3 is really 0.3 + 0.03 + 0.003 + 0.0003 +... 


i.e., 0.3 is actually the sum ofthe above infinite sequence. 


On the other hand it is at once obvious that if we sum infinitely many terms of the G P. 
1,2,4, 8, 16, ... we shall get a finite sum. 


So, sometimes we may be able to add the infinitely many terms of G. P. and sometimes are may 
not. We shall discuss this question now. 

13.7.1 SUM OF INFINITE TERMS OF A С.Р. 

Let us consider a С. P. with infinite number of terms and common ratio ғ. 

Case 1: We assume that | r |> 1 

The expression for the sum of terms of the С. P. is then given by 


S,- а(""-1) 
к-1 


Em (А) . 


Now as n becomes larger and larger r^ also becomes larger and larger. Thus, when n is 
infinitely large and |7 |> 1 then the sum is also infinitely large which has no importance in 
Mathematics, We now consider the other possibility. 


Case 2: Let|r|« 1 


Formula (A) can be written as 


„8 Ола ам 


1-р l-r 1-7 


Now as n becomes infinitely large, 7" becomes infinitely small, i.e., as  — co, ^ — 0, then 
the above expression for sum takes the fotm 


5 = —— 
l-r 


Hence, the sum ofan infinite G P. with the first term a and common ratio ris given by 


a 


S=7_;,when|r|<1 40) 
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Solution : Here, the first term of the infinite G. P. is а = 3 and " 


2 
Here |r| =|-=<! 


a 
Using the formula for sum 5 = lor we have 


1 
Hence, the sum of the given G. P. is 5 


Express the recurring decimal () 3 as an infinite G. P. and find its value in 


rational form. 
Solution. 03 = 0.3333333 ... 
= 0.3 + 0.03 + 0.003 + 0.0003 +.... 
3 3 3 3 
== += += += + 
10 10: 10 10' 


15038 
The above is an infinite G. P. with the first term 2710 ды 3 


а 
Hence, by using the formula 5 = Tor’ зеге 


He 
03-10 10 
V DU 

10 10 

"ACH 

9:3 
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Example 13.25 Find the sum ofthe infinite G. P. 279 


3.4528 
9'27 8l 
2 
2179 
1 
3 


гт==—=—=<1 


10 
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The distance travelled (in cm) by a simple pendulum in consecutive seconds 
are 16, 12,9, ... How much distance will it travel before coming to rest ? 


Solution : The distance travelled by the pendulum in consecutive seconds are, 16, 12,9, .. i 


12.3 
an infinite geometric progression with the first term а = 16 andr = Ч «1, 


Hence, using the formula 5 = 1» Wehave 


Ано, 
ЕЕ 
4 4 


Distance travelled by the pendulum is 64 cm. 


8 
Det Р Тһе sum of an infinite С. Р. is 3 and sum ofits first two terms is 3: Find the 
first term. 


Solution: In this problem S=3. Let a be the first term and r be the common ratio of the given 
infinite G. P. 
Then according to the question. 


8 
at+ar=— 
3 


or, 3а(1+ғ)=8 52100) 


а 
Also from 5 = Шы » we have 


зоон 
а 
on a=3(l-r) 212) 
From (1) and (2), we get. 


3.3(1-r)(1+r)=8 


2248 
on- loos 
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Notes mE 


1 1 
From (2), a =3 22 "=. 


3 


(1) Find the sum of each of the following inifinite G. P's : 


еке 0 Іт аа с 
0) 15379727 (75757578 
2. Express the following recurring decimals as an infinite G. P. and then find out their values 
as a rational number. 
(a) 0.7 ~ (b) 0.315 
3. The sum of an infinite G. P. is 15 and the sum of the squares of the terms is 45. Find the 


GP. 


Ч 1 Een) uod 
4. The sum of an infinite G. P. is = and the first term is 7 . Find the G.P. 


138 GEOMETRIC MEAN (G. M.) 
Ifa, С, bare in G. P,, then Gis called the geometric mean between a and b. 


Ifthree numbers are in б. P., the middle one is called the geometric mean between the other 
two. 


Y 2G,G,.., G,bareinG.P, 
then G,, G, ... б, are called n G. M.'s between a and b. 
The geometric mean of n numbers is defined as ће n" root of their product. 


Thus if 4,, Q,, ..., a, are n numbers, then their 


1 


G. M. - (а, a, ... a)" 
Let G be the G. M. between a and b, then a, G, b are in G. P. 
| G 
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о, G= ab 


Series 
Geometric mean = ,/Product of extremes 


Notes | Given апу two positive numbers a and b, any number of geometric means can be inserted 
between them. Leta,,a,, 4,..., а, be n geometric means between a and b. 


Then а,, асуулаа a, bisaG. P. 
| Thus, Б being the (n + 2)" term, we һауе 


Б-ағһ" 


1 

ba 
Hence, a =ar=ax|— 
a 


m 
ШЫН Б үн 

! а, =ar" =ax| — 
a 


Further we can show that the product of these n G. M.'s is equal to n^ power of the single 
geometric mean between a and 5. 


Multiplying a,. а„... а,, we have 


ы, 2 п 


(b\w таг "ви 
аа, а, =a"| — 
i a 


п(п+ђ) 


т ( ] 
=а -- 
а 


= (ab)? = (Ма) =0' 


= (single С. M. between a and b)" 


3 27 
ТО КУ Find the С. M. between 5. and m 


Solution : We know that if G is the G. M. between a and 5, then 
G - Jab 


27 21559 


3 3 
С. M. between 2 and (2 х— = 5 


Ехашре 13.30 Insert three geometric means between 1 and 256. 


Solution : Let G,, G,, G,, be the three geometric means between 1 and 256. 


Then.1, G,, G,, G,, 256 are in G. P. 
Y. rbe the common ratio, then t, = 256 


ie, а= 2562 1. = 256 


0, = +4 

When r= 4, G, =1.4=4, 6, =1. (4? = 16 and G, = 1. (4) = 64 

When r = – 4, G, 7 —4, G, = (1) (4) = 16 and G, = (1) (-4)' =—64 
С.М. between 1 and 256 аге 4, 16, 64, ог, – 4, 16, –64. 


Example 13.31 | 4, 36, 324 are in G. P. insert two more numbers in this progression so that 


it again forms a G. P. 
Solution : G. M. between 4 and 36 = „ЈА x 36 = 4144 =12 


а 
G. М. between 36 and 324 = 4/36 х 324 = 6x18 = 108 
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Notes 
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If we introduce 12 between 4 and 36 and 108 betwen 36 and 324, the numbers 
4, 12, 36, 108, 324 form a G. P. 


The two new numbers inserted are 12 and 108. 


n+l n+l 


а" + 
DET (ay КУ Find the value of n such that "wap may be the geometric mean 


between a and b. 
Solution : If x be С. M. between a and b, then 


11 л 
4 o а" +p"! 49 20 +b") 
Ga +b а 


1 1 
ean e Са, bir ib 


EORUM NES ҮКҮ ҮЛ ER 
ог, 4 а-ы). Ңа-ы) 

ml nt> 

а tsb 

n+l 

a 2, 

— =l 

ba 
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Let a and b be the two numbers. Series 


13.8.1 RELATIONSHIP BETWEEN A. M. AND СМ. 


Let A and С be the A. M. and G. M. respectively between a and b 


a+b 
A=- бе ab Notes 000 


A>G 


[Example 13.33 [U arithemetic mean between two numbers is 34 and their geometric mean 


is 16. Find the numbers. 
Solution : Let the numbers be a and 5. 


Since A. M. between a and 5 is 34, 


b 
E = 34, or, a+ b = 68 | ~. (1) 


Since С. М. between а апа bis 16, 


Jab = 16 or, ab = 256 
we know that (a — by! = (а + b —4 ab -40) 
= (68): 4 x 256 
= 4624 – 1024 = 3600 


a—b= 3600 = 60 eG) 
Adding (1) and (3), we get, 2a = 128 
а = 64 
Subtracting (3) from (1), we get 
25=8 or, 5-4 


Required numbers are 64 and 4. 
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Series 


geometric means between them are g,and g,. Prove that 


го + е =2аЬс 
Solution : The А. M. between b and cis a 


Notes b+c 


72 74 or, b+c=2a 


Again g, and g, are two G. M.'s between б and c 
b, 8,8, C are in G. P. 
If  rbethecommonratio, then 
! 


с= Б. or, r= (2) 
b 


and g=br= 42) 


= be (2a) [since b + c= 2a] 
= 2abc 


ТОС КИТ one geometric mean С and two arithmetic means p and а be inserted 
between two quantities, show that : 


6 = Qp - q) (24-р) 
Solution : Let the two quantities be a and b, then 


G= Jab or, G?=ab 440) 


| фФ ЕС — ——————— „ын 
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MODULE - Il 


Also p and а are two А. M.'s between a and b 

Fr. | сайны Sequences And 
a, p, q, b are in А.Р. Series 
p-a-q-pandq-p-b-q Ё 
а= 2р-дапіЬ= 24-р 1 
0: = ab = (2p - q) (24 — p) Notes 


[ ППШДЕ] The product of first three terms ofa G. Р. 1000. If we add 6 to its second 
term and 7 to its 3rd term, the three terms form an A. P. Find the terms of the G. Р 


Solution : Let 4 = Th = а and t, = ar be the first three terms of G. P. 
Then, their product = = а. ar = 1000 or, a? = 1000, or, a= 10 
By the question, tpt, +6,1, +7 are in А.Р. (b) 


ie. = а * 6 ar + 7are in А.Р. 
a 
(a + 6)- = = (ar + 7)–(а +6) 
а 
о, 2(a+6)=—+(ar+7) 
To 


o, 2(10+6) = 10 + (106+7) fusing (1)] 
r 


0, 327=10+1072+77 
0, 107-25r-10-0 


(> 25 + У625-400 _ 25 £15 
20 20 


юр 


10 
When а = 10, r = 2. then the terms are БЕ 10(2) і.е.,5, 10,20 


1 
When a=10, r =; then the terms аге 10(2), 10, 10 (2) i.e., 20, 10, 5 
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MODULE - lil | 
Sequences And 
Series CHECK YOUR PROGRESS 13,7 


1 
1. Insert 8 G. M.'s between 8 and "t 


Ifa, is the first of n geometric means between a and b, show that 


@ = дар 


: 1 1 1 
3.  IfGis the С. M. between a and b, prove that Caf Gp = Gi 


4. Ifthe A. M. and G. M. between two numbers are in the ratio т: n, then prove that the 
numbers are in the ratio m+ m -n° : т 4m - п? 

5. If AandGarerespectvely arithmetic and geometric means between two numbers aand 
b, then show that A > С. 


13 
6. The sum of first three terms ofa G. P. is 12 and their product is—1. Find the G. P. 


7. Тһе product of three terms ofa G. P. is 512. If 8 added to first and 6 added to second 
term, the numbers form an A. P., Find the numbers. 


AES» 
(74) 
ү 


LET US SUM UP 
е The general term of an А.Р. 

a,atd,a-2d,.. is given by t, =a + (n—1)d 
e S the sum of the first n terms ofan A. P. 


aa+dat+2d... is 


given by S = 3 [2a +(п–1)4] 


п 
"5 (а + D, where! = а + (n— 1)а 
e A sequence in which the difference of two cousecutive terms is always constant (+ 0 
called an Arithmetic Progression (A. P.) 


• АЕ па 


MODULE - III 
ni) Sequences And 
2 Series 


а+ђ 
e АпагИһтейс mean between a and b is E : 


e Asequence in which the ratio of two consecutive terms is always constant (+ 0) is called Notes 
a Geometric Progression (G. P.) 
e Then" term ofa G. P.: a, ar, ar, ... is аг"! 
e Sum of ће first n terms of a G. P.: a, ar, ar’, ... is 
,. ar" 1) 


for |r| > 
ere 


_ a(l-r") 


1 for|r|<1 


e The sums ofan infintite С.Р. a, ar, ar’, ... is given by 


S=— for|r|«1 
l-r 
* Geometric mean G between two numbers a and bis „/ар 


“ Тһе arithmetic mean A between two numbers а and b is always greater than the 
corresponding Geometric mean С i.e., А> б. 


е 


SUPPORTIVE WEB SITES 


http://www.wikipedia.org 


http://mathworld.wolfram.com 


юү TERMINAL EXERCISE 
l. Епа the sum ofall the natural numbers between 100 and 200 which are divisible by 7. 


I 


The sum of the first n terms of two A. Р. are in the ratio (2n— 1) : (27n + 1). Find the ratio 
of their 10" terms. 


3. Ifa, b, care in A. P. then show that b + c, с + а, а + b are also in A. P. 


MATHEMATICS 
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Il 
And 


e 


Ка, a- d, are in A. P., then prove that 


1 1 1 1 n-l 
* + +...+ = : 
ара, 4,4, ауа, ала 


аа, 


-1 Un 


(00-с), (c а)?, (a — by are in A. P., then prove that 


S uy 1 
ENG LED 


» are also in A. P. 


If the p", а" and r^ terms are P, Q, R respectively. Prove that 
P(Q-R)* Q(R-P)* R(P- Q)-0. 


Ifa, b, care in G. P. then prove that 


1 


y eee +P +e! 
с 


а? b? с: (а 
а 


- Ifa, b, c, dare in G. P., show that each of the following form a G. P. : 


(a) (a! — b), (P – e), (с – d) 
1 bm ET 1 
(b) азығына "а-а 
Ifx, y, z are the p^, 4" and r" terms of a G. Р, prove that 
хал ye? ара = | 
Ifa, b, c are in A. P. and x, y, z are in G. P. then prove that 
X yes orb] 
If the sum of the first n terms ofa С. P. is represented by S, then prove that 
5, Ea = Sa) = (Sa = S? 
Ifp, q, rare in A. P, then prove that the p", q" and r^ terms of a G. P. are also in G. P. 


: Icd 1 
15554125 2 + 22 Е э", find the least value of n such that 


druck. 


100 


Ifthe sum ofthe first n terms ofa G P. is Sand the product of these terms is p and the sum 
of their reciprocals is R, then prove that 


Еш — 5 — — — — — —À nanc 
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ЖА Sequences And 
(МЈ ANSWERS Series 
CHECK YOUR PROGRESS 13.1 
1. (a)2n-1 (b)2n* 1 Notes 
2. 3,570 3. 20, 16 4.no 5т+п 6210; 6; 2... 
CHECK YOUR PROGRESS 13.2 
n 2 
1. (a) 435 (b) 5[21-5т | 
2, 5 3212 
4 37 5. п? +9п,9 
6. 2а 


CHECK YOUR PROGRESS 13.3 
2» 5 


CHECK YOUR PROGRESS 13.4 


3, e 
] 3 2119, 

2727 8716 2. 11", no 
3. 36,6,10г1,6,36 4. (а) 6 (b)3 
CHECK YOUR PROGRESS 13.5 

2 1 

1. (а)6138 (9 311-59 
2 10: 

80,» 8n 2n 2 | 223 | 


an ee — MN 


Arithmetic And Geometric Progressions 
MODULE -III | CHECK YOUR PROGRESS 13.6 
Sequences And 
Series 3 13 
= 1. (a) 2 (b) 24 
1 32 
Notes @ 9 ©) 165 
10 20 40 
В а со 
Зы ӨЕ ТОЙ, 
УЫ ede lr 
Ги А А ИЕ е: 
CHECK YOUR PROGRESS 13.7 


L 4211111 1 


9229 


, КРУ 8 16:32” 


+= ог =,-1— 
Sang ар 
7. 4,8,16 
TERMINAL EXERCISE 
l. 2107 
2. 37:39 
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Notes 


SPECIAL TYPES OF SERIES 


Suppose you are asked to collect pebbles every day in such a way that on the first day if 
you collect one pebble, second day you collect double of the pebbles that you have 
collected on the first day, third day you collect double of the pebbles that you have 
collected on the second day, and so on. Then you write the number of pebbles collected 
daywise, you will have a sequence, ( 


From a sequence we derive a series. The series corresponding to the above sequence is 
1-24252202228 

One well known series is Fibonacci series 

ІЗІ 2 Б ИНЕ 


In this lesson we shall study some special types of series in detail. 


OBJECTIVES 
After studying this lesson, you will be able to : 


• define a series; 
e calculate the terms ofa series for given values of n from t; 


e evaluate уљу ту т using method of differences and mathematical 


induction; and 


e evaluate simple series like 1.3 + 3.5 + 5.7 +..... n terms. 
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XPECTED BACKGROUND KNOWLEDGE 


» Concept ofa sequence 
• Concept of A. P. and G. P., sum of n terms. 
e — Knowldge of converting recurring decimals to fractions by using G. P. 


14.1 SERIES 


An expression of the form и Ки, Ки, +... + u,+.... is called a series, where ЦЭЛ 


... 18 a sequence of numbers. The above series is denoted by 2 4, . If nis finite then the series 
ral 


is a finite series, otherwise the series is infinite. Thus we find that a series is associated toa 
sequence. Thus a series is a sum of terms arranged in order, according to some definite law. 


Consider the following sets of numbers : 


11210058 | 
РОУ Zimt. 
© Бар Ө 36912 
(с) 48, 24, 12, ... (9) = 122258290 
(а), (©), (с), (9) form sequences, since they are connected by a definite law. The series associated 
with them are : 
1+6+11+.. 
ШЕСІ; 
32:6::9:7:12 
48+24+12+.. 
1#+2+3?+... 
[Example 14.1 | Write the first 6 terms of each of the following sequences, whose n^ term is 
given by 
(a) T, 2 2n 1, (b)a, 2 Ü -n41 (с), = (— 1)". 5" 


“| Hence find the series associated to each of the above sequences, 
Solution : 
(a) Tanta 
Forn= БТ; SANES 
Forn=2,T,=2.2+ 1=5 
For n= 3, T,=2.3+1=7 
For n= 4, Т,=24+1=9 


МАТНЕМАТІСЅ 


Pes. OF Series 


For n=5,T,=2.5+ 1=11 
For n= 6, T,=2.6+1=13 
Hence the series associated to the above sequence is3+5+7+9+11+13+... 
(b) a -m-n*] 
Forn- 1,4-1-1-41-1 
Forn=2,4,=2?-2+1=3 
For n=3,a,=3?-3+1=7 
Ёогп-4,4,-4-441-13 
Ёоги-5,4,-5-541-21 
Ёогп-6,4,-6-641-31 
Hence the series associated to the above sequence is 1+3+7+13+... 
(c) Here f, = CD; 5" 
Ёогп-1,15-(4)5--5 
Еоги= 2,5 = (=1) 52= 25 
. Роги = 3,f, (21)? 5*- — 125 
For n = 4, f, = (C1)! 5*- 625 
For n= 5, f= (1) 55=— 3125 
Forn= 6, f, = (1) 56= 15625 
The corresponding series relative to the sequence 
J= C1) 5" is -5 + 25 – 125 + 625 – 3125 + 15625— 


Write the n" term of each of the following series : 


(a)-2+4-6+8-.... (М1-141-1%... 
(с) 4+ 16 +64+256 +... — (d)NX24 342-4 N54 ... 
Solution : 


(а) The series is-2--4—6- 8 ....... 


Here the odd terms are negative and the even terms are positive. The above series is obtained 
by multiplying the series. 


-1+2-3+4-.... by2 
T,=2 (-1) n= (-1)" 2n 

(5) The series is 1 -1+1—1+1-...... 
тесту" 
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MODULE - III (с) The series is 4 + 16 +64 +256 +... 
3 апа ; 
pisce The above series can be writen as 


4*4 4.4 uu 
Le., n" term, T 4. 
Notes (d) The series is V2 + ҮЗ+2 + N5 +... 
ie, | N29 VB 44 + NS +. 


n^term is T, = n+l. 


1. Write the first 6 terms of each of ће following series, whose n" term is given by 


п(п+1)(п+2) їе ni-] 
6 (95:91 2833 


(8) T,= 


А, 
2. IfA,- land A, =2, find A, if A,= > (122) 


”-2 


3. Write the n" term ofeach of the following series: 


(a) Eu (6) 3-6-9-12-... 


14.2 SUM OF THE POWERS OF THE FIRST п NATURAL NU 


MBERS 


(a) The series of first n natural numbers is 
1+2+3+4+.. +п. 
Let S,=14+24+3+..4n 


This is an arithmetic series whose the first term is 1, the common difference is 1 and the number 
of terms is n. 


n 
5, 73P-1*0-ni]- 7 [2-1] 


п(п+1) 
; ЕЕ a) 
ie., А 2 


п(п+1) 


2 


EN MATHEMATICS 


иь. 


We can write Ул- 


Special Types Of Series 


(b) Determine the sum ofthe squares of the first л natural numbers. MODULE - || 


Sequences anc 
Let 5,-12822432-..-0р Glos 
Consider the identity : 25, 
% 
т-(п-1Уу-30-3п-1 


By giving the values forn= 1,2,3, ....,n—1, nin the above identity, we have. Notes 
13-07 =3.17-3.141 
23-13-3.22-32-1 
33 -2 = 3.32–—33 +1 


”-(п-1у-3/-30-1 

Adding these we get 
m-0 = 3 (12 +2?+3?+..47)-3 (1+2+3 +... +n) + 
(1+1+1 +... n times) 


— | |. 


о; "38 =p OS), 


. = л? -D+ e) 


= seen (2-1+3) 


_ n(n* 1) (2п +1) 
Е 2 
g "0+1 Qn 1) 
E 6 
2 п(п+1) (2п +1) 
кен Ул = ^ 
(c) Determine the sum ofthe cubes of the first л natural numbers. 


Here S, = 1 + 23 + 33 +... т 


MATHEMATICS | 455 | 


MODULE - Ill | Consider ће identity : n* — (n—1)! = 4i? - би + 4n- 1 
Sequences and = 5 
Series Putting successively 1, 2, 3, .... for n we һауе 


2 


Special Types Of Series 


11-0 - 4P-61 41-1 
2-1-42-62-42-1 
3:-21243-63 43-1 


п – (п— 1), = 4,15 – 6.0 * 4.n-1 
Adding these, we get 


4-04- 4013 ++.. m)- 6012 +22 +... + и) +4 (1+2 +3 +... ғу) 
= (1+1+... n times) 


E паз, анин santo, 


= AS, = п +п(п+ 1) (2п + 1) – 2л (н+1)+и 
= т + п (22 + Зп + 1) –2пт -2п+п 
=n +27 + Зи + п – 20 -2п + п 
reer Te 
=n (п + 2п + 1) 


ie, 4S, -—mntly 


g -Pnt _}л(п+1у|* 
Д 4 2 


2 


Ут ШЕ 
руп (уя)? 


14.3 | ind the sum of first n terms of the series 1.343.554 5.7 +... 


Solution : 


Let $,-134354574.. 


| = 


MATHEMATICS 


Special Types Of Series 
The л“ term of the series | MODULE - III 
1, = (т term of 1, 3, 5, ..} х {ni term of 3, 5, 7,..} Эрднэсэвэла 

= (29 – 1) (Сп + 1) 

-48-1 

5, се yx 

= У [4-1] 
4 БЕ nos > 0) 


47300), 


_ 2п(п+1) Qn * 1) Зп 
Ñ 3 


= + [2 Qr +3n+ 1-3] 


n 2 
22 [4n? 6n - 1] 
| Example 14.4 1 ind the sum of first n terms of the series 
1.255::2:52:558:4551:2:52:12 


Solution : Here ¢, =n {2+ (п – 1)? 
=n(n+1P=n. (и *2n4 1) 


Г ЕЛЕП 
8.1222 232123: 93:4 ат (пк ТУ: 


S, = Xj, - X (т +2т +n) 
= ут +2 Ут + Ул. 


ке, 


Let 


6 2 


+ Бе и та 


п(п+1) 2n*l 1 


= nine Бонн 3 ] 
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Sequences and = Мао (3и? + 11n +10) 
-Series 
Ф = qno D (142) Gn) 


Notes | Жен, СЕИ Find the sum of first л terms of the series 


Zid tS. Oo TAs 7 9. 
Solution : Let S, =2.3.5.+3.5.7+4.7.9+.... 
n" term ofthe series 
p {n" term of 2, 3, 4, ...} х {n" term of 3, 5, 7, ...} x (n^ term of 5, 7, 9, sea} 

=(n+ 1) х (2n+ 1) x n+ 3) 
=(n+ 1) [402 + 8n+3] 
= 4n} + 12m + 11n +3 

S, 7X1, - X [4n + 122 + 11n+3] 
=4 Yn} +12 Ут +11 Уп + X(3) 


2 2 . 
247 e mer ла) Пина), 


= er nene) ӨЛӨН), з, 
Бол 

= 200+ 0) +4(я+1у (2л +1) +11(я +1) +6] 
п 

= 5 Bn er +2п +1) +4 Qr? 3m 1) + пл +17] 


=> [2т +12т +25я+21] 


Ехатрје 14.6 


Find the sum of first л terms of the following series : 
такы 
13) a 


1 


8 ion: t, Ene PME 
olution ТЕПТЕ ђ 


Ss 
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Mui. 3 
212n-1 2п+1 


Now putting successively for n 1, 2,3, .... 


pol 220 е. 
" 2] Оп-1) (nl) 


1 1 
Adding, МЕДЕТ 


A n 
“(2п-1) 


CHECK YOUR PROGRESS 14.2 
l. Find the sum of first n terms of each of the following series : 
(a) 1+(1+3)+(1+3+5)+... 
1 1 1 
— > — + — +. 
14 47 7.10 
(с) (1)+ 0+3) + 0+3+:3)+(1+3+32+ 33) +... 
2. Епа the sum of n terms of the series. whose n" term is n(n + 1) (n +4) 


3. Find the sum of the series 1.2.3 +2.3.4.+3.4. 5+... upton terms 


• Ап expression of the form и, + u, + u, Ж... +u, +... is called a series, where 


Uy, Uys үн Шу «+». isa sequences of numbers 


4 Xe 


| MODULE - III 
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Notes 
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MODULE - Il 


5 1) (2п +1 
Sequences апа |, Èr tren) 
г=1 


Series 


2 
3 £e [e - 


http://www.wikipedia.org 


http://mathworld.wolfram.com 


Find the sum of each ofthe following series : 
(a) 2+4+6 +... upto 40 terms. (b) 2+6+18 +... upto 6 terms. 


2. Sum each of the following series to n terms : 


1 1 І 
— + —— + = +... 
(а) 1+3+7+15+31+... (5) 135 Р 957: 579 


VENUS] ü 9 


+—+—+— + 
©) 14 49 916 1625 


Find the sum of first n terms of the series 12 + 32524... 


Find the sum to n terms of the series 5 + 7 + 134314... 


S. MT 0, 
Find the sum to z terms of the series 1+ — 5 +— +— 


5: st 
Find the sum of 22 + 42 + 62+... + (2ny 


Show that 


1x2? +23? 4 ...... *nx(n*ly 30-5 
Рх2+2:х3+... +ти(п+ђ па 


| з50 | MATHEMATICS 


Special Types Of Series 


A MODULE - Ill 
(УМ) ANSWERS Sequences and 
ү Series 
CHECK YOUR PROGRESS 14.1 * 
|. (a) 1, 4, 10, 20, 35, 56 са 
| Notes 
24 35 
ОЗУ 
(6) 7°9 
1 
b 2 
1 ( ( 1)" ЈЕ 
а) E 
(b) (-1)"*! 3n 
CHECK YOUR PROGRESS 14.2 
1 
> (а) син 
n 
b 
©) 3n41 


(c) Lg" -2п-3) 


2 n(n4l) 


13 ЕЙ +231+34 | 


3, 22225 


TERMINAL EXERCISE 
l. (а) 1640 

(b) 728 
2 (а) ~ 291—222 


О % 4Qn«DQn3 
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1 
(с) E CHE 


n 2 
= (4и? -1 
3 pon 


1 
—(3" +8n-1 
ae 


305 Al 1 ) 3n-2 
e 
45 51645 5550] 204: (Беу 
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SENIOR SECONDARY COURSE 
MATHEMATICS 


Questions For Practice - Sequences and Series 


1 
Maximum Marks : 50 Time : 27 Hours 


Instructions 
1. Answer all questions on а separate sheet of paper. 


2. Give the following information on your answer sheet: 


. Мате 

. Enrolment Number 
• Subject 

• Assignment Number 
• Address 


о 


Get your assignment checked by the subject teacher at your study centre so that you get positive feedback 
about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


1. Find 10" term of the А.Р. 


1,3:5,52 (2) 
2. Which term of the A.P. 
2,5,8,11,.-- 1544? Q) 
1 ds oa у 2 
3, Fifth term of a С.Р. is 3 and 9" term 15 245: Find the common ratio. (2) 
4. Find 4th term from the end of ће С.Р. 
3,6,12,24, ---, 3072 2) 
5. How many terms of the sequence 
-2,3,8,13, --- 
8) 


will make the sum 568? 


MATHEMATICS 


Questions For Practice-Sequences and Series 


6. Find the sum of 12 terms of the series 
V¥24+24+2V2444... 0) 
T If 4" terms of an A.P. is equal to 3 times the first term, and 7"-term exceeds twice its third term 


by 1, find the first term and common difference. 


0) 
8. If р", 9", т" terms of a GP. be x,y,z, respectively, prove that 
p MES 2 = || (3) 
9. Find the sum of all natural numbers between land 99 which are multiples of 5. (4) 
10. Find the sum to n terms of the series 0.3 + 0.33 + 0:333 +... (4) 
11. Find the sum to infinity ofthe series 
Гезе e 9r e 277 ere (4) 
12. If a, b, c, are in A.P. show that 
a(b+c) b(c+a) c(a+b) 
bo" сал ађ 
are also in А.Р. (6) 
13.  IfS, S, S, be the sum of n, 2n and 3n terms of a G.P. respectively, prove that 
8(5,-8,)-(8-5,) 6) 
14. Миће sum to infinity of the series 
34+5r4+7r? +... 
44 
is %” find ғ. (6) 


Нэт —————————  — 


CURRICULUM IN MATHEMATICS 
AT SENIOR SECONDARY LEVEL 


RATIONALE 


The Senior Secondary stage is most crucial where learners for the first time move towards diversification. 
At this stage, the learners start thinking to take important decisions concerning their future career by 
choosing suitable courses. It is the stage, from where learners would either go for higher academic 
education in Mathematics ог for Professional courses or it may be the end of their academic carcer. In 
view of these facts, it is important to make Mathematics Education at this level broad based and meaningful. 
The revised curriculum in Mathematics has been designed to meet the needs of all categories of learners. 
In order to relate Mathematics to real life and work situations of NIOS learners, greater emphasis has 
been put on applications of various concepts. 


COURSE OBJECTIVES 


The basic aims of revising the course material at Senior Secondary level are to: 


• acquire knowledge and understanding of basic concepts, facts, principles, terms, symbols in the 
learning material; 


• apply mathematical knowledge and skills to solve problems; 


• introduce learners to different ways of processing given data and help them in arriving at 
conclusions; 


• provide learners with an appreciation of the wide variety of application of Mathematics, and 
equip them with the basic tools that enable such application; 


• develop appreciation for the power and beauty of Mathematics for its applications in Science, 
Commerce, Economics and daily life; 


• develop positive attitude towards Mathematics and its application. 
, include new and emerging areas in Mathematics along with contribution of Mathematicians 
thereto; 
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COURSE STRUCTURE 


The present curriculum in Mathematics has been divided into six core modules namely, Algebra, 
Coordinate Geometry, Sequences and Serics, Functions ,Calculus and Statistics. Besides, the 
learner have to choose any one of the two optional modules namely, Vectors and Three Dimensional 
Geometry, and Mathematics for Commerce, Economics and Business. Each module has been 
divided further into units and then into lessons. " 


MATHEMATICS . 


CURRICULUM 
The number of lessons, Suggested study time and marks allotted for each unit is as follows: 
Unitwise Distribution of Core Modules м 
toeach |toeach 
Unit Module 


Number Minimum 
Study Time 


(in Hours) 


of Lessons 


MODULE 1 : ALGEBRA 


11 Complex Numbers and Quadratic Equations 
12 Matrices and Determinants 


1.3 Inequations and their Applications 


1.4 Permutations, Combinations and Binomial Theorem 


MODULE 2 : COORDINATE GEOMETRY 


21 System of Coordinates and Straight Lines 
22  Circlesand Conic Sections 


MODULE 3 : SEQUENCES AND SERIES 


31 Sequences 
3.2 Series 


MODULE 4 : FUNCTIONS 


4.1 Sets, Relations and Functions 
42  Trigonometric Functions 


MODULE 5 : CALCULUS 


51 Differential Calculus 
5.2. Integral Calculus 


MODULE 6 : STATISTICS 


6.1 Measures of. Dispersion 
62 Random Experiments and Probability 


Unitwise Distribution of Optional Modules 
(You have (о choose any one of the following two modules ) 


MODULE 7: VECTORS AND THREE DIMENSIONA 
GEOMETRY 


71 Vectors 


7.2. Three Dimensional Geometry 
OR 


MODULE 8: MATHEMATICS FOR 
COMMERCE, ECONOMICS AND BUSINESS 


81 Mathematics for Business 


82 Application of Calculus in Commerce and Economics 


CURRICULUM 


——————— ea ee 
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COURSE DESCRIPTION 
MODULE -1: ALGEBRA 


Approach: The system of real numbers is not 
sufficient to solve all algebraic equations. There are 
no real numbers which satisfy the equation 


xX +1=0 ie. x? = —]. In order to solve such 


equations i.e., to find the square roots of negative 
numbers, we extend the system of numbers and 
introduce a new system of numbers known as complex 
numbers. Solution of a quadratic equation with real 
coefficients is discussed leading to relation between 
roots and coefficients. Cube roots of unity are also 
discussed. 


To store some information, we use a rectangular array 
of numbers called a matrix. In the unit on "Matrices 
and Determinants", we study the algebra of matrices 
and distinguish it from the algebra of numbers. The 
study is used to solve a system of linear equations, 
especially when the number of unknowns is large. We 
study that to each square matrix a determinant is 
associated as a number and also study various 
properties of determinant. The study is used to solve 
a system of linear equations using Cramer's rule. 


In the unit on "Linear Inequations and their 
Applications", the learners are introduced to the 
concept of linear programming and the solution of a 
problem through graphical representation. 


In the unit on "Permutations, Combinations and 
Binomial Theorem", Principle of Mathematical 
Induction is stated and used to prove binomial theorem 
for a positive integral index. The concepts of 
permutations and combinations are used to solve daily 
life problems. 


Unit 1.1 Complex Numbers and Quadratic 
Equations 


Study Time: 12 Hours. Max. Marks: 6 


Pre-requisites: Real numbers and quadratic 
equations with real coefficients. 


111 Complex Numbers 


. Definition in the form x + iy 
MATHEMATICS : | 457 | 


Real and imaginary parts of a complex number 
Equality of complex numbers 
Representation of a complex number by a 
point in a plane 

Representation of a complex number in polar 
form 

Modulus and argument of a complex number 
Conjugate of a complex number 

Algebraic operations on complex 
numbers(addition, subtraction, multiplication 
and division) 

Properties of algebraic operations (closure, 
commutativity, associativity, identity, inverse, 
distributivity ) 

Elementary properties of modulus 


Supportive video Programmes 


1.1.2 


Algebra of Complex Numbers 
Modulus and Argand Diagram 


Quadratic Equations 


Solution of a quadratic equation with real 
coefficients by factorization and by using the 
quadratic formula 

Relation between roots and coefficients 
Cube roots of unity 


Unit 1.2 Matrices and Determinants 


Study Time: 16 Hours. 


Max. Marks: 6 


Ї 
Pre-requisites: Knowledge of number system; | 
solution of system of linear equations. | 


121 


Matrices 


Matrix as a rectangular array of numbers ! 
Order of a matrix (upto 3 x 3) | 
Equality of two matrices || 
Square and rectangular matrices ||| 
Unit matrix, zero matrix, diagonal, row and 
column matrices 

Transpose of a matrix У 
Symmetric and skew symmetric matrices 
Sum and difference of matrices 


• Multiplication of a matrix Бу а scalar 
e. Multiplication of matrices 


Supportive video Programme 
e Matrices and operations on them 


12.22 Determinants and their Applications 


• Determinant of a square matrix 

б Minors and Cofactors 

• Evaluation of a determinant 

• Properties of determinants 

• Conditions for solvability ofa system of linear 
equations 

. Solution of a system of linear equations by 
Cramer's Rule 


1.2.3 Inverse of a Matrix and its Application 


• Minors and Cofactors of an element of a 
square matrix 

• Adjoint of a matrix 
Inverse of a matrix 

° Solution of a system of linear equations by 


matrix method 
Unit 1.3 Inequations and their Applications 
Study Time: 8 Hours Max. Marks: 4 


Pre-requisites: Systems of Linear Equations, 
Coordinate System and Inequalities 


1.3.1 Linear Inequations and their Applications 


• Represention of linear inequations in two 
variable(s) graphically in a plane 

• Graphical solution of a system of linear 
inequations in two variables 

• Introduction to related terminology such as 


objective function, constraints, feasible 
region, optimization 

б Formulation of different types of problems 
related to Diet, Business, Transportation and 
their graphical solutions 


Supportive video Programme 
• Linear Inequations and their Applications 
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Unit 1.4 Permutations, Combinations and 
Binomial Theorem 


Study Time: 12 Hours Max. Marks: 6 


Pre-requisites: Number System 


1.4.1 Permutations and Combinations 


.. Fundamental Principle of Counting 
• Meaning and expression of ” P 
• Application of " P 
• Meaning and expression of “С. 
° Properties of "C, namely, 
пр 
0) "C, m 
(1) nores Chas 
СЫ СС 
. Application of "С, 


1.4.2 Binomial Theorem 


• Principle of mathematical induction and its 
applications 

. Binomial theorem Гога positive integral index 
(with proof) and its application. 

. Binomial theorem for rational index (without 


proof) and its application. 
MODULE -2: COORDINATE GEOMETRY 


Approach: The general equation of the first degree 
in two variables x and y represents a straight line and 
is expressed in different forms. Some important results 
of Euclidean Geometry are proved with the help of 
Coordinates, The study of coordinate geometry. 15 
extended to studying "Conic Sections" as plane 
sections of a right circular cone, in the form of an 
ellipse, a circle, a parabola, a hyperbola and pair of 
straight lines, by taking different positions of the plane. 
This module has been designed to discuss standard 
equations of circle, ellipse and parabola in detail. 
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Unit 2.1. System of Coordinates and Straight Supportive video Programme 

Lines . Coordinate Geometry (Part H ) 
Study Time: 16 Hours Max. Marks: 6 Unit 2.2 Circles and Conic Sections 
Pre-requisites: Number system and plotting of points Study Time: 12 Hrs Max. Marks :4 


in a plane. 
Pre-requisites: Coordinate system and straight 


211 Cartesian System of Coordinates lines. 
. Recall of Cartesian system of coordinates іп 2.2.1 Circles 

a plane 
. Distance Formula . Equation of a circle with given radius and 
• Section Formula centre 
• Area of a Triangle • General equation of a circle 
• Collinearity of three points • Equation ofa circle in terms of extremities of 
• Slope of a line a diameter 
. Parallel and perpendicular lines . Parametric representation of a circle 
• Intercepts of a line on axes 

Locus and its equation Supportive video Programmes 

. Circles 
Supportive video Programme 
Р Coordinate Geometry (Part 1) 2.2.2 Conic Sections 
2.1.2 Straight Lines • General conic section 
. Equation of parabola and ellipse in standard 

• Equation of a straight line parallel to either form 

of the axes . Eccentricity, directrix and focus of a given 
• Equation(s) of a straight line in : conic section. 

(i) slope-intercept form 

(ii) two point form Supportive video Programme 

(iii) point-slope form • Conic Sections 

(iv) intercept form 

(v) parametric form MODULE -3: SEQUENCES AND SERIES 

(vi) perpendicular form 
• General equation of first degree in two Approach: The learners are encouraged to recognize 

variables i.e. Ax + By + C =0 and expressing different number patterns and then introduced to the 

it in various forms concept of a sequence as a collection of numbers 
• Intersection of lines obtained by certain rule. The sequence will be 
• Angle between two lines categorized based on the rule applied. A series is a 
• Parallel lines summation of various terms of a sequence. A series 
• Perpendicular lines could be finite or infinite, depending on the number of 
• Conditions for parallelism апа terms. The concept of GP. is used to convert recurring 

perpendicularity decimal to fraction. This module has been designed to 
. Condition of concurrency of three lines discuss some important series namely 
• Distance of a point from a line 2 3 1 ; 
. Distance мань two parallel lines nn ‚уп etc; using mgod oF Tee 
Ы Application of coordinate geometry to prove and mathematical induction. 


some geometrical results. 


MATHEMATICS 
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Unit 3.1 Sequences 
Study Time: 10 Hours Max. Marks: 4 
Pre-requisites: Number system, Permutations and 
Combinations 


3.1.1 Arithmetic and Geometric Progressions 


Concept of a sequence 

A.P as a sequence 

General term of an A.P 

Sum upto 'n' terms of an A.P. 

Arithmetic Mean (A.M) 

Insertion of A.M between two given numbers 
GP as a sequence 

General term of a GP 

Sum upto 'n' terms of a С.Р 

Sum to infinite number of terms of a G.P 
Geometric Mean (G.M) 

Insertion of G.M between two given numbers 
Relation between A.M. and GM 
Conversion of recurring decimals to fractions 
using G.P. 


Supportive Audio Programme 
• Progressions 


Unit 3.2 Series 


Study Time: 10 Hours Max. Marks: 4 


Pre-requisites ; Progressions 
3.2.1 Special Types of Series 


Concept of a series 
Arithmetico- Geometric Series 


o Some important series: УГЖ» n 


etc. using method of differences and 
^ mathematical induction 


MODULE -4 : FUNCTIONS 


Approach: Every branch of science and engineering 
offers abundant examples of variable quantities that 
are interrelated so that the value of one quantity 
determines the value of another variable. The area of 
a circle is completely determined by the value of the 


radius : А= лу? (where A stands for area ). 


Temperatures are often measured in degrees Celsius 
or degrees Fahrenheit. On the Fahrenheit Scale, water 


freezes at 32° F and boils at 212 Е. The Celsius 
scale is such that water freezes at 0'С and boils at 


100°C -The relationship between Celsius and 


5 
Fahrenheit scale, given by C = 9 ( F - 32) converts 


a temperature of degrees Fahrenheit to degrees 
Celsius. All these examples, despite the diversity of. 
meanings ofthe quantities involved, have one thing in 
common: specifying the value of one of the two 
variables determines the value of the other variable. 
A relationship of this kind between two variables is 
called a functional relationship. The module has been 
designed to highlight this concept in detail. 


Some important functions like algebraic, trigonometric, 
exponential and logarithmic functions are also 
introduced.in this module. 

Unit 4.1 Sets, Relations and Functions 

Study Time: 12 Hours Max. Marks: 4 


Pre-requisites: Number system. 


4.1.1 Sets, Relations and Functions 


P Sets and their representation 
P Finite and infinite sets 
. Empty set, equivalent and equal sets, 


sub-sets, universal set 

• Difference between two sets 

• Complement of a set 

• Venn diagrams 

. Operations оп sets (union, intersection and 
difference) 

• Cartesian product of two sets 

• Concept of a relation and a function 

• Domain, co-domain and range of a function 

• Graphs of functions 

. Odd and even functions 

• Some important functions of the type: modulus 
function, greatest integer function, polynomial 
function, logarithmic and exponential functions 

. Composition of two or more functions 

. Inverse of a function 
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Supportive video Programme 
• Relations and Functions 


Unit 4.2 Trigonometric Functions 
Study Time: 20 Hours Max. Marks: 8 


Pre-requisites: Trigonometric ratios of an acute 
angle. 


4.2.1 Trigonometric Functions-I 


• Radian measure of an angle 

• Trigonometric functions of the type: 
y =sinx ,y=cosx,y=tanx,y=asinx, 
у = а cos x ‚ where х, y are real numbers. 


• Graphs of trigonometric functions of the type: 
y = sin x ,у = cos x , y = tan x , y = a sin x, 
y=acosx 


4.2.2 Trigonometric Functions-II 


x 
0 Trigonometric functions of —x, 2 ACE 


л 
2 +x, л +x, where x, у are real numbers 


• Addition and subtraction formulae for 
trigonometric functions 
• Solution of simple trigonometric equations of 
the type: 


sin x = 0,cosx = 0,tan x = 0,sinx = sing, 


cosx = cos &, tan x = tana 


4.2.3 Inverse Trigonometric Functions 

• Concept of inverse trigonometric functions 
Properties of inverse trigonometric functions 
Reducing expression in simplest form 

4.2.4 Relations between Sides and Angles of a 
Triangle 

• Sine formula,Cosine formula and Projection 
formula. 

• Identities based on these relations 


MODULE -5 : CALCULUS 


Approach : The word "Calculus " 15 the Latin name 
for a stone which was used by the Romans for 
calculation. Now-a-days it stands for the abbreviation 
for the words "Infinitesimal* Calculus" and is used 
for calculations with numbers which are very small. 
With the help of calculus we will be able to solve two 
types of problems. The first of these involves finding 
the instantaneous rate at which a variable quantity is 

changing with respect to another variable.The second 

type of problem involves finding a function when its 

rate of change is given. The branches of calculus 

which respectively deal with these two types of 
problems are called "Differential Calculus" and 

"Integral Calculus". 


Applications of Differential Calculus discussed in the 
lessons on Tangents and Normals and Maxima & 
Minima. Definite Integrals аге used to study area of a 
bounded region. 

*The quantities which can not be readily measured 
are said to be very small or infinitesimal. 


Unit 5.1 Differential Calculus 
Study Time: 38 Hours Max. Marks: 14 


Pre-requisites: Trigonometric functions and 
Exponential and Logarithmic functions. 


5.1.1 Limit and Continuity 


e Limit of a function(left hand and right hand 
limits) 

• Some standard limits 
Continuity of a function at a point 
Continuity of a function in an interval 


Supportive video Programme 
. Limit and Continuity 


5.1.2 Differentiation 


Derivative of a function at a point 
Geometrical meaning of derivative 
Derivative from first principle 

Derivative of sum, difference, product and 
quotient of functions and chain rule 

• Derivatives of algebraic functions 

• Second order derivatives 


7 ШШ 


МАТНЕМАТІСЅ 


CURRICULUM 
шинжин эл COLUM 


Supportive video Programme 
• Differentiation and its Applications 


5.1.3 Differentiation of Trigonometric 


Functions 
• Differentiation of trigonometric and inverse 
trigonometric functions from first principle 
e Differentiation of trigonometric and inverse 
trigonometric functions 
• Second order derivatives 


5.1.4 Differentiation of Exponential and 


Logarithmic Functions 

e Differentiation of Exponential and 
Logarithmic Functions 

e Differentiation by substitution 

• Second order derivatives 


5.1.5 Tangents and Normals 


. Finding equation of tangents and normals to 
different functions at given point 
• Rolle's theorem and Mean Value Theorem 


(without proof), their validity and applications. 
5.1.6 Maxima and Minima 
. Monotonic(increasing & decreasing) 
Functions 
Monotonicity and sign of the derivative 
Maxima and Minima 
Supportive video Programme 
• Increasing and Decreasing Functions 
Unit 5.2 Integral Calculus 
Study Time: 30 Hours Max. Marks: 12 
Pre-requisite: Differential Calculus 


5.2.1 Integration 


• Integration as inverse of differentiation 
^ Properties of integrals 


• Integration by substitution 
• Integration by parts 
e Some standard integrals of the type: 


(px * q)dx Eum tod. (рх + q)dx 


= +bx+e ea Ц.ЭХЭЛГЭРТЭҮЭ 
[ +а?ах, Ка: -r dx, 


је“ sin bx dx, ЇЕ cos bx ах, 


[(рх+4) ах? +Ьх+с ах, ра хах, 
feos” хах, 


ах 


р xcos са eg — „| 
q-bsinx* a+bcosx 


. Integration using partial fractions 


522 Definite Integrals 


. Definite integral as limit of a sum 

• Geometrical interpretation of definite integrals 

• Fundamental theorem of Integral Calculus 
(statement only) 

• Properties of definite integrals 


о (/да--|/да 
Gi) |/ (ђак [f(x)ates [у (9) 
(iii ]/(у)& = [у(а+ь-х)& 


12) y (а= ју (а-х)ах 
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(v) OL ES ла, if 
fQa-x)- f(x) 
-0,if f(2a-x)2 -f(x) 

м) [/69&-2[f(3)6s it узап 


even function of x 
— 0 ,iffisan odd function of x 


Evaluation of definite integrals using properties 
• Application of definite integrals in finding area 
under a curve 


Supportive video Programmes 


• Definite Integrals 
• Application of Definite Integrals 


5.2.3 Differential Equations 
e Differential equation, its order and degree 
• Formation of a differential equation 
. Solutions of first order, first degree differential 
equations of the type: 
dy 
O ow ДЕЧ 257 0)20) 
dy f(x) 
@ (у) 09 ша Р(х)у-0(х) 
. Solution of the и equation of the form: 
d'y 
pes 
• Particular solution of a differential equation 
for given conditions 


Supportive video Programme 
2 Differential Equations 
MODULE -6 : STATISTICS 


Approach: Statistics is the science which deals with 
collection, representation, interpretation and analysis 
of the data collected for complete population. The 
word statistics have been derived from the latin word 
"Status " or the Italian word "Statista" or the 


German word "Statistik" , each of which means 
political state. In ancient days the heads of the tribes 
or the kings used to collect information with regard 
to the population of their tribe or kingdom in order to 
collect taxes to be utilized for the welfare of their 
tribes or kingdom. The theoretical development of the 
modern statistics was originated with the introduction 
of" Theory of Probability" and "Theory of Games of 
Chances". This module has been designed to develop 
these concepts in the units on "Measures of 
Dispersion" and "Random Experiments and 
Probability". These concepts are used in solving daily 
life problems. 

Unit 6.1 Measures of Dispersion 

Study Time: 6 Hours Max. Marks: 3 


Pre-requisite: Basic concepts of probability, Mean 
of grouped data, median of ungrouped data. 


6.1.1 Measures of Dispersion 


• Капге 
. Mean deviation 
. Variance and Standard deviation 


Unit 6.2 Random Experiments and Probability 


Study Time: 12 Hours Max. Marks: 4 


Pre-requisite: Basic concepts of probability, Mean, 
mode, median of grouped and ungrouped data 


6.2.1 Random Experiments and Events 


. Random experiments 
• Sample space of an event 
• Types of events, viz. mutually exclusive 


events and equally likely events 
6.2.2 Probability 


• Concept of probability — : 
Use of Permutation and combination in 


probability 
• Addition and multiplication theorems on 
probability 
• Conditional Probability and independent events 
Supportive video Programme 


• Random Experiments and Probability 
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OPTIONAL MODULES 
(You have to choose any one of the following two 
modules ) 


MODULE-7: VECTORS AND THREE 
DIMENSIONAL GEOMETRY 


Approach: If a station B is at a distance of x km 
from another station A and if a third station C is at a 
distance of y km from B , then C is not necessarily at 
a distance of (x + y)km from A. It will occur in very 
special circumstances only. It depends upon the 
direction of the line segments from A to B and then 
from B to C.The quantities with magnitude and 
direction, known as vectors. Algebra of vectors, dot 
and cross products of two vectors will be discussed in 
the unit on "Vectors". 


A triangle, a quadrilateral ,a circle, an ellipse are 
examples of geometric figures in a plane(two 
dimension) We have also acquainted with objects like 
‘a ball ,an ice cream, a cylinder, a cone. None of these 
is an object in a plane. In order to study the Geometry 
of these objects, we have to extend our study to three 
dimensions (space).The study includes the general 
equation ofa plane, the equations of line in symmetrical 
form and the general equation of a sphere. These 
concepts are introduced in the unit on "Three 
Dimensional Geometry". 


Unit 7.1 Vectors 


Study Time: 6 Hours Max. Marks: 5 
Pre-requisites: Plane Geometry, Coordinate 
Geometry and Trigonometry 


711 Introduction to Vectors 


Need of mentioning direction 

Scalars and vectors 

Vectors as directed line segments 
Magnitude and direction of a vector 

Null vector and Unit vector 

Equality of vectors 
Position vector of a point 
Addition and subtraction of vectors and their 
properties 
• Multiplication of a vector by а scalar and its 
properties 
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Resolution of a vector in two dimensions, 
Resolution of a vector in three dimensions 
Section formula 

Scalar(dot) product of two vectors 
Vector(cross) product of two vectors 


Unit 7.2 Three Dimensional Geometry 
Study Time: 20 Hours Max. Marks: 10 


Pre-requisites: Coordinate Geometry and 


Trigonometry 
7.2.1 Introduction to Three Dimensional 
Geometry 
• Coordinates of a point in space. 
• Distance between two points. 
• Coordinates of a point which divides a line 


segment joining two points internally and 
externally in a given ratio. 


. Direction cosines, direction ratios and 
projection. 

• Conditions of parallelism and perpendicularity 
of two lines. 


722 Тһе Plane 


. General equation of a plane. 

. Equation of a plane passing through three 
points, 

• Equation ofa plane in the normal and intercept 
form. 

• Angle between two planes. 

• Plane bisecting angles between two planes. 

• Homogeneous Equation of second degree 
representing two planes. 

. Area of a triangle 


7.2.3 The Straight Line 


• Equation of a straight line in symmei: (са! form. 

. Deduction of the general equations into 
symmetrical form. 

• Perpendicular distance of a point from 8 
Straight line, 

• Angle between a line and а plane. 

E Condition of coplanarity of two lines. 
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7.2.4 Тһе Sphere 


Equation of а sphere: general form. 


e Equation ofa sphere through four non coplanar 
points. 

• Diameter form of the equation of a sphere 

• Intersection of a sphere and а plane 

• Sphere through a given circle 


MODULE-8: MATHEMATICS FOR 
COMMERCES, ECONOMICS 
AND BUSINESS 
Approach: Sharing and helping each other is one of 
the important aspects of human life. It happens in the 
case of sharing knowledge, sharing happiness etc. This 
also happens in the case of starting an Industry or 
Business on a large scale. It requires huge amount of 
capital, professional skills and other resources. Thus, 
a group of people get together and set up a company 
registered under Companies Act. In this effort, risk is 
also involved and therefore arises the need for 
insurance. The Government has a social responsibility 
towards the nation and has also to look after the 
security and development of the country. This can not 
be done without resources which have to be mobilized 
primarily through the process of taxation-direct and 
indirect. Application of Mathematics in Industry, Trade, 
Commerce, Economics, Insurance and Taxation are 
discussed in this module. 


Unit 8.1 Mathematics For Business 
Study Time: 20 Hours Max. Marks: 10 


Pre-requisites: Commercial Mathematics of 
Secondary level 


8.1.1 Shares and Debentures 


• Shares and Dividends 
• Debentures 
• National Index, BSE Index & Price Index 


Index Numbers 


• Index numbers : definition and uses 
. Construction of index numbers ` 

• ` Aggregate method 

• Simple average of relatives method 


8.1.3 Insurance 


• Policies and premiums 

. General Insurance/Life Insurance- Social 
Security etc. 

. Medical Insurance 

• Insurance of movable and immovable 


properties, factories, goods in transit, vehicles, 
fire, natural calamities. 


8.1.4 Indirect Taxes 


Tax at sources(excise Duty) 


LJ 

• Production Linked Tax 
. Value Added Tax(VAT) 
e 


Customs Duty, Import, Export 


Unit 8.2 Application of Calculus in Commerce 
and Economics 
Study Time: 6 Hours Мах. Marks: 5 


Pre-requisites: Calculus 


8.2.1 Application of Calculus in Commerce 
and Economics 

e. Total cost, Average cost and Marginal cost 

• Total revenue, Average revenue and Marginal 
revenue — 

e Calculation of Total cost/Revenue for given 
Marginal cost/Revenue 

• Maximization of total revenue and total profits 

• Minimization of total cost 
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SCHEME OF EVALUATION 
——————ÓÁÁÁÁ———ÁÁ—— эг 220:110020-000002007 


The learners will be evaluated through Public Examination and through continuous and comprehensive 
evaluation in the form of Tutor Marked Assignments (ТМА 5). 
iE жы oco E e TE ЛЭ. i 


Mode of Evaluation Duration Marks Paper 
Puolic/Final Examination 3 Hours 100 1 
ТМА- OR ТМА-П Self -paced 25 

TMA -Ш (compulsory) Self -paced 25 


Lion ee EE ey 


The awards/grades of TMA will be reflected in the marksheet separately. This will not be 
considered for inclusion in overall grading in the Public Examination. 
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"fora 


(311) 
Assignment - I 
чете 43 - І 


(Lessons 1-11 ) 
(urs 1 3 11 9%) 
Max. Marks: 25 
Фа sim : 25 
Note: (1) АП questions аге compulsory. Each question carries equal marks. 
wl weal Ф зех 84 ЭР 8 | Wel wr Ф sin Was 8 | 
(ii) Write your name, enrolment number, AI name and subject etc. on the top of 
the first page of the answer sheet. 
эчү gRaer Ф emp TS R SR PA SW ЭЧЕП AM, ЭГЦ 516, ЭТЕТ 
dew ФТ ата, fase onfe ere эте 4 fene | 


1. Answer any two of the following questions: 


Реч узе 8 4 frst at Ф www «йү: 


(i) If J3 +i = (а + ib)(c + id), then find the value of the following . 
V3 +i=(atibj(c+id), c Ёч ар ягч та айж | 


ғап! (2) + ап”! (5) 
а с 
(ii) If the quadratic equations x? — ax + b = 0 and х? + bx —a = 0 ћаме:а common 


root, then show that a-b=1 
а Ват «7 x?-ax+b=008 x? +bx-a=0P WH SAMS JA 
8, dr чай ү fib a-b=1 
(iii) A point moves in a plane such a way that the sum of its distances from the point 
2 2 
(ае,о) and (-ае,о) is 2a, show that the locus of this point ан + z-e) F 


че fig ve cat 398 чаа 8 19 589 fig (aeo) ЧӨЛ (-ае,о) À «fed Әт aT 


x? у: 
24 8, «uisu fe su fig wr fdquer w ame] 3j 
2. Answer any two of the following questions: 
Бен узе] 8 а frst а Ф эчү «ОТ: 
(i) Find the equation of the line through the intersection of the lines 2x+3y-4=0 and 
x-5y+7=0 and has x-intercept equal to -4. М 
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Sa Чат ат mia шта wem wi ЗӨН 2х+3у-4=0 ЧП х-5у+7=0 Ф 
зед fac 9 еч эпе] 8 cen нат х emp ds -8Ф are) 0000 
(1) m parallel lines іп a plane are intersected by a family of n parallel lines. Find the 
total number of parallelograms so formed. 
Fit riget # m WAR vere ӘЛ үф SPU п WAR Утай mI ба würd 
ORT 8 | жн TOR атт ага WAR ад ӨГ a den ара ARN | 
(11) If P and О are respectively the sum of the odd and even terms in the expansion of 
(х+1)", then prove that P?-Q?=(x?-1) : 
IÈ (х+1)" Ф we Ñ fava чај cen ян vei mr йч чч: P wem Q 8, 01 а 
ARNE fp Р2-02-0:2-1)” 
Solve graphically the system of inequations: 
Рем заћи Рета ал mer атїгїл fafü ата wire: 
5х + Зу <0 ; 3х - 4у+7>0 
: Or (эгат) 


Find the matrix A satisfying the following matrix equation: 
Ре regs wha БЇ Те SK aren 31616 A sme Әс: 


21 А =3. 2 ЈЕ 10 
3. 2 5 -3| |01 
Using properties of determinants, prove the following | 


mmr der erf әт шейт oy fere a Нүд afore | 


a’+1 ab ac 
ab +1 bc | =1+а?+Ь?+с? 


Ог 
2/13. 5 
d та ЖДО, Ты АВИИ 9 i 
КАЕ 41:13 Find A”, Using A", solve the system of equations 
2x -3y +5z=11 
3x + 2y - 47 = -5 
X +y - 2z=-3 


aR a=)? қ B è Й А" эта «йт. 


Alor wart wx Річ чот Рта a sa ай: 
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2x - 3y + 5z=11 
3x + 2y - 47 = -5 


x + y-2z=-3 


5. Project work (Чт 18) 
'To experimentally show the sum of first n odd natural numbers, i.e. 


їп ER ӨГЧ n fdw4 Genet ФТ HT sta Hear Sm, 


TASH SET а И = 
Let us form the following table 
этч өн fre «Тт 4419, 
Odd natural Sum 
Numbers 
ча eae ` айп 
1 1=12 
1,3 4-22 
1,3,5 9-3? 
1593577 16-42 
1,3,5;7 1+3+5+7--- 
terms п terms = п? 
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Number of terms Graphical representation 
wai at wem emenda Речи 

To os id SESE 

p) :4- 2 


3 

4 

п n 
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Note: 
ferit: 
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Assignment - II 
yaipa ча - П 
(Lessons 12-21 ) 
(ure 12 À 21 9%) 
Мах. Marks: 25 
Фа sim : 25 
(i) АП questions аге compulsory. Each question carries equal marks. 
wil тей Ф өх ӛз за 8| were wed Ф sip чита BI 
(ii) Write your name, enrolment number, AI name and subject etc. on the top of 
the first page of the answer sheet. 
WW УФ Ф уон TS чү GU 4) ЭХ эчеп SU, згніе, эле 
oa OT aM, {аҹ̧а enfa өте зте À Рат | 


1. Answer any two of the following questions: 


Реб wei 4 4) 6 21 Ф www dien: 


(a) 


(b) 


(с) 


Тһе N arithmetic means, A,, A,, А, ------ , A, between 30 and 90 are such that the 
ratio of A, to A, is 3:7 find the value of n. 


30 3Їх 90 È нед п WT ЯА A, ALAS ------ „А SW Wem 8 ФА, Чеп A. 
P AGUA 3:7 81 n ал AM Эта zm 


The product of first three terms of a С.Р. is 5832, If 14 is added to the second term 
and 4 is added to its third term, the three terms form an A.P. Find the terms of the 
GP. 


We TTR Aft (G.P) È wem di чај т yw 5832 8| ufa gud qui ча 
À 14 cen die ча 4 4 ois ат ony ая ав didi ча читач Я (А.Р) аяга 
ŠI GP. 2 ча эта AN | 


If S,S,S, are the sums of first n natural numbers, their squares, their cubes 
respectively, show that 9 (s, y = s,(1+8s,) 

аВ 5,5,8, PAR: Tech утфа Hen, 549 quf, 549 єї Ф 80) «зї 
№ 9 (5,) =s,(1+8s,) 


2. Answer any two of the following questions: 


ч ч яа eat dod е at Ф өз dm: 


(8) 
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Prove that 

соз? (А-В) + cos? B- 2 cos (А-В) cos A cos B = sin? A. 
Ria Рс fè: 

cos? (А-В) + cos? B- 2 cos (A-B) cos A cos B = sin? А. 
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(b) If Ебу = 233 2% =, show that fof (x)= =x forallx #7. What is the inverse of 
£2 
яй год= = = px Ай cafe fondi хас ‚ Ф fery fof (x) =х. ber 
ре. гаыа 


(с) Find the equation of the ellipse whose focus is (1, -2), the directrix 3х-2у+5=0 


and eccentricity equal to е-1. 
ot 9а өт eter апа AN format Фед (1,-2) dem «f Зо“: 


1 
E x 8 wem Руда Зх -2у + 5=0 2 | 


3. Determine the values of a,b,c for which the function. 


х , forx <0 
fx) = с , forx=0 
A Pay eg cal! is continuous at x = 0 
abc $ яв aM sia afer forro [его 


Sin(a + 1)х + sinx ,x «0x» fag 
х 


f(x) = с /х-0Ф fen 


vx + bx? -4х 
“р ај х>0Ф fex 


x-20m Wag 81 
ог 
Ina А АВС, Prove that 
а. cos (B-C) + b’. cos (C-A)+c*. cos (А-В) = 3 abc. 
A ABC À, уд ай 1%— 
a>, cos (B-C) + b’. cos (C-A) +c’. соз (А-В) = 3 abc. 
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4. | Answer any two of the following questions.’ 


ечат а 8 (888) 419 эчү dien: 


(a) Find the derivative of (2x+3} using first principles. 


yen fad ә WI Ge EU (2x43) wT Уат эта «Їйї! 


(b) Solve the equation: 4sin x sin 2x sin 4x = sin 3x” ; 
Ізет riter ә) вә AN: 


4sin x sin 2x sin 4x = sin 3x 


(c) Solve for x 
2 tan (cos х) = tan" (2cosec х) 
x $ np» fay sa em 


2 tan'!(cos x) = tan" (2cosec x) 
5. Project Work 


Given below is a graphical representation, which depicts reasons of strikes/closures in 
factories/mills. Read the graph and reply the following questions: 


5 с 
ЗА = 
БР © Ба 
2$. 28 £ 25 
RO 5 ес r1 
ео A ТЕ] а 
os Е с 5 
же 5 э a 
іш. % 99 5 - 
8 8 af 5 $ 
2 2 5 о 
Ё 8 £ 3 2 
5204---48 аа o: 3 g 2 
9 5 
Б Ф 
8 = $ 8 
5,1. ------- n o И ыы а 
$ ў 
$10 
е 
5r-BESE--—-—-—-EE---.29..... E _____ 
0 
Reasons 
Fig. 1 


1:::27 


(i) According to you, which two аге the main reasons for closures of factories. : 


(ii) Do you see any other important reasons which has not been visualised by the 
experimenter? If yes, state that (those). 


(iii) Do you think the extent of occurrence of strikes / closures of mills is correct? If , 
not, according to you for which reason(s), it is not correct. 
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(iv) Plan a visit, if possible to a group of sick factories, and collect data yourself and 
then draw the graph. 


Rater ard 

GR 41 ay эта 1 3 № ФЯ ( эттеп fel) Ф 44 ЕЗ (esata 09) Ф emet 

aay Ла B зп әй ёх өх Ре wedi Ф wu dem 

1. зпаф agar Ре] Ф «сч 91 Ф 9 FI oR а 8| 

2. qup этч зға arg Ver (80) Gre й Wed 8 әй зайл wal a wis fear P? ufa 

| a, ch 8 (88) кћи | 

3. RI MIÈ AGA =ч SRY Ф нез al піт wel 8 | 
ШЕ ч, чї «argu fo 9 (fa) тої at ате wel че! 8 | 

4. ufa at ae 01 06 Ч de че (51 = 9 Ф wm wy) еї Ф UAE À wx 
Cad SH 4 че Ф фул wa vad wx saat sera reo ӘТ | | 
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Assignment - Ш 

"euis ча - Ш 

(Lessons 22-31) 

(ure 22 À 31 wem aru чте- 65246 Alsace) 
Max. Marks: 25 
Ba aH : 25 
Note: (i) All questions are compulsory. Each question carries equal marks. 


wh ут Ф www 24 тат 8 | oko wet Ф эйр wa B] 


(ii) Write your name, enrolment number, AI name and subject etc. on the top of 
the first page of the answer sheet. 


эчү төт Ф лән JS R зах ӘЙ DN GR AA, этн, зван 
dx Iu, Ava эё ЭЭ 


l. Answer any two of the following questions: 


frei À 9 ford at 8541 $ ss dum 
If y 7 хх th th 43-18 -1-o 
(a) y = x*, then prove thai de mm аў 


3 2 
uf у= ch fre ARR f 22-12) -Ү-0 


х” y\dx х 
(b) Itis given that for the function f given by f (x) = x**bx^*ax, хє [1,3] Roll's theorm 
i | 
holds with с = 2+ УУ? find the values of a and b. 


FR xe[1,3] R bert f печ ё f (x) =x*+bx*+ax, ЕГЧ, Ф fae wa әт уда 


werd эйт с= 2+ eat, е] а тап b Ф эти зла ARN | 


х üt Х ду 
(с) Му= 9 Va? -x + > sim 2 J> Show that а= Va -x? 


a 
R у-уу ан (5) aa шін Le s 


2. Answer any two of the following questions: 


Ре 40 В 61 oe Ф өчү AR: 
(a) Show that the function f(x) = tan x - 4x is decreasing function on ( 5 2) 
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оН 


л т 
аз % (-i B WW фея f(x)-tanx-4x Yp БГЧЯТЧ Wer 81 
(b) Show that the greatest volume of the cylinder which can be inscribed in a cone of 


4 
height h and semivertical angle œ is 2 h’ tan’ oa 


забу fb h Garg wem о зЗ Фул ата ig Ф зета 44 Зя sada 
ата анч ат rat я апга ё 


(с) Find the equation of tangent line to у=2х2+7 which is parallel to the line 
Ах-у+3=0 
a у=2х2+7 Ф ЗЧ wel ter Фр Veen апа «ФИЙ әй fe acre 
4х-у+3=0 d Waray 21! 
3. (а) Evaluate 


(x —4)e* 
AM sd Sem f (22) ж 
Ог 
Evaluate: 
е" 
Or (эгат) 


(b) Find the general solution of the following differential equation. 


Je x +y’ +х?у? sug o; 
dx 


fre зтафа Wet фт эче seal па ANN | 


ду 
Vl+x? у «xy! +xy— =0. 
x+y +xy Ax 


4. (a) Find the equation of the plane passing through the point (-1,3,2) and perpendicular 
to each of the plane х+2у+32=5 and 3x+3y+z=0 : 
= (-1,3,2) @ AR GA ата Ga нам 91 їйї ara wen wt Bacal 


х+2у+32=5 Gul 3xt+3y+z=0 48 Усаа R орч 8l 
Or (эгат) 


Calculate premium for a policy of Rs. 3,00,000 endowment insurance (with profits), 
if a man aged 29 years wants it for a term of 25 years, assume that the man pays 
through salary saving scheme and the policy also covers the risk of accident. 
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3,00,000 Go a sera AA (ее) ат Чї (егч чтва) Ф fery зуби 8) 
Tr аута, ufa 915 29 qd sg wr aaa Sa 25 44 Ф fey AN TÈ | 98 AM 
БА fè че afa Aa чач Ao Ф sinia gra Pm cen Чен) dear 
ФІ em A аа Ф 81 


(b) The means of two samples of sizes 50 and 100 respectively are 54.1 and 50.3; the 
standard deviations are 8 and 7. Find the standard deviation of the puri of size 
150. 


A ие Ф mi 50 sl 100 È MA PAN: a 
зай 7 81 9 яй әй фест mw ux 150 тч reb НУІ wr AMG 
чеч ята fore | 


5. Project work 


To find out experimentally if a function is increasing or decreasing or none іп an open 
interval 


Consider f(x) — x?, x € R. Take the origin as the point. The graph of f(x) is as follows. 


Y 
Take values left to origin 
Take values сю to 
-3 -1 
as ГЭВ 77429) 3 2 
: origin as 0.1 2 51 T 
X 
СКО Т2 
Fig. 1 


Let us form the table of values of f(x) at these points 


Values left to origin values right to origin 


Table-1 Table-2 
consider the graph to the right of origin 


As x increases, y increases, for x > 0, the function is increasing [as. x,> x, .£(x,)> f(x,)] 
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To the left of origin 
Asx decreases, y increases, i.e. x,<x,, х,) > f(x,) 
= for x < 0, the function is decreasing. 


5. Raam ord 


wart ата па Фет fb үө фин ЧФ а sre й ada B, тишти 8 зета ys 


ме! 
AMT f(x) =х, хе R. AMT зя 9 eii f(x) a amena Ae fear 81 


ча = À ad зік Ф ча 9 sr етй Ў Ф 


1 


-3 да 1 3 
cio se as 10:5::15,2 
+5 В ci: 2727 650 84 a: 0,5 1,5 


2-1:0' 1.2 
Fig. 1 


эч f(x) Ф заа AMT at ате Wem 


Table-1 Table-2 


AMI этеа чет 1855 À art sie 98 US х. 0 B, у че & 
Sm: x20 Ф fay теч ачта 8 [х,> x, f(x) > х) 

ama ча йе @ mu ӛн Rd 38 Чё х чаш B у чет È 
за: x «0 Ф fey чач шет 8| [x, хх, Қх,) > #00] 
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Dear learners, ТЕ 3. 
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FUNDAMENTAL DUTIES 
Part IVA (Article 51 A) 


It shall be the duty of every citizen of India- 


to abide by the Constitution and respect its ideals and institutions, the National Flag the 
National Anthem; 


to cherish and follow the noble ideals which inspired our national struggle for freedom; 
to uphold and protect the sovereignty, unity and integrity of India; 
to defend the country and render national service when called upon to do so; 


to promote harmony and the spirit of common brotherhood amongst all the people of 
India transcending religious, linguistic and regional or sectional diversities; to renounce 
practices derogatory to the dignity of women; 


to value and preserve the rich heritage of our composite culture; 


to protect and improve the natural environment including forest, lake, rivers and wild life, 
and to have compassion for living creatures; 


to develop the scientific temper, humanism and the spirit of inquiry and reform; 
to safeguard public property and to abjure violence; 


to strive towards excellence in all spheres of individual and collective activity so that 
nation constantly rises to higher levels of endeavour and achievement. 


A brief Guide to NIOS web site 


The success of open learning and distance education very much depends upon the harnessing of the 
new and latest technology. The emerging Internet and Web technology help in effective dissemination of 
knowledge breaking all geographical boundaries. The web-site is a dynamic source of latest information 
and is also electronic information guide. The contents in the NIOS web site are open to all. 


The learners can have an access to NIOS web-site at the following address: 
http:/www.nos.org & nios.ac.in 


Clicking the site address will bring the user to NIOS home page that will further guide them to visit 
diferent information pages of NIOS. NIOS is also developing a school network through Internet known 
as Indian Open Schooling Network (IOSN). The network will provide a common communication 
platform for learners and educators. NIOS is offering Certificate in Computer Applications (CCA) through 
elected AVI. This course js also offered through Internet on NIOS Web-Site. 
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